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On the Vibration ,1･Inder Shearing F(,)rces 

of ~;n Elastic "P"･la;te. 

M~a~ ･HA". -~S:_sE,(~A.~ WA 

I. 'I':rit:_ rodnction 

Let us now consider the problem of an el'astic thin square plate iunder shearing 

;{orces. We asstune the p"'ia"t'e ^is clamped ~t edges. Tt is very interest and inip_ortant 

iu theoretically and_ - -pra~.cti"ca,'1'1.y to solve t{tese problems. But owing the boundary 

:cpnditions that edges are clam,p,.e,d. i";t._. _is alma_ st impossible to obtain exact solutions 

and the solutions hitherto obtained are in most apprQ,'xsm,,','a;'t,i:o,.,･~),s~ 

The problem of the stability of the clamped square p.;1'ate under shear'"',mg forces 

at the .four edges discussed by Prof. S. Tomotika. Pro,~"f. K. Hidaka and Prof. S. 

Jguchi. S. Tomotika and L Imai used t'ne Rayleigh principle ~ tQ find th'e solution. 

.K. Hidaka collatz's method and S. Iguchi his own method. -T,~hp_, trai..-is,ver**e vibration 

of the square plate with four clamped edges are' discussed also S. Tomitika and K. 

S'rezatva! The former used at ffrst Taylot's method and then the variations method 

.and found the more exadt solutions. 

We will now treat the problems of transvers_e vibrat･ion ot a squa"r,e pl_;ate under 

shearing forces at the four clamped edges. We will now apply Reyleigh's princ_iple 

to the problem. K. Munekata was also discussed th･is problem by 'the method vvhich 

Lamb used in the problem of hydrodynamics. The a,ll-ied problero has been_ dis-

cussed by R. V. Southwell and S. W. Skan . T~-ley treated the case of a trans-

verse vibyation of a flat elastic s_trip under shearing forces a,t ,edge*.. The bounda-

ry conditions they used are a simple sup.port and c_,lanlpi.ng 

~ ･ ~･~undamental equa.tions 

~ . We s, hall employ the usual approximate thebry of 
thin plates, ro._ tatory iner_ t;a being r_eglected. Let us 

take axes*Ox. Oy in the middie _plane of the undis. 

turved plate as in Fig. 1. (a). O being its. center and 

I o S ,c anc axis Oz pe~Pendicular tp the plate. The ~dges 
x = +a, y = :~a are assumed to be sub,jected to 'shear-

ing forces, of uniform intersity S per unit length of 

<~ S edges, ac. tin_ g in the direqtions shown. The stress' 
Flg. 1. (a) resu.Itants "~ Nl' N2 and . S ' ar~d stress-couple~. G~' G2i 

ljH~ acting on a distorted element of the plate a.re shown in_ Fig. I (b) and tne 

equations governing the transverse displacement of the middle surface are 

66~:Nx"I+60Ny +2{S a2w ^2 6x~y = ph~ w 

^ .. at~ .a.GI '6,Ha 

6x ~ 6y ~N1=0; ( I )^ aHl aG2 6x ~ 6y +N2=0; 
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l-n" 'wh-i,ch 

2a = Iength. o;f ' side pf ,th~ pl~te~ 

h = thrckness of the platef 

"w'~~_displ.zicetneri~ bf points in the 

. .ip.~dlrj ,e.c~ion, of z, 

t_;~t^i,m, e,.. ･ ._ .,･~., ~ . ",_ 

p =.density_ QL the. pla,t,e~~~ ' ~ i - ' -. ' 

" Eh;" 
D = " _ ~ the flexur. ;a,1 ･ rigidity~ 

l- 2 
r.'^ a-=Poissoha~ rati'o.'~ ~ . - ; .-+ ^ 

middle plane 

Fig. I (b) 

~ Dla2w - a2w - -) * d,1= ~ ¥u~:]x2+tv;ly2 .. " . :. ' (_2)__ "_: 
~ ' 'a2w ^ 62w " ~ 

2= ( ) G D *- _^2 *_c,..a~~2 ' ~ 
a~ 

+a2w I-･ . ･'"-

EliTninating Nl' ~nd N2 frpnl (1) a~}d subst~tuting fQr . ~,, G2, and _H~ frop~;(2)c 

we obtain as the differential equation to be satisfied by w, 

DAAW - 2S a2tw a2w , +ph~t2='O '･' ' . ,^.- " ･･ - ･(3) 6xOy ' m which A - a2 +'a2 
~ ax2 ay2' 

The boundary conditions are 

w=0 and Ow=0 w;hen x=+a 
ax: 

=0 when~ y=+a a y 

Since it is very difficult to find the solution of the equation (3) satisfying the 

boundary conditions, as an alternative, we will apPly Rayleigh's principle. 

According this principle, the mdde bi~'the displacement is assuthed, and the . fre-

quency is deteririined from the ener~y cohdi~ion 

' ~ ' V~ + T = bonst.^. ~ 
in which V denotes the ^total increase" in potential energy, and T the kinetic en'ergy 

of the rD.Qtion, in a vibration of the assumed type. By applying this principle, 

much labour can u~ually be saved, _with014t serious loss of accuracy! And if the 

appropriate boundary conditions are satisfied, and if the mode is suitablv ~chosen in 

other ' respects, this procedure will resul,t in _:a close estimate of the gravest fre-

quency natural to the systems and the estimat_e will be too high for the true value. 

Its accur~cy may therefore be improved by incl,uding one or more arbi~ary par~-

meters in the assumed mode, and subsequently adjusting the~e as _ as to, make the 

resulting estimate of frequecy a minimum, just as in Ritz's method. The value ob-

tained by this principle is a upper limit of the value. 

The expressions for V and T are : . "., 

F
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(Aw)2 + 2(~ 6) a~w ~2 a2w 62w + 2S avy aW dx dy, (5) f f C - ' {( } 6xay/ ~ 6x2 ay2 D ax > ay 

T=ph f f (aw~)2dxdy ~ ' '~'" (6) 
.. 2J J~6t/ ' -the int~e:~~ation extending over the whole aiea of' the ^ plateL 

I"t will be noticed that the terms in the integral ~f V~ _which. , jpvolve (1-c) ~re 

tr~nsfor~ned to 

a faw a2w ~ a (a2waw 2(1-a) ax ¥ Oy Oxayj ~ ay¥ax2 ay , 

and so vanish in integration and V takes the expression : 

sa V I D 2S 6waw = fa faL ~ J 2 (Aw) + D 6~6y dxdy (7) 
For brevity, we put 

x =a~, y=a7j' ' (-~ ) Then V, - and T. are - transformed as follows : 

li V I ' D a2W+62w 2 2Sa2awaw~d~dv ( 9 ) 2 a2 a~2 _a72 + p 6~ ap 
-1 i 

il 

T pha2 aw¥2d~ d? (10) = f f ( -2 6t ) 
-1 1 

When the plate Vibrates in a normal mode, we assume for the expression of dis-

placement w satisfying the boundary condjtions (4) that 

w = wo(1 - ~)2(1 - ~2)2{1 + cl(~2+ T/~) +2C2~V}- cos( pt + e) (11) 

in which wo being proportional to the displacement of cen_~er of the plate, and C1 

and C2 arbitray n. arametets. The expression ( I l) is introduced into v and T (9), 

(10), and then by Rayleigh's principle (5), we obtain the folloWi-ng " relation : 

( 1 4 c + 1/G C2+102~~~75C2 +A 1092~i475CJC2- I ) ) ( 99~25 C2 1225 + 13475 1 47775 ~ .: 2 

K( 1 1 c + 9~ C2+ ) (12) = 99225 + 1091475 1 156080925 1 120046225C22 

in which 
A ~ 2SDa2 

and K=ph_Da4p2 - ~ (13) 
To make the shearing force S minimum for a given frequency, we must deter-

mime C1 and C2 as to satisfying the following equations. 

aA o aA o ( 14) 

6c = ' = ' _ 1 6C2 
' ~ ' aA and'6A ' After differenciating equation (12) and substituting ( 14) for . aC~ ac from 

(14). _ we obtain the following equations determining the parameters Cl an.~ C2 : 

4 i32 Cl + 10~IA_475C K (
 

13475 + 47775 109{475 + 15~~;'80925Cl /' (15) , = 184 ¥ 
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" -.i53~6 '･~･ _ ' ~'_ ,; ･.~.. ' . ., . .~ (16) l09,1･,47~5C2 +' A 109'1.475C __-- 99~~1,~::)~~;･･･~08==.d:K62"' ~""'C;=.'~~ ' ~~ ' ' ' ; ( ~.., _ .1.. _ c...._,, { 2 ~ 

~rom these equations w~e obtain the values of C.! an._d, p2' e' . . " 

C ~ 286(K-81)(5896-8K)-17303A2 - ' "' ~~"" '. -'... i 
l (52272-92~;~'),~(:･･58P,,,,, 9,..6- rt~l~,. ),~-i?i~;'~.,../.i6,.,..A,,-~i..- ._~~ ~.' - - --. '-'~-~-"7.,~. 

a~.d. ' . , i2i (~6i~'6~4~KjL-~l46(~'L81) _ A , . . ~-" -("I.,,.8..), 

C= 2 (26136 - 46K)(5896 - gK) - 1573A2 ' 

Substituting (17) and (18) for Cr and C~' i'h 'e:q'tiati.on '_'(12)!; ";weso.b.t~in^ !t･･,,･h,:_e relation 

between A an_d K, that is, tbe _~;k_earing force_and t~-e" ~ fr~quency_ of yibration. We 

then find values of shp_aring force . for various values of the frequ~ncies~ of "vibrati'on 

and the-･*e values C~ and C2 are given ^ in .Tabj; Ie ~i :_~nd plottej d~'jn jFijg. ~2 a'n"d Fig. 3. 

Table 'I. ' ~ 

^ - '70 ', 50 40 

A 7･6:4516 72.3 23 67.650 62 512 56.620 49.799 ･ 41 .494 ' 30_ .451 O 
cl ~ 0.82027 - 0.739189 - 0.652130 - 0.5606.59'L0.4632.:j:8"9:~-Oi3_ 60'.493',!'~0.2･t51'500 = 'O,'.13:5868 O 

c2 1.80296_ 1.70e88 1.59627 _1_4.73~66_ 1.332~6. ,1..1.. 682-~ i_. QJ969420 0.707571 O 

From Tab]e l, it is foU_nd tl-_e min~thum valt;'_6 of A for w,hich 'the stability can 

become neutral is 76.A.*F;16. This value was obtair_ed by S. TOmotika and I. Imai. 

K. Hidaka found for 2a = I the value 2S . " ･ 2S - D7c2=29.7941 ~ and Tomotika~s value was D~2 
= 30.984.7. These tvi,'o valuet5~ are in good agreement. 

shearing ~ forces eKer~ " In the c'.~~e A~:o r!'o ' 

arld S. Tomotika found for this case ~ 

16pha4p2 = 13.2948 

D7c4 

In the present case we f.ind. ~ 

- pha4p2 16K " -16 D~4 Ir4 = 13.304.7 

By contparing~ 'these two v'alues. ~.there ' is' ~ 

good __9,g~reement. I*~rom abov~ ~wo c~~ies _ ~~t.~ 

may conclude that the values in ~he Ta:ble i ^ 

express good approximate val-ctes for their c 4e . ' ee X 3o 
i 20 

true values. On the other hand. Munekata . . .Munekata's curve Fig. 2 

obtained the following results which are show- ~Autheiis curve. 

n in Table 2. 

' ' ~Tabl~ 2 (Cotirtes;y of Mr Mur eKara Kyoto Unrv ) 

80.34 " ~ 25.94 63.10 74.72  81.54 45.42 ' K O
 

A 76 14 68 OO ~ . '- . 44 OO 28 OO . . 58.00 . . 
. 12.00. O

 

Tn Fig~ 2. Munekata's cu. rve is *~hown in a broken lipe for com_ p~rison.. Frqrr~ .this 

figure, w~ s_ee tha't both curves are in" fairly agr.eernent. We can find thus the 

shearing ' ~orce necessary tc ,p6t~oirrii th'e trans~ef~e vibrati6n in a ce.rtain normal 

mode of frequency p/2lr.. . . ,'~. ~ . , '  ~ '~,'^ , 
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