
25, 

On the TianSveirSe Vibration of a Square P] ate 

With Four Clalriped Edges. 

(r~ad at th~ annual 'meetl~ g ot ' ~~~ physical society 'd:f Japan. 1948) 

Misao HASEGAWA 

I ･ Introduction' 

1. Th.e problem of the transverse vibration ^ of a square plate with･ four clamped 

ed~~s i~ ･'one of the mbst 'irripj 'ortant' and" intef~stin~ ' char~ct'e'ris~ic va'lue 'problerii, ･in 

e:a..,s_.tbkinetics. Prof. S. Tomotika has d:iscus*sed this by two"dif･f･eterit znethod i. e., 

th~ ･inethd:d of･ t'~~Ltih:~'nt ~imil~t' t;o that u~ed ,bvi " , e. I'. T~ylor~a:'n'd ･ ,the " method - of 

sol~in' g a minimal pi're:;b*'1eiri. ' ~:rid obtained~ the' results'"~that 'pa4hpzlt)7tg= (3,6'462)e 

= 13.2948, atld .(3.'0~461)c = 13.2940i: Tn~ this' 'ecti4tion~ p-~is th~ fteqtiency in･ 2"It seconds 

of the - fundamental mode._p.t. h~ .densi;t~'::1,,;"',,,.,0., f the_･ ,znateri~l of tlie･ plate; and a the 

length ^ of the side of the~ square. Also 'D is the flexur.al " .rigidity and is given by 

Eh3 (1 - c2)~1 E and c being Young's modulus and Pois~on's ratio the formula D = 

of the .material of the plate respectively. 

I(. Sezawa and S. lguchi have discussed the same problem by their " own methods. 

How. _ :e. ver. they did not considered the rotatory inertia treating tfhis problem. ~';ovy 

we shall discuss the same problem by c.onsidering the rotatory inertia. 

We - shall apply in this problem the method of solving a min{mal ~r0･blem. 

~ -･ Trapjsverse Vibration of a Sq,uare Plate Clamped at four Edges. 

2. Let us take the coordinate axe)~ (x, y) in the middle ~:_urface of a square 

pi_ate of uniform small thickness such that the origin coinsides with the . center of 

th..~* 'plate and the a~ies ar~ parall~l to the sides, we denote the -length - Gff.'the square 

and ' the thickness of the plate byl a and h respectively. Let th,e ~:ensity, Young's 

modulus and poisson's ratio of th"e materia:1 of th'e plate, which . is assumed ,to b. e 

uni,';f'orna and isotropic, be denoted by p. ' 'E and･a're'spectively. - i - ･ ･ - ' - ~ 

･ Then, if w be the transvetse displace,m.;e･nt ef_･'a point on~ the ntiddle surfa. ~ce t.1ae* 

d~ferential._.eql'ration for t+he~ trahsverse ' vibr,a:tion- of th':e plate is 

D 64w a4w a4wl h2 a~W+.a2w L ' ^ (･i~) as j )
}
 

(
 

O
 

.^ . ,a,x4 _ . . 6x26"y2+6y~./~ ._ ,.~,_ 12 (6,x2 6y2 . I .' 
+ ph-6t2 l. w, +2 ' ･* , 

wh~re .D d~notes the flexural_, rigjdity,~ given by the_.formula : 

Eh? D'='1 . -
12 l.-c2 ' 

When the four edges of the square . plafe ai~e clamped, the . ,boundaiy cohdition~ 

at , the ed~es" ate 

aw _ -~~, a~ ~ ~ w=0 O at. .s,x=+' ' ax ~ ,~ ,. ~~ 
_w. ,p O ' ' ~y '~'O~ at y + ~~*~2:*' ~ 
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Writing x =~~/~, , y = avhE:, the_ square, wh.os~ sides are x ?i ~:a/, ~t y ~ :~a/2 is 

transformed i~td a square whdse sid~~ ar~ ~ "~ ~ Lh'ri7~: '~=+"/~, '~'hd '~~&atlon (1) 

is transformed as follows 

a4w a4vv 64w+rha4 a2 ;i27c2 a2w 02w { L: ( 2 J} =~ (.3) 6~4+:2~6.~i'sa,~'2,. +' Ie~,p~'. ,Dlc4'~t.-2^_., ..12:'~;.2 ,6.,,g2 +~3~ ' 

w 
while the boundary conditions become as :j~.9llows ; 

aw ' ' ~' + ri~" ~~"" +~ 
w =0 O, , 6~ = ~=+ 2 ' at 

.. ~=:~ ~ w=0 O _ at , -^' QV' ~ ' 

W.= Wc..Q:'s,.(pt+;~) ~. ' ~ .__ .~~_.i. 
s . '~ ' 1' s.,~.~ .'j~ ~~" ~ -~~- ~- "~(i~.).^~,; ' 

w:he:r'e W; j~ 4i fungpt.i.on_.^.of.. ,_~, r',., a.',,nd p' is*_ t.th,e, ~ .,f.reque,n:c',,;y... ~o._f~. v,_li.,.b_..r,, atiQ.n,~ i~ ~,~T__' 's_~e. co..,_'1,d, s. 

c'Qse'p._t'+e) is ,ehe sosma,~ -c'o,.ordjna. t..e and~ W..," (: i~~_~h."~ n'.Qr~lal ~~nc~lion._, Jf. . w':~e ,, p.u:.t., ~.5) 

in .(3,. ) w~~get the f,o,llo.,wing_~ partla~ .d~~~e_re,:,hcjal. equa_.t,i,o~..~ f:j~r W. j. ;; ' ' .. _ _ _ __ ; 

~-a,''.4W.~ ~i ~ a'4W. +a4W_..~. ,(,,,""Qb:2~+･a,･･2.W_.^'. _ ~ , :.....(6)'? ' < * )} * * kg f,;~'W i 2~s O
!
 . _ t2･;~a~._ a,~,.~ ,.~//4 ' ~' a~//s . ~~, <(65f "'-"'" a~4~ '! ' ~ ~ 

or AAW k2{W 2g2AW} =0 ' 
wh~re ' 

A- 6s + as 
.-'.~"~,_.ag.~:2, ,a~~ ~ _ ~ 

ahd ' - ks=ph"..a4p2 . ~ .~_'~ ^~7) ~ D.7F4. ' 

' h.2~"-

g*=24,a~'~;2' ~ ~ i ; ~.~i~8) 

,~^ W.~. 

W~Oi -~~ Pq ~ ~,t =+ 7c ' .,. -.~ ' -~ '=' 2*_, '. . 

Our prob~em is theref:o,r~ t･0_ f,.i'n:d ' the char.,,.:'a;cteristi':'c',"' "'v-'al:ues ; k~i ' pie-~,ti~e '~diffe.rent,i;a,l 

'e'q,tiat･ion"(6y-. trtn" de'r the clam"'.,pe~d. edg'e.' e,~o:.n,dit,.,ions., . (:9)., " ~ihe. '1e_ .'a:.st'~ ~v",::alue ^ofiik_ . ,"f,of,i" a 

certain value of g corr'espondS , evidently. i'w,ith"'th.e ^ .szn'a"I"lest. va-1.u',e,~-~"o.f. "-~ ~~ is , e{""'t'h~ 

frequen, cy of the fun,dam. , erit~:_al mtide of yibr'a,tii0~1' 

Now if we confine our~elVes toi ' the most _phportant ease "o"-f the fund~mental mode 
of vib~at:on of a squar~~ plafe" "with' fotit clainpe'd'~d'='ge~;~~'t'he ~ibblet~~'of ~findin~' i"t'~ 

irequency is equivalent to solving the follow~ng minimal probl~t~ ; p . roblpm ; It is 

reqmjred to_- find_ th~,leasF val~e ?~ the expression ; 

f f (AW)2 d~ dp 
.V..(W) = s 

fsf[ 2 aW2 a!W2 ' W2+ 2g {( ) ~) }]d~ (iip^ ' a~ +( ' 
. ¥ a~ , 

for all fun."ctions W(~, I~) which have continous denvatrve> up t,o_.,.~~th~ fo'tirth order 
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in the ~qua'r",' e p_:;. I ~ I -.--. <' ~~ j 1 ~ 1 ~ ~ and whrch a;Ise satisfy tke conditions 
-.= 2 1 

W=0 6W_O ' 

7t on the boundary C : I ~ I = 2 9 i 7 l, = 7t of the.^scsua. re. _ T, _- do. uble i.nt. rals. are 2 ･･ -s._. . . 'h"e. ^ _ eg .. 

taken over the square S, n being the normal - to th･'e bburi'"daty' a:nd's g '1a". e'e-ti's',ta' "i'n't 

~ A Modifled Mmmung Pj rob,_1em a;nd its Splut_.ion ; , 

3. But as it is very difficult to find the least vaiue of the above prd･blem. 

We~ shaul now consi,der th"e f'iollewing 'niddified p~･oblena' ~ ~ -

T(v)~ a~f'j~t~ ~･~ ~' ~ ~ ~' '~ ff{ 2 {( 2 , ~ d~cV ~_  _ ' _ s av/¥ +.( v + 2g2 a~ 6p / fJ ~ . . 
for ail functions v (~, ~) which vanis~ on the boundary of the ~;sq;uare .pl,ate 'an'~~ d 

satisfy j following m condit ons on C 

- fc~ 2~ =, ov G2, 1= an g j Ids O (J I ~ m) '~'. (13) 
ins~~ad b!"'6~･=･d ""d~ 'being a line el~ment alon=g C and g a constant The double 

..' .'ati..s'.'.~9.~_. ..~~~~~'."' i_.~' '~'. ',~;- '"~' ; ' .,'~ ---.~ "'~ ' '~ . . ~' ; .- '~ ' -",-"'_.'-_-

1'n.t･eg' r'a'l,~~ a"re.. t-･ak･,en/saS..･_b-e,for"'eS sov'e;r';, S~,'while '~th"ei~is'l'n'~ 'gle> i:,in;･t,e~ gr,a~ ls:i'^(1'3;), a'<te 'take' n 

a,lo., n',g-.the,_- sbo~ und~iry ~O~ an~hs the~, ftinc;ti'o;h,s; 'gaj'!~~ . "are', taken{.' .;S:s s fol,1'o','w.s,~ 

where the Cfs~ ~.re cer;~ain copstancS. 
We shall " aLop,,i,"f'. to th,;i"s " irLodiL~ed ~t~.:Qb:1erii the' 'g~tieral prific'iple ih th~ ealculus of 

variations, which may be expr6:';s'sed, a'S follows s 

If ip,~ minim_a,.1 prqb'le'm!. . ,.~:::o,.me . p~ th.e.. .dQ~ditio.ns aye.. im･ade l~,'sj s,1 stringent, the 

minimum value in the ' "m'odi'fied problem cannot be greater than that iri the origi-

na~1 ' ptohlenl 

Th'en, i't -f'ef'n""o'tys f'rctrii~th'i's~ gen:"efal 'ptincipl;es th'a't " ~"~ ･ ' " - ^ ~ '-･ ; " ' 

pj2<p3~~:.~'2_~'p~:'m" ' ' ' ' 

a.nd ~hat /4~4 ,iS .n.Qt _ gr~a$er ^ than. th.^~ t,rve .miningum . vaiue Qf k2 ~.p.haipg:/;D_ ~r4 -,for a 

cer_ ..t.~lirL valu~ Q~. g. _The .y~lues p_. a~~& /jg2?.. . . ~. P~m' a, r~ , therefQre a non,dec..re~sin_'g_ ~~qu. <.enc~e, 

q~ ~~1bwer iimjt~ . ,for. the t,ru,e valu>e o~ _~h..~4P;'/D,~4 

~ 4. ive s_hall now obtain the ~uleri. eojuat:oo; and th~e_ . b,.._o_u. n_dayy conditijons for the 

the mQdified problem. (This can be done easily by._~PP.lying the usal" . ~nalysis in 

the calculus of variations.) Thus~ ' _i.f we..cen_ote ,b~y , 142m~ a~~' ~~, .･･･; am ~L. a,graini gia.<n 

indeterminate multipliers, we obtain the ELiler equation and the boundary'".'conditions~ 

for this ' problem by putting 
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av g 

[f.･! ~f{(~_ y (dv)2 d~ dp - p~~.f!v2d~ PV - 2gcp2sn av +
 ~~ a 7 

m av 2 ~al an g._s-1 dsJ~=0p ~ = ~ "~ (i5) - fc-
,=1 

w;h:'j'e't~' 6･'i~ th~,'syiribb"tlbf Yi"ati:a't'i6~.~ I', -

~e,rLf:o..,rm_ . i,ng t_h~.~V"arja;ti:"o.:pj .w.,,e .ge;.'t , .s is;~~ 

Since, however 6v is arbitrary iri" the ~ inside" of ･ "the s~Yare ~~~ a6v/6n " is also 

arbitrary on the boundary of the square, while dv "oti"th'e ~ 'boti~n_.d'~.. ary..- i~,' zero, we 

obtai.ri' from (16) in the inside of th~ squ. _a~e ~:.S;-T.. 1:~ ' _ '~' _ ~ ~ ~ ~~- _ _i'^ii;1 .""  "i~ 

Adv - pEl'2v +2p!s'2g2Av O (1 7) 
a'nd on ' the b0.u',:ndary Cs' ' ~ ' 

v = O, ' .'. '.' -(1~) ' , 
m Av=~]asg2.f-1 " ' - :" ' , " " .;' ~ 'i :__ ~ ~- ~_--' (19), 

The equation (17) is the Euler equation for the modified minirpal pr.,Qblem under 

consideratibn' aiid" ' (18) - atid " (19) are ~ the cdrr~~poridin~ -bdundary ' ~condi~tion~. -

Now ',.w'_e cari show! t,h:'at p~b.2. w"..hieh~ha'~'been. ' hithe.rt･~o~'~'nsed'.'as~ ':o.'ne 'o.f,; t.he ~ ~;ag~ 

rangiati indeterm'in'ate ~ m.ultipl~'r's is- really equal _'to .~the ~'sn~ in'i iimutii v"'a}lu'e"; ' - ~ 'of'.'the' e:x':pr,,e:s'-

sion V (v)/T (v) defined by (12)__subject to the ipou,ndar.. y~.-~ond, iti'o~~ , v=0 and 

f(Gv ) _ _ . ' ' ~ . ' ' ~~' . ~ ' ~ G'2J _1=ic an gt' I ds - O. For this purpose we n~ultlply both sides of the equation 

(._17) by v and integrate over S. ' I~hen we ge~, using breen'~ ~heorem 

f f Av 6~ ~/ ¥ ~ '~v'~ti~ ~d 
f C (>v - c' i 'a'dv_ ~ ' ~arii/'-~ a'~'sJ " ;-, s ~(dY)2-/ep~2_v~l~~4s~~~4vl 4~d,~ .~+ 

, 6ti:~" -~'s 

But, by the boundary conditions (18), (1.9_ _)･,,p we._ge~t,---.. ･  .~- ' 

Thus, we see from this equation that the Lagranoaian multipier pm~ ~ ~ is~ ' is~e,e:d. 

equal to the minimum value of V(,Y)/T,.(~~). iwithi~{ : ehe _ ipoun!:d= ~ ' ~ar,y^epnditil, ;i"o,:, i P;s v ~~_ O, .and 

G.J_i ~ f ( Gv) 2 o ~ an g2i-1 ds=0 (j =1, 2,...,m) in the ec~es of th'ei.'square. 

5"'~~d~; .'w~ s'h'aill sh;o~ t'h':'a't pjs ' i~ ~ tibt ' e':,d:",'-ua~"i t"d ' th'~ ' ' ~ni"aii;~'~t' ~ Cfi~ta'bteri~ti6~~ '1a"i'ti~ 

of 'th~s p~robieiri' d";'f"~"'t:',i~"ri~'~efs~ ' vi'b}atiOn " of 'a"sduaie p'lat~ ~ith i 'foir s~'uppbr~~d ~'d'g' es. 

In the case pf a square plate with four s'uip~Otted . ~d~es, th~ diff'er'~riti"al ~~'tlat'i6'ri" fot 

th6 norrnal' function ~is; deriotin'g ' it sim'ply - by. W~ . 

AAW#-k2{W*-2~2AW~~}'= O,~ ' ^ . ' (~l)~ 
arid the b'-'oundary cohdit'~lons on the sttpb'i'or~t~d '"edges ~re . " ' 

'W'*~~ O, ' ' 
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The Ai 's are co_p:seantsi~.'a'i'Id -th~es=i'",t:"'h, co~' n.~s'ta't,'..A~ ;'is.'.~ pr:'.O;:~)ar.,tio~.' ti'al~ 'to~~t_ he:icetr.espan"ds 

in{ g:"i--th"'c;on'st:a,nt ',a~ ins,(1:9;:')5 ""sd that,~'"A'fs ,ar':':e;~n"ot,~S~"~ri;,.;u.~,ltaniie;' ef~u'sl;ly~~e..t:os-"{"'" ' i '~ a 

It found that the boundary condition I'or the modified 'm"' sili~'ir~':j:irt~.'f'l'~S'!"~t":,'o"bi'le"'m";' "' t.ti~:;'a':"'t t'-"-'! O 

on the boundary is satisfied by the above expression for v. T.h6"- A~" i;S~'tnust then 

?t: 

m 2 av,,,,, ~gi. ~-'i'¥ 

i ( * ~iA ' ^ 't'o"s'(2..~:'J~"s;S1-s':')':."b"d' ~~ip'~~O,~,(J 1 2 m) '~" '"~''(2g) f
 

a~ / 
i~~J ~= Iz:2 1( 

sln':'c"e: th':e ex'pr'es~sson; for v glven by ~26) Is syin';"'in'e:tt;,i'~al wrth tesp'ect to ~'~"'~a;'ti"d' ~'V';'. 

~~.: ."c:'pf~._.(_~j^.,-,1,~"). '~.;~_p!~' (':.,i~'Jj.?.._--.:,_1.__.b?.,s.';i? l.~~) ~~' . S ~,,(:;,i2:~):(~ 

l li'~ ~~~ 6A , .~- d ' " 

~Ai C'is = O ( j = 1, 2~" "m) 

i=t 

Sir!:ce, ~ ~s mentioned already? all the Ai's do not vanrsh slmu ta leott ly we must 

Cil C12 "' C~m 

Ant= C21 C22 "' C2ln .~~.:':' ~~i~ ' ' =0 . 

'~"~"his is a 'transcend~n~al ~quation for '~~~~rmin~ J'. ~F~_t-' - ~ a..p":"d,; ":  l"i_,t;;s ~ .1.e,a__,s..:~_ ~':po.s_ ~.t_ 'iYe_ -_ r.,o.,~Q.~-

gives the required lower limit for the true vaiue 0~ ph~ip2/D~4. . ~ 

7. 'Tl'le expression for the C] j's are easily obtained in th_ e 'fot' m' : :~~ " 

for i=1, j=1p2, ...?m i'~~'.s',,.'.',' 

x (_-1)i-1 4 (2j -1)/pl~2+g41!m4 4 4 + er4 4 6i~._~ g~pm~ii .+<~: r,~m2+ g PB l 
. "I1',{,.1,rg~'=...7u.:,~+(2j~._"I.,).~}2 '_ ~ , ~ 

pm,~* '..e_*pai 

lc . 2~gtp･~:~~4, t ,,~"/_1i~g,2pn,~.2~~ ;V,:let~-"',i'~+ g~ { . y i: xtan~' ~ 

;s2 ' 2 4 i.^;4 
1 ^+;~/ pm 

*' o*' //~~:~_ Ps "' * ..~2 

~  *~ 
)
)
 

y'(:(,ta._n.~~'--<'2-7c,/1't ~ 4-~'~_4 1~ - ((32a) + ./:".. .,,.~-u~2.+~ ' g2 ~'  2 * 
* In' . Fnt+' 

and for 1 2;3, m9 j=1~2;""m 

Cit=cosh 7c _. ~'-,. i'+,:i?(feut2.+ ~~l~m4 ~ 4. ' 4cosh ~ /(2iirl.) g pm V(/Im +g ptil V~2i-~}2ig pm 
~': ~ ' .' ~2 ~". . ~' -~"- ~~ ' 'Z' ~~ 

x r(=1)i+;-1 ' -4.(2i-.i)(~j T11), v/ p.m2+._g.._".4pm4 

' '~~'- i-' "' "'~"^' {(2i-"I)P:J;g""'/'/ms+{(,.2.j 1)~}2 ~pm +g4pm4) 

･ ' {V(2i-1)2-g pm ~ - ?-' ' 7r;' ' ' ' (21 1) g2/)m2~lpm2+g ~ 2 - l'p:n2 + g4/'nl4 tanh 7c ' 4 4 + 6. : . . pm 

IJ 2 , . . 2 . (21 1) g pm + / ptn + g4/!m tanh } (32b) -/ '- 2- ~~i~l)2-~2//~pl~;+/p?1'2+",~~_pm4 ~J 4 / 
7c 

. .~. ,2 

Wh. ere 
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（量；j）

（1キj）菌

山唾（2j－1）〆1担滋苧十94μ、，、4

ρ・2栂μ㎜し｛1二9芋〆十（2卜1）1ゲ

一崎／ノ・・伽し・キ■伽…糠…号ノ蜘芦一…μ一糾・・μ一・

・／・一・・伽…伽…1伽…虹・号ノ・一・・伽…伽・…μ恥一…1・・仰）（…）

　　　　　　　　　　　　　　　　　4（2j＿ヱ）（2i＿1）チ／μ。、、霧キg唾μ、4

bザ（一1）’十トユ｛（・豆一・）・一蜘郷卜・）・片（伽1。。・μ血1）

・δリ号／。／（・i－1）し・・μ一・一〆伽・十・・μ一・・…青ノ（・i－1）し・・μ一・イμ一…1μ一1

－／（鋭一1）・一・・緬・ヰ〆伽・斗・・紬1・鋤・制（雅一1）し磐1伽〉μ糾・1伽1／

　　　　　　　　　　　　　　　　　　（1二1；l1－lll：慧）　　　　（…）

Iいs　e鑓11y　fou虹d　that　wh鋤

　　　　　　biドb竈i

T旋n　We臨鴨

（亘至j＝1，2，・ギ多Pユ）

・ザ…菱抑一仁・・■μ・2・・4μ一4・…刊レ・2μ一2・・μ一2・・唾μ一曇むψ

てj＝1，2，一・，rα）

・・F・…那・1一・）2一蚕2μ一2一／μ一2＋・4μ一4・…号〉（・1一・）し・2μ一2・偏・・4μ紬

　　　　　　　　　　　　　　　　　　　　　山（1二11ま∴1意）一　　　　（劉）

and電he　dete則皿1Ωa1equa垣on（31）becor皿es

　　　　　　　　　　　　　　bnb］。…b胸

　　　　　　　　レ亨・jbパb如一0停　　　　鞠　　　、（35）
　　　　　　　　　　　　　　ぢmi　b醐…b㎜㎜

　We　sh釧now　f1nd　the1eas亡posit1ve　rootμ㎜oξth1s　detem狐aI　equat1on、

　　　　　　　　　　　　　　肌　Cak刮atio旭of　tbe艮ootsム，μ2，雌andμ少

8．We　sh鋤n榊f膿d　th引east　pos亘t1ve　roots伽o王th1s　deter血1鯛1eq囎tions4玉

メ2，　43and4包f⑪r　hla＝O．1，　O．2包ユd．0．3．　For　this　puごp03e　the　Yalue3　0f　1㎜for
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　　　　　　’伽　　　4　　　　4・　　　4　　　μ㎜　　4
　　　　　　3的6⑧、5　　　　－O，⑭2－09　　　　　・0．038887　　　　－O．0348405　　　　　3刮5　　　一　⑪、身15⑪

　　　　　　3．610　　　　　0．O0674　　　　　0．O02626　　　　＿O，0049380　　　　　3，6　　　、＿O出0819

　　　　　　3．615　　　　　　0．03950　　　　＿0．039277　　　　　0．0335940　　　　　3田7　一＾∵＿O．3334

　　　　　　Root　　　　　3．609　　　　　　　3．6103　　　　　　　3．6107　　　　　　　　　　　　　　　3．5初05二
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Table II. h/a=0.2 

A3 p* 
3.50 - 0.03.558 0.0.54348 - 0.0478360 0.1969 S.4 

3.505 - 0.01031 0.023173 L: 0.0205100 - 0.0937 3.5 

3.=510 0.02097 - 0.015520 0.0125117 - 0.3530 3 .6 

Root ' 3.507 3 5082 ' . 3~4b'6 . .3~082 , 
Table ~H. h/a=0.3 

Af4 
;kl 

3.350 - 0.02618 0.0406.95 - 0.0340722 _ 0.3586 3.2 

3.355 O.CO509 ' 0.003289 - O.OO34244 0.04697 3.3 

3.360 0.03476 - 0.032247 0.0253866 _ - 0.2435 3 .4 

3.354 3.3555 3.3157 ' Root ~ 3.35558 From these Tables we . see that the vatue of p* rapidly converges to the limiting 

value when m increases. And we may take p4 as the value of k = Tfpha4p2 
r D,r4 . 

Fig. 1. shows the relation between k2 

and h/a that ' is, the frequency of t h e 

fundamental mode of vibration and the 

ratio of the thickness to the lengh of side 

of a square plate i'or small value of h/a. 

From this figure we see that when the ra-

tio increases the frequency of the funda-

mental mode of vibration of the plate de-

creases, and therefore the frequency of 

the fundamental mode of vibration of the 

square plate decreases as the plate thick-

ens. 

Fig. 2. shows the relation between k 
and ( h ~ 2 The curve in Fig. 2 represents 

¥ a l. 

almost a straight line and we may expect 

that the following relation hold in a small 

values of h/a, 

/ D7c k f.1 + a( h ~)21 (36) k= phaip2. = o ' 

l ¥al! 
ap proximate'ly. 

The value of ko is the value of k when 

h = o. and therefore we may use Tomo-

tika's value : ko = 3.6461 . 

a~ 

1
3
 

2
 ~

 
S2' 

I
S
 

s
o
 

3.6 

k
 
3S 

a4 

3.3 

e
.
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②　　　　0．③2　　　0・③吟　　　⑧．0奮　　　　0層塚　　伽陰　　　　　　　　　　　　　　　　　　　　暗ア

By the method of least squares, the value of coefficient a is determined as follows : 

~3.348 = -O 9183 
a = 3.646 

By using the equation (36), we can f ind approximately the frequency of the 
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fundamental mode of vibration of a square plate with four clamped edge for any 

small values of h/a. 

V. Surnmary 
~. -.T, he- problem of calcuating the fr~qttency of the fundamental mode of trans-

verse vibration of a squate plate with clamped edges is equivalent to ' a mmmaum 

probl em of computing the minimum value of the expression : 

V(W) = f f (dW)2 d~ d~ (10) 
~f~sf ~ 

OW2~ T(W) 6W 2 a~ ) }Jd~de ( > {( ) . rl W2+ 2g2 

+ ~~ 
S~ 

for all function W (~, V) vyhich have cohtinuous derivatives up to the fourth order 

& < 7c 1 ~ 1 ~ ~ and which also satisfy the clamped edges in the square S : I ~ 1 2 ' 

conditions : 

' an~ 
at the bonndary C : 1 ~ 1 = ~ , I V I = ~ of the square, the double integrals be-

ing over the square S and n denoting the norm.al to the boundary. 

In the present paper, we consider the modified minimum problem which may be 

expressed as follows : 

lt is required to find the minimum value of the expression 

f f (Av)2 d~ d~ 

V(v)_ ' f~:f C 2{( ･ ) "" i 
T(v) Ov 2 '6v ) ( > v2+ 2g + d~: d~ O~ a~ 

for all functiQns v (~, ~) which vanish on the boundary C of the square and satis-

fy the following boundary m conditions on C : 

j
 

G2i _1 av oQng2i_Ids=0 , (j=1,2,...,m) 

where ds is a line element along C so that ds=d~ on v= + ~ , and ds=d~ on ~ = 

+ ~ ･ The double integrals are taken over the square vc, while the single integrals 

are taken along the boundary C and functions g2i_1 are taken follows : 

~ g2i-1 =C~ .cos(2j-1)~ ~=:t 2 ' on 

7T 

=Cj cos(2j-1)~ ~=:t=2-' on 

where the Ci's are certain constants. 

Applying to the modified problem the general principle in the calculus of variation, 

a non .dec,reasin se uence of lower limits for the true minimum value of k2 = phaip2 

is calculated for ha 
= 0.1, 0.2 and 0.3. From these sequences we iind the Table IV, 

giving the frequency p of the fundalnental mode of transverse vibration of a square 

plate with clamped edges. 
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