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A semigroup S is called to be fundamental if its only one congruence contained in the
Green’s relation 5 on S is the trivial one. Let S be a regular * semigroup, and let E and P'be
the sets of idempotents and projections of S, respectively. 1In his paper [3], T. E. Hall gives us
the construction of a fundamental regular semigroup T ¢gz> which is a generalization of [2] and
[4]. In this paper, we shall show that the set of projections plays an important role in the theory
of regular + semigroups, and construct a fundamental regular * semigroup Tp, say, by using P
instead of <E). ‘

A semigroup S with a unary operation *: S—S is called a * semigroup if it
satisfies

() *=x,
i) (ey)*=yher.

Let S and T be # semigroups. A mapping ¢: S— T is called a * homomorphism if ¢
is a (semigroup) homomorphism and x*¢=(x¢)* for all x in S. A relation v on S
is called a * relation on S if (x, y) e v implies (x*, y*)ev. A * semigroup S is called a
regular * semigroup if it satisfies

(i) xx*x=x.

An idempotent e in S such that e*=e is called a projection.
The following result due to Nordahl and Scheiblich is a very basic property of
regular * semigroups.

~ Resurt 1 ([5]). Let S be a regular * semigroup. Then each P-class and each
Z-class in S contain one and only one projection. Let e and f be projections in S.
Then ef is an idempotent in S.
" Hereafter a regular * semigroup S(P) means that Sisa regular * semlgroup w1th ‘
the set of projections P. The notations and termmologles are those of [17 and [3],.
unless otherw1se stated : h

LEMMA2 ‘Let S(P) be a regular * semigroup with the set of zdempotents E.
Then we have the followings:
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(i) E=P2. More precisely, for any idempotent e, there exist projections f and
g such that e Zf, e ¥ g and e=fyg.
(i) Fore, fin P, efe P if and only if ef=fe.

Proor. (i) It follows immediately from Result 1 that P2cE. Let e be any
idempotent in S. Then we have that e # ee*=f, say, e ¥ e*e=g, say, and e=ee*e
=ee*e*e=fg.

(ii) Clear.

LemMA 3. Let S(P) be a regular + semigroup. For any a in S and any e in P,
a*ea is a projection.

ProOOF. Since aa* is a projection, eaa® is an idempotent. Then (a*eq)?=
a*eaa*eaa*a=a*eaa*a=a%*ea, and (a*ea)*=a*e*(a*)*=a*ea. Thus we have a*eq
eP.

A [#] congruence v on a regular [+] semigroup S is called an idempotent-
separating [+] congruence if ves#s. Compare the following with Cor. 4.6[5].

THEOREM 4. Let p [u'] be the maximum idempotent-separating [*] congruence
on a regular % semigroup S(P). Then we have u=p' ={(a, b)e S x S: a*ea=>b*eb
and aea*=beb* for all e P}.

PrOOF. Let us denote the given relation by v. It is clear that v is a * equivalence.
Let (a, b)ev. For any eeP and ce S,

(ac)*eac=c*a*eac=c*b*ebc=(bc)*ebc,
(ca)*eca=a*c*eca=b*c*ecb=(cb)*ecbh,

since c*ec is a projection. Similarly we have ace(ac)*=bce(bc)* and cae(ca)*=
cbe(ch)*, and hence v is a * congruence.

Let (x, y)evn Ex E, where E denotes the set of idempotents of S. By Lemma
2, there exist projections e, f, g and h such that x=ef and y=gh. Then

x=x2=efef=ef*e*eef =e(ef )*eef =ex*ex=ey*ey e Sy.

Similarly yeSx, and so x % y. Similarly x # y, and hence xs# y. Since x and y
are both idempotents, we have x=y. Thus v is an idempotent-separating * con-
gruence on S.

Finally, we shall show that v is the maximum idempotent-separating [*] con-
gruence. Let p be any idempotent-separating [+] congruence on S. If (g, b)ep,
then (a, b)es#. Since aa* # a and bb* 2 b, projections aa* and bb* are contained
in a same £-class. Since each #-class contains one and only one projection, we have
aa*=>bb*. Similarly a*a=b*b. Then a*=a*aa*=a*bb* and b*=>b*bb*=a*ab*.
Since p is a congruence, (a*bb*, a*ab*) € p and we have (a*, b*)e p. Using again the
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fact that p is a congruence, (a*ea, b*eb) € p and (aea*, beb*)ep for all ee P. But p
is an idempotent-separating congruence, we have that a*ea=>b*eb and aea™=beb*
for all ee P. Then (a, b)ev, and hence pcv.

Let P be the set of projections of a regular # semigroup S. For any a€ S, let p,
and A, be mappings of P into P defined by

ep,=a%ea,
er,=aea*.

It is clear that p,=p,p, and A,=A4, Let 7} be the dual semigroup of 7 p and
denote its product by -, that is, o - =« where the right side is the usual product of
transformations § and «. '

THEOREM 5. Let S(P) be a regular # semigroup, and let £ be a mapping of S
into T px T % defined by ak=(p,, A,). Then & is a homomorphism whose kernel is
the maximum idempotent-separating congruence on S.

Proor. It is obvious ¢ is a homomorphism. Let E be the set of idempotents of
S. Firstly, suppose that (e, f)eker EnN(Ex E). Then e=eee=ep,=ep,=fef. Simi-
larly f=efe, and so es#f. Then e=f. Thus ker ¢ is an idempotent-separating con-
gruence on S, and hence ker {cp.

Conversely, if (a, b) e p, it follows from Theorem 4 that a*ea=>b*eb and aea™=
beb* for all ee P. Then (p,, A,)=(ps, ), and hence (a, b) € ker &.

Let P be the set of projections of a regular * semigroup S. Let A, B be subsets of
P. A mapping o: A—B is called a partial homomorphism if for a,, a,,..., a, in A4,
a,a,--a,€ A implies that (a,0)(a,x)---(a,0) € B and (asa,---a,)a=(a;0)(a,2)--(a,®).
If a partial homomorphism «: A— B is bijective, we call « a partial isomorphism. In
this case, we say A is partial isomorphic to B and denote it by Aé_B. For each e P,
let (e)={feP:f<e}=ePe. Let %={(e,f)ePxP: (e)é(f)} and for each (e, f)
e let T, be the set of all partial isomorphisms of {e) onto {f). Let Tp={(p.2,
Aty ae T, , (e, f)e}. Notice that p,=4, for any ee P. For convenience, we
shall sometimes denote (p,«, ;07 1) simply by ¢(«). Let a be any element of S. De-
note aa* by e and a*a by f. It is clear that mappings 0: x—a*xa and 0': y—aya*
are mutually inverse partial isomorphisms of {e) onto {f) and of {f) onto {e),
respectively. We have easily (p,, 4,)=(p0, 1,071) and hence S{cTprcTpx T},
where ¢ is the homomorphism in Theorem 5.

THEOREM 6. Let P be the set of projections of a regular % semigroup. Define
a unary operation x: Tp—Tp by (pa, A;a~1)*=(ppat, A.0). Then we have the
followings:

(i) Tpis a regular » subsemigroup of 7 px I §,

(ii) the set of projections of Tp is {(p,, A.): e€ P} and it is partial isomorphic
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to P,
- (iii) - for (e, f)e¥, acT,; and geP,

¢(a)*(pg> )'g)(p(a) = (p(ege)a, A’(ege)a) ’
(iv) Tp is fundamental.

Proor. (i) Let (p, A;at), (p,B, 44B~1) be any elements of Tp. Then the
range of p,a=fPf and the range of pap,f={(gfxfg)f: x€ P}. Now,

9f Pfa=4gfg(fPf)gfg =gfgPgfg=gf(9Pg)fg <gfPfg,

and hence the range of peocpgﬁ’:{ jxj: xe P}, where j=(gfg)f. We remark that
B1<gfg> is a partial isomorphism of {gfg) onto {j), with inverse p~1|¢j>. Define

mappings 0,,,: {fgf>—<afg> and 0,,,: <afg>—~<faf) by x0,s,=9fgxgfg and y0,,,
=fafyfaf, respectively. It is clear that 0,,, and 0,,, are mutually inverse partial iso-
morphisms. Let us denote (fgf)a~! by i. It is obvious that «|<i)> is a partial iso-

morphism of i) onto {fgf>, with inverse =1 | {fgf>. Let y=(a|<i>)(0,,!<Sfaf>)-
(B1<gfg>) be a partial isomorphism of {i> onto {(j>. We shall show that popB=pyy.
For any x in P,

xpiy=C(iexei)u(B,7, 1 {faf Y) (B1<afgd)  since i<e,
= (io2) ((exe)a) (i) By, | <fof ) (B1<0fa>)
=(gfafaf (exe)e) fafafg)B
=(g(exe))g)f  since (exeltefPF,
=Xp0pyP.

Thus we have pap,f=p;y. Similarly (A;01)- (4 )=4p A0~ =2;p"1, and hence
(pes 25071 (P8, 2B~ =(psy, A;y")€ Tp. Then we have Tp is a subsemigroup.

" Next, we shall show that TP 1s a regular = semigroup. It is obvious (¢(x)*)* =
¢(e). Now

CDBY*P(0)* = (P, P Py, A1)
=040, And™1),

where k= (gfg)ﬁ, m=(fgf)a~t and d=(B|<k)) (85, 1<afg>) (@ t|<faf>). Then
we have k=j, m=i.and 6=u"!, and. hence ¢(B)*¢(oc)*—(ply‘1 Aiy) (p,y, Ly~ H)* =

(P@P(B)*. Now - . -
H(DP(@)* (o) =(p so- 100507, l[a-lae}‘a“w(a)

= (p e‘(e» j'e‘(tz)) (pea’ A i 1)
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= (pea9 ;l'fa—l)
=$().

Thus we have that Tp is a regular * subsemigroup of . p x J°%.

(i) Itisclear that (p,, ,)is a projection for each ee P. Conversely, suppose that
(p2, A;a1) is a projection of Tp. Since (p,x, A )= () = Pp(a)* = (p,o~1, A.0),
S Pf=the range of p,a=the range of pja~!=ePe. Then we have e=f, and so a € T,e-
Since ¢(a) is an idempotent, «>=o and so a=¢,y. Therefore ¢p(a)=(p,, A,) and the
set of projections of Tp is {(p,, A,): e€ P}. It is clear that {(p,, 4.): e € P} is partially
isomorphic to P.

(iii) Let (e, f)e#,uecT,, and geP. Setting y=(x"!|{(ege)a)) (0yeq | <ege)),
we have easily that (geg)y~! =(ege)x. Then

D)*(Pgy 2)P(@) =P egera?s Agegh™ ) (Petts Ay
=(Ptegerals Aegera¥ ™).
where Y =(7|<(ege)ey) (Ocge | <geg) (| <egED) = te(egere>
=(Pregeres Heger) -

(iv) Let pu be the maximum idempotent-separating congruence on Tp, and
suppose that (p.a, ;") u(p,B, 4,f~"). By Theorem 4, d(2)*(p; A)P(ex) = P(B)*(ps
A)P(B) and @(a) (i A)P(W)* =d(B) (p;, A)P(B)* for all ieP. Tt follows from (iii)
above that (p(eie)a Aeiey) =(Pgigyps Pgigys) and (Prifa-1s Mipa=1) = Pninys-1s Auinyp-1)-
Since £: S—Tp is a homomorphism whose kernel is the maximum idempotent-sepa-
rating congruence on S, we have that ip «=(eie)a=(gig)p= ip,B and il = (fif)at
=(hih)p~'=iA~'. Then pa=p,p and A0~ 1=1,8"1, and hence ¢(a)=¢(B). Thus
Tp is fundamental.
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