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The investigation of various properties of homogeneous systems in [2], [3], [4] is continued
to this paper. The notions of normal subsystems and quotient homogeneous systems are in-
troduced in §1. In § 2, analytic homomorphisms of analytic homogeneous systems are treated.
It is shown that the tangent Lie triple algebra of a closed normal subsystem of a geodesic homo-
geneous system G is an ideal of the tangent Lie triple algebra of & (Theorem 3).

§1. Normal subsystems of homogeneous systems

In this paper, we use the same terminologies and notations as used in the preced-
ing papers [2], [3] and [4]. Let G=(G, n) be an abstract homogeneous system and
H a subsystem of G. For an element x of G we denote by xH the subset n(H, x, H)
={n(u, x, v)|u, ve H} of G. The element x is contained in xH since n(u, x, u)=x
for any ue H. The subsystem H is said to be invariant ([3]) if it satisfies

(1.1) n(x, y)(xH)=yH for x, yeG.
It is said to be normal if
(1.2) n(xH, yH, zH)=n(x, y, z)H for x,y,zeG.

ReMARK. In the case of a homogeneous system of a group (c.f. Example in §1
of [2]), a subsystem containing the identity element is normal if and only if it is the
homogeneous system of a normal subgroup.

LemMA 1. A normal subsystem is invariant.

PrOOF. Suppose that H is a normal subsystem of G and x, ye G. Then n(xH,
yH, xH)=yH implies n(x, y)(xH)<=yH, and xH =#(y, x)(yH). Since x and y can be
chosen arbitrarily, we have n(x, y)(xH)=yH. g.e.d.

Let G=(G, ) be a homogeneous system. A homomorphism of G into G is a
map f: G—G satisfying fn(x, y, 2)=7(fx, fy, fz) for x, y,zeG. If f:G-G is a
homomorphism, then it is clear that the image (resp. inverse image) of any subsystem
of G (resp. G) under £ is a subsystem of G (resp. G).

LEMMA 2. Letf: G—G be a homomorphism of homogeneous systems. For some
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fixed ee G, set H=f~1(&), é=f(e). Then H is a subsystem of G and xH=f"1(%),
X=f(x) for any xeG. :

ProOF. Since the subset {&} of a single element forms a subsystem of G, H=
f71(8) is a subsystem of G. Now, let u € H and we f~1(X) for X =f(x), x € G, and set
v=n(x, u, w). The element v belongs to H since fo=7#(fx, fu, fw)=ij(%, & %)=8&.
Hence w=n(u, x, n(x, u, w))=n(u, x, v)en(H, x, Hy=xH and f~}(%)cxH. On the
other hand xH < f~(%) holds since f(xH)=fn(H, x, H)=ij(&, %, &)=%. q.e.d.

PROPOSITION 1. A non-empty subset H of a homogeneous system G is a normal
subsystem of G if and only if there exists a homomorphism f: G—G of G into a homo-
geneous system G such that H=f~1(&) for some é=f(e), ec H.

PROOF. Suppose that f: G—G is a homomorphism of G into G and H=f"1(&)
for 2eG. Then, by Lemma 2 above, we see that H is a subsystem of G and xH =
S7UX), X=fx for any xeG. For x,y, zeG we have n(xH, yH, zH)cn(x, y, z)H
since fn(xH, yH, zH)=ij(fx, fy, f2)=fn(x, y, z). If u,veH and x,y,zeG, we
have fn(n(y, x, w), z, n(y, x, V) =Gy, fx, &), fz, {i(fy, /%, &)=fz and we get n(n(y,
X, u), z, n(y, x, v))ezH. This fact implies n(H, n(x, y, z), Hycn(xH, yH, zH). In
fact, n(u, n(x, y, z), v)=n(x, Y@y, x, u), z, n(y, x, v)) en(x, y, zHycn(xH, yH, zH)
hold for u, ve H and x, y, ze G. Thus, (1.2) is shown and hence H is a normal sub-
system. Conversely, let H be a normal subsystem of G. By Lemma 1, H is an in
invariant subsystem, and yexH if and only if xH=yH (Lemma 2 of [3]). For x, yeG
we define an equivalence relation ~ on G as x~y if yexH. The quotient set G=
G/~ is the collection of subsets of G given by {xH |xe G}. If we set fj(xH, yH, zH)
=n(x, y, z)H for x, y, z € G, then, by (1.2), we get a well defined homogeneous system
G=(G, ) so that the natural projection f: G—G is a homomorphism of G onto G,
and H=f~1(&) for é=f(H) e G. g.e.d.

If H is a normal subsystem of a homogeneous system G and G={xH |x e G}, the
homogeneous system (G, 7j) defined in the proof above will be called a quotient homo-
geneous system of G modulo H, and denoted by G/H.

§2. Analytic homomorphisms

Let G=(G, #) be an analytic homogeneous system whose underlying space G is
a separable analytic manifold of dimension n. In the followings we assume that G
is a geodesic homogeneous system (cf. [3]). We denote by ® the tangent Lie triple .
algebra at some fixed point ee G. Suppose that H is a closed invariant analytic sub-
system of G containing e. Then H is an auto-parallel submanifold with respect to the
canonical connection of G, and hence the tangent Lie triple algebra $ of H at e is an
invariant Lie triple subalgebra of ® (cf. the proof of Theorem 5 in [3]). For each



On Homogeneous Systems 1T 43

x e G, xH is also an invariant subsystem of G obtained as the image of H under an
analytic automorphism #(e, x) of G, and xH is an integral manifold of the distribution
S: x>, =ny4(e, x) on G. Since G is assumed to be separable and H is closed,
there exists a cubical coordinate neighborhood U around e such that xH n U is a single
slice of U whenever xH n U#@ (cf. p. 94 in [1]). Let G=G/~ be the quotient set
of G under the equivalence relation; x~y if yexH. Then, from the results of [5]
(Theorem X, p. 20) it follows that G has an analytic structure determined by an atlas
consisting of local coordinate systems {(U,, ¢,)|xeG} such that U =fon(e, x)U
and ¢ o f=pen(x, €), where f: G—G is the natural projection and p: U—R" is defined
by p(x)=(x1,..., x*) when xH n U is expressed in the cubical coordinate system (U;
ul,...,u") as a slice defined by u'=x!,...,u*=x" (h=n—dim H). Moreover, the
projection fis analytic. If H is normal, then, in the same way as in the case of the fac-
tor group G/H of a Lie group G by a closed normal subgroup H, it is shown that the
operation 7j: Gx G x G—G of the quotient homogeneous system G=G/H is analytic
and f is an analytic homomorphism of G onto G. Thus we have;

THEOREM 1. Let (G, ) be an analytic homogeneous system defined on a sepa-
rable analytic manifold G. Suppose that G is geodesic and H is a closed normal
analytic subsystem of G. Then the quotient homogeneous system G=G/H of G
modulo H is an analytic homogeneous system and the natural projection f: G—G[H
is an analytic homomorphism.

PROPOSITION 2. Let G and G be analytic homogeneous systems and f an analytic
homomorphism of G onto G._ Suppose that the rank of f is maximal at each point of
G. If G is geodesic, then so is G.

Proor. For some fixed point e e G, denote by A, the left inner mapping group
(or holonomy group) of G at e, i.e., 4, is the subgroup of Aut(G) generated by all
diffeomorphisms of the form;

}'x,y=71(x Y, e)°'I(X, X - J’)°’7(e, X), X, V€ G»

where x- y=#(e, x, y). The group 4, is contained in the isotropy subgroup of Aut (G)
at e (cf. §3 in [2]). Let K, be the closure of the left inner mapping group 4, in the
affine transformation group of the canonical connection of G, and A=Gx K, be the
Lie group identified with the subgroup {n(e, x)oa|x€ G, a € K.} of Aut(G) under the
map (x, o)—n(e, x)eor (cf. [2] and §1 in [3]). By Proposition 5 in [2], the homo-
geneous system G is geodesic if and only if the 1-parameter subgroup exptX, teR,
of A is contained in G x {1} for each X € ® in the decomposition € =6+ K of the Lie
algebra U of A4, ie., n(e, x()), te R, is a 1-parameter subgroup of Aut(G) for each
geodesic x(f)=(exp tX)e of G tangent to X at e, since G=A/K, is a reductive homo-
geneous space and the canonical connection of G is the canonical connection of the
second kind on 4/K, (cf. Theorem 1 in [3]). Let A; K, and 4=G x K, denote the
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transformation groups corresponding to the homogeneous system G. Suppose that
fis an analytic homomorphism of G onto G with maximal rank, f(e)=¢ and let ® (resp.
(5) be the tangent Lie triple algebra at e (resp. &). For any X e ® choose X € G such
that (df)(X)=X. If G is geodesic, then t—n(e, x(¢)) for x()=(exptX)e, teR, is a
1-parameter group of transformations on G. Since fis a homomorphism, fon(e, x(1))
=7j(&, X(1))of for X(t)=fox(t) and #j(&, (1)) is a 1-parameter subgroup of Aut (G), that
is, t—(X(1), 1) is a 1-parameter subgroup of A. The tangent vector —— (x(t), 1) at
the identity (2, 1) is identified with (df),X=Xe® in the decomposmon A=G+§K
of the Lie algebra 9N of A since G=4JK, is a reductive homogeneous space. Thus
we have (%(t), 1)=exp tX and we see that G is a geodesic homogeneous system. g.e.d.

THEOREM 2. Let (G, n) and (G, ij) be two analytic homogeneous systems. As-
sume that both of G and G are geodesic. If f is an analytic homomorphism of G into
G sending ec G to é€G. Then F=(df),: 66 is a Lie triple algebra homomor-
phism, where ® (resp. @) is the tangent Lie triple algebra of G (resp. G) at e (resp.
é).

Proor. For each X € ® = T,(G), denote by X* the analytic vector field on G
defined as;

X*¥(x)=n4(e, x)X, xe€G,

which will be called the vector field associated with the tangent vector X at e. In
the same manner we define an analytic vector field X* on G associated with X =F(X)
€ 6=T4G). We first show that X* and X* are f-related. In fact,

XH(f(x) =@, fx)X =ifs( fe, 1x)(df).X
=d(fi(fe, x)o )X =d(fon(e, x)).X =Fony(e, X)X
=F(X*(x)), xeG.

For any analytic curve c(f), €, on G defined on an open interval I of R, put &(f)=
fec(t), tel. The original definition that G is geodesic is the following (cf. [3]); If
c(?) is a geodesic curve with respect to the canonical connection F of G, the parallel
displacement 1(t,, t,) of tangent vectors along ¢ from x; =¢(#,) to x, =c(t,) is given by
T(ty, 1) =N4(X1, X3): Ty, (G)—T,,(G). In particular, if G is geodesic, the tangent

vectors % to the geodesic curve c satisfy

(tz) (2, fz) v (11) Nx(c(2y), C(tz)) (11)

In this case, the corresponding curve é=foc on G satisfies
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G ()= (), G (1) = (df) 5,11 (31, 352) 57 (1)
s e oo dc
=i (%1, X2) (df)xl_cflt_(tl)
o 548
=5 (%1, X2) ar (t,),

that is, & is an integral curve of the vector field C¥(X)=7j«(%, X)C;, X € G, for C,=

%(tl) € Til(G). If G is geodesic, the curve ¢ is a geodesic curve with respect to the

canonical connection ¥ of G. Thus, we see that the homomorphism f sends geodesic
curves in G to geodesic curves in G. Now, by using this fact we show that the vector

fields 7 . Y* and F g ¥* are forelated if X* and X* (resp. Y* and Y*) are f-related
vector fields. For an arbitrarily fixed point x, € G, we consider a geodesic curve c(%),

|t|<e, such that ¢(0)=x, and —i—f—(O):X *(xo). Let 7(t, 0) denote the parallel dis-

placement of vectors along ¢ from ¢(?) to x,. Then;
(7 x+Y*),,=lim —Ilz—(r(h, 0)Y*(c(h))— Y*(xo)).
h=0

From the fact just proved above, it follows;
(df)xot(hy 0)Y*(c()) = (A [)xgtts(c(h), X0) Y *(c(h))

=d(fon(c(h), xo))Y*(c(h))
=i*(&(h), £)(d ey Y*(c(h))
=7*(&(h), %o)Y *(&(h))
=#(h, )Y *(&(h)),

where ¢=foc and X,=f(x,). Therefore, we get

(Aol 5o Y )y =(F 5. ¥ #)s,

Let X*, Y* and Z* be the vector fields associated with X, Y and Z in ®, respectively.
The torsion S and the curvature R of F have their respective values for these vector
fields as follows:

S(X*, Y*)=[X*, Y*]—=F . Y*+F7 X%,
ROX*, YOVZF =P (e yuiZ% =V ol 2%+ F Vs Z%.

Hence, if X*, ¥* and Z* are vector fields on G associated with X=F(X), ¥ =F(Y)
and Z=F(Z), respectively, then each of the pairs S(X*, Y*) and S§(X*, ¥*); R(X*,
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Y*)Z* and R(X*, Y*)Z* is f-related. Hence we have
FS(X, V)=8,X, ),
FR(X, V)Z=R,X, ¥)Z,
ie, F: 66 isa homomorphism of the tangent Lie triple algebras (cf. [3]). g.e.d.
Combining Theorem 1 with Proposition 2‘and Theorem 2, we have the following;

THEOREM 3. Let G=(G, ) be an analytic homogeneous system and H a closed
normal subsystem of G. Suppose that G is geodesic. Then, at any point e H, the
tangent Lie triple algebra $ of H is a Lie triple algebra ideal of the tangent Lie triple
algebra ® of G, and the tangent Lie triple algebra (63 of the quotient homogeneous
system G[H at the origin is isomorphic to the quotient Lie triple algebra 6/$.

Proor. Let G=G/H be the quotient homogeneous system of G modulo H. By
Theorem 1, G is an analytic homogeneous system and the natural projection f: G—G
is an analytic homomorphism. Then Proposition 2 and Theorem 2 imply that G is a
geodesic homogeneous system and F=(df),: 6-6 is a Lie triple algebra homo-
morphism of the tangent Lie triple algebras at e and é=f(e). Since the kernel of any
homomorphism of Lie triple algebras is an ideal, we see that $=Ker F is an ideal of &
and G is isomorphic to the quotient Lie triple algebra 6/$. g.e.d.

References

[1] C. Chevalley, Theory of Lie Groups, Princeton Univ. Press, 1946.

[2] M. Kikkawa, On the left translations of homogeneous loops, Mem. Fac. Lit. Sci., Shimane
Univ., Nat. Sci. 10 (1976), 19-25.

[3] ,  On homogeneous systems I, Mem. Fac. Lit. Sci., Shimane Univ. Nat. Sci. 11
1977), 9-17.

[4] » On homogeneous systems II, Mem. Fac. Sci., Shimane Univ. 12 (1978), 5-13.

[5]1 R.S.Palais, A global formulation of the Lie theory of transformation groups, Mem. Amer.
Math. Soc. 22 (1957).




