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The estimate procedures after a preliminary

multivariate nonparametric two-sample test
By Ryoji TAMURA

~ §1. Introduction.

The sometimes pool procedures, which have been developed in the normal theory by
Bancroft [3], Kitagawa [5] and many other authors, have been also discussed in the
univariate nonparametric cases by the author [7], [8] and [9]. Moreover Asano-Sato [1]
and Sato [2] have attempted some multivariate extensions in the normal theory. We are
now in the situation to consider the multivariate extensions in the nonparametric case
along the line of the previous papers of the author.

Our concern in this paper is the estimate procedure for the location parameters—(A)
median vector and (B) shift vector—. The preliminary nonparametric test is performed by
a multivariate two-sample statistic of Wilcoxon type which has been proposed by Sugiura
[6]. As for the estimates of the location vectors, we use those of Hodges-Lehmann type
[4] based on some rank tests.

(A) Let Ou : {(Xpi, k=1,....,p)} i=1,...,n; be a random sample of size 7, from a
continucus p-variate distribution F(x—§@;) with continuous marginal distribution Fr (x—
6k,) of the £ th component X; and continuous joint marginal distribution F;; (x—#6:,,
y—0-) of the i th and j th components where X’ =(X,,....,X5),8:=(011,....,0p,). We
also assume that Fr (x) with density fz (x) be symmetrical about origin for all &. We

consider the case where there exists another random sample O, : {(Yz;, k=1,....,9)}
j=1,...n, of size n, from the distribution F(y—@,) Where Y’ =(Yy,...., Yp ), 82 = (615
eo.a0ps). :

We here assumed that the distributions of the random vectors X and Y are of same
type except only median vector. We shall apply sometimes pool methods to estimate the
median vector ‘§;.

(B) Let Ou : {Xkj, k=1,....p0)}j=1,...,n1, On,: {(Y&j;, k=1,...,p)} j=1,...,n, and
Ouny : {(Zrj, k=1,....,p)}j=1,...,n3 be respectively three random samples of size n; i=1,
2, 3 from the continuous distributions F(x), F(y—4,) and F(z—4,) where 4; = (41j,.. .,
dpi) j=1,2.

Our purpose is to estimate the value of the shift vector 4, based on the samples Oy;.

Sometimes pool procedure is also applied.
§2. A preliminary test and the estimates.

We first deal with the problem of the type (A).

=
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Definition 2.1.
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—00 —o00

(2.5) Tij =

is a consistent estimator of 7ij where F {N)(z) and F 1(1]\/' )(z,y) be respectively the sample
distribution of the k& th component of (X,‘Y) and the ¢ th and j th components.

The statistic W is used to test the hypothesis H :§;=§; in the preliminary step. The
following theorem has been proved by Sugiura [6]

Theorem 2.1.

— o)
Under H (or K :§.=0,+ r / V'N), the statistics W and W are asymptotically equivalent
and their distribution is asymptotically central (or non-central) x2-distribution with the
degree of freedom p.

We use the following 6; or 6, as the estimate of §; based on Oy,

31 =X:(5<h---~’)?ﬁ) 62 :?:(AY'I,---n?ﬁ)
(26) A A A ~ A A A

§, =X=(X,.....,.%) §. =Y=(Yy.....Y5)
where

Xr =med {Xpa, 1La<n,}
@7 R =med{(Xra+Xeg) /2, 1<a< B}

and Yz, Y. are also defined similarly from Ons,.
Then we may define the sometimes pool estimate of §; as follows,
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Definition 2.2.

§ ; 281+ @=28, when W< (@)
- 6. otherwise
(28) :
§= ; A G+ A= DF; when W <25 ()
R 1 otherwise

where x?, (@) means the upper a-percent point of x2-distribution with the degree of
freedom p.
When §,=0,+ constant vector, the W-test rejects the hypothesis H almost certainly

-~ A
because the W-test is consistent and hence 8 or § becomes equivalent to the never pool

estimate év, or 6‘1. Thus we may consider only the case K:§, =8, +7/1/N.
Secondly we consider the shift problem of the type (B). The test atatistic in the preli-
minary step
)
W’=12 x 93 (1~ x 23) Nog 20 21 Tij (Ui =) (U; —%)
i=1j=
where U; denotes U( Yi, Z; Yand n; + n; = Nij, ni / Nij = Aij The following estimates
are used for the shift vectors

—

29 4i= G Dy =12
where

(2.10) Ary = med (Vg — Xha)
~ 1=Zasn, 15p<n
Ary = med (Zra — Xka) 1<a < ng

Definition 2.3.

2 . .
Sometimes pool estimate 4 for 4, is defined by the following

A resdi + (1 — xes) Ao when W< 22 (a)
(2.11) 4= N
4 otherwise

We also discuss only the case 4. =4,+7/1/N.

§3. The asymptotic properties of é and @.

3.1. Some Lemmas.
Definition 3.1. We define the following random vectors,
Bl B =2y fr ) Xk —0r)  E=1,...p)
(32) = (29 ng e () (Ve —0r)  k=1,...p)
33 U = (/sN Uk = #x, ¥,), k=1,....p)
where BX, Yy = EU (X, Yr), s=12x 1—x)
@B F=-—yI—xE+viy
G5  §=1% E+VI=x7.
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Lemma 3.1. Under H or K,

®  Cov 2y fi © X, 2y/m fi @ %)
~ Cov (2y/ny i ©) Y, 2y/mp f5 () Y1)

~ 0ij= g 4Fij (0,0) — 1 )
1 i=j
i)  Cov (/5N Ui, /5N Us) ~ Ty
2 [ [ F@F () dF (%5 -3 i%j
B §1 . | i=j
{i) Cov(2y/m; fi O Xi, /5N Uj) ~ = v/3A=) wi/2
where
{2—4P0(0<X;,X,-<Y,-) i
wij = ..
1=73

P, expresses the probability under g; = 0
(v) Cov(2ym; f1)Yi, /5N Us) ~ /3 wij/2
Proof.

For () , let
7 1 for x>0
h(X) = n'il > s(X;), where s(z) =
=1 ) otherwise
Then N »
P[yn, (X —6i)<a, y/n; (Xi— 64 <b]
=Py [h (X — a/y/n,) <1/2, h (Xj — b/ y/n, ) <1/2]
~Py [2Vn, {h(Xi —a/V'n) —E.h(Xi —a/V'n )} <2afi (0),
2V'nm {h(X;—b/V'n) —E.h(X; —b/y/n)} < 2bfj (0)]

2afi (0) 2bfi (o)
~ f f n(x:0, ) dx; dzj

—00 —0o0
where 7 (x;0, §) means the multivariate normal density of the random vector x with

mean vector 0 and covariance matrix §. To derive Y, we compute as follows,
— R ” S 71 R
mEoh (Xi —a/Va)h(X; —b/1/n)=n7'E, 51315 (Xia—a/V/'ny) 321 s (Xj8—b/1V'ny)]
Popus -

~P (0<X;, o<X;)+ (m — D P (6<Xi )P (6<X;)
where E, and Cov, mean the covariance and expectation respectively under §; = 0.
Hence we get

Covo (21/n; h(Xi —a/v'n), 2y/n, h(Xj —b/1'n )~4Fi;(00) —1
Thus it follows that
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Li=1...p

@6 2= oy

For (iii),
Plym & —01) <a, /N (U — uxj, vj) <b]

~ P [21/n{h(Xi —a/1y/n) —Eo h(Xi —a/1/n)}<2afi (0),1/sNUj —uxiy) <y s b]

2afi (0) 55
~ f f n(x;0,2) dzi dz;j
where

1 —VFA =N wii /2

2 - " VBA w2 1

In fact,
Covo (21/n, h(Xi —a/vy/n,), VsNU;)

~2Y/m I () B {5 (i —a/y/m) 6 Ko Vi) |~ 1/4]

7
~41/30 - [FH (0<X;, X;<Y;) —1/4]
=—1/3 A=) wij/2

The remainings are easily shown by the same techniques.

Corollary 3.1.

3.7 E@U) =0

B8  E@GF)=0

@9 E@U)="3|oi| ii-12. 0 =2

Proof. Using Lemma 3.1,
E@U) =1/ % ECEU") +/ 1= EGU")

=lof=0
E@®U) = —y/1-x EEU)+y/ X EQQU")
=113 A—=Nwii/2+y3rwij/2 ]| = 13 wi/2 |

Similarly, we also get E(qP’) =0

Definition 3.2. We define the following random vectors,
(310) & ="[y/12n gt Xk — 6, k=1,...,p]
(1) = [1/12n, gx (Y& — 6ks), k=1,...,p]

where
gr= [ f} @) de

G122 G=1/%E+ I p
B1)  p=-yix E+VN 7
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Lemma 3.2.
()  Cov (VI2n g Xi, 1/ 12n, 85 Xi) ~ Cov. (/Tom 81 Vi, 1/Tomy 27 ¥5)
~ Tij

(i)  Cov (/iZn gi Xi, 1/sN Uj) ~ —y/T=x 1y
(i)  Cov (1/1%m, g ¥i, /5N Us) ~ 1/ Tij
Proof. We shall prove only (ii). Let

vy = ("IN S v K X

1ap<m
1 for z+3y>0
v (x,y) =
0 otherwise.

Then R
PLy'n (Xi —6i) <a,1/N (U —ux;v) <u]

=Py [Vn (VXi — a/v/n ) —Eo V(Xi —a/y/n;)}<2agi, /N (U; —uxsv;)>u]
Now,

Covo [V V(Xi —a/y/n ), VNU; I~/ N, [E 208 m) 7 536 Kiay Vi)
26 v (Xiy, Xis} — %] ~ 1V/'Nn, (mny)! [ — 2n.P (Xiy + Xis > 0,X,;aY;p) + 2n:Pp
T

(Xir+Xi6>0,Xja<Yj3] 8~ — Ti /6 1/x.

where a3c7, 8, g7,
Hence we get

Cov (1/12n, gi )?i , V'sN U, ) ~ Correlation, Cvn VX —a/v'n),1/N Ui
~(=Ti/61/%\) Vs V3 =—1 1= Tij-
Corollary 3.2.
(314) E@U) =0
(815) E@p) =0
816 E@U)=T (=|ril)
3.17) E(@p)=T
Proof. We prove only (3.17), for the remainings are similar.
E@P)=0-VEEE)+ 1 EGY) — /XA [EEP)+EGE)]
=l zij |
where we used E (é%’) =E @’é) = 0.
Lemma 33. If | T| 20, the random vector p is asymptotically equivalent to the

random vector U with probability 1.
Proof. From Corollary 3.2, the covariance matrix of the random vector (P, U) is given by

"TT
T T
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with rank p under | T | 2 0. Hence we have the following relation with probability 1
Ap=BU

where A, B are some nonsingular matrix of order p. By multiplying p’ and taking the
expectation, we get the result.

3.2. The mean and the mean square error.

We first discuss about the estimate based on the sample median' Denoting that
(318) F=|5si;/2y/N fi | ij=1....p
0i; =1 (o) for 1=75 (otherwise)
M=28 + A0, G =1/ T =0 /n,
then we get
(3.19) X+ A—-\N)Y=M+ F§
=0+ (=) @ — 0 + Fy
(3200 X=0,+ Fq— GFp.:

Theorem 3.1. The mean vector E (5) and mean square error M. S.E. (5) of the
estimate @ are given by the following

G2)  E§)=0:+00/vN)
(322)  MSE (§) =IT+ A~ V77’ PLW <z (2) 1/N + G, (FppF)

where

IT = |l 0i; /ANSi (o) fi (0) ||
Ip, (FppF = f f 7 (P, U;0, B Fppl ap au

D
R = covariance matrix of (¥, U)
2 Q2
2T

Dy i —co < P<oo, W<zl (a), Dy: —o0 <P <loo, W2 (a).

Proof. We first notice that the asymptotic distribution of the random vector (g, p, U)
is normal and the covariance matrix is given by the form

> 0

~

0 R

In fact. the asymptotic normality is established from the theory of U statistics and the

covariance matrix is derived from Lemma 3 1 and Corollary 3.1. Thus the random vector

¥ is asymptotically independent on the random vector (P, U). From Definition 22 and
(3.19), (3.20), we may write E (0) as

E@= [.. [ d+Fn@o 5n® Uso, R dgdpadu

<o
D,
n f f O+ Fy— GFp) n §:0.2)n (P, U:0, Bydg dp d U.
oo oo

D,
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By noticing the relation E (§) = 0, we get
E(§)=0:+ (1—») 8:—8) PLW<a} @1-G [ .. prn(p, Uso, B dp av.

Secondly, using the identity

i o Fij+ 1-nr/vN for W <z2(a)
T Fg— Gﬁf)’ otherwise

ECCG—8) (6—08) ]
s 1—»x , 1—n L% T
= [ [t Fagr+ 100y + 2 qaF + Fary)
Z oo {<oo N VN

D
xn(g;0. U)n (P, U;0, R) dg dp dU
+ f .. [ {Fag ¥ - GFag' F— GFpa F + G Fp' )

— z><><ﬁ<oo
D,

x 7 (§;9, £)n (P, U;0, R) di dp dU
=FE (q2) ' + 0077 PLW < z2(a)1/N + GiIp, {Fpp’ ')
where we also used E (§) =0 and E(§p’) = E(§) E (P’) = 0 in the last computa-
thl’l. Moreover we notlce that

FE@u) F=Ir
means the covariance matrix of the “always pool estimate” 2X+ - £) Y under §; = 0.
When the estimators X and ¥ are used instead of X and i"', we may the sirrﬁlar results.
Theorem 3.2. The mean vector and the mean square error of the sometimes pool
estimate é are given by the following

B2) E@) =6,+001/,/N)

(3.24)  MSE. @) =IT+ 11 PLW <2 (2)]1+G2 1 [FUU F7]

1—x .
N W>z2 (a)

where
=75 /12Ngi gj |, F = | 8ii/1/12N gi |, ii=1...,p
Proof. We first notice that the statistics p and U are equivalent as shown in Lemma 3.3

and g and U are asymptotically distributed as n (g;0, T) » (U;0, T). From the above
facts, we may derive (3.23) and (3.24) by the similar technique to Theorem 3.1.

§4. The estimator for shift vector.

In this section we discuss about the sometimes pool estimate for shift vector. The
sometimes poc! estimate 4 has been defined as as follows,

n nog A1 + (1 — nag) 4o for W< xi ()
A == .

31 otherwise

where
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di = Q=12 ..p) i=1,2
dry = med (Yig—Xea) , dis = med (Ziy — Xia)
and we shall denote W’ by W without confusion.
Lemma 4.1. .
(A)  Cov (/s Ny &i dias 153 Nya&i dia) ~ Tij for a=12
() Cov (/s Ny & div, 15y Ni &7 din) ~ 1/ A=ng2) Q—ris)  Tif
(i)  Cov (1/5 Ny &i divs Vs Ny U (Yi,Zi )~ —1/3; A — am) Tii
(iv)  Cov (/s;3 Nig &i dins /553 Neg U(Y5, Zi)) ~1 \3 hes Tij
Proof. We prove (i) and (ii). The proof for (iii) and (iv) are similar.
() PLY/Ny (din— i) <a, /Ny (di— 45) <b]
~Po [ VN {U (Xi,Y; —a/1/ Ny, ) —nxivi} <agi,1)/ Ny, {U (X5, Y;
—b/y/Ny,) — uxjivj} <bgi ]
where uxivi = EU (Xi,Yi — a/1/Ny,)
Now,
Covo [Ny, U (Xi, Yi —a/1/Ny, ), V' Ny, UXG, Y5 — b/ 1/ Ny, ) ]
~ Ny (mn) % Eo { g ¢ (Xia, Yip) §3¢ (Xir, Yis)} — Nip/4

~[ae A =) I [P {Xig <Yia, Xia < Yjs, B0} — 1/4]
= Tij /512
Hence it holds that

Cov ( /52N &i dis, V513N &5 A7) ~Covo (1/51aN12 Ui,/ 51sN12 U7 )
~Tij.
() PLYNg (di—4i) <a,1/Ny (dja — 4i2) <b]
~ P, [ /N, {UX:,Yi —a/1/Ny,) —uxivi }y<agi, 1/ Ny {UX}, Zij —b/1/Nyg)
— ux;zit<bgj]
Now we get
Covo [1/ Ny, UX:, Yi —a/ 1/ Nyp)» V' Nyg UXG, Zj — b/ 1/ Nyg) ]
~ VNN 71" [Po {Xia <Yip, Xja <Zj 85878 —1/4]
= Tij /121 X19n15

This leads to the results (ii).

Definition 4.1. We define the random vectors,
41) & =G/5.N0 8k dri—dr) k=1,....,p)
(42) 9" = (/513N & (dea—dr) k=1,....,p)
4.3 U'= (V'53Npg (U Yk, Zr) — pyerze) k=1,....,p)
(“49)  4=1Npw/N§ + 1V Ns(l—x:9)/N 7




10 Ryoji TAMURA

@) p=—-1v{A 2w/ e+t 1V s/ 7
Theorem 4.1. The asymptotic joint distribution of the random vector (g, p, U) is

normal with mean vector 0 and covariance matrix

T o 0
0T T
0 TT

As a consequence, the statistic g is asymptotically independent on the statistic (p, U)
and p is asymptotically equivalent to U with probability 1.

Proof. We first compute the covariance matrix of ¢ by using Lemma 4.1. From
Definition 4.1,

E(qq’) = NpxxpsN! E () + Nis(1 — ) NP E(§8)
+1/Nis Nignes A—xes) /NLE §7) + E(§") .

Hence Lemma 4.1 leads to the identity

46) E@g)=1r7isl.
Analogously we get E(pp’) =EWUU’) =T.

Secondly we shall show that the random vector g is independent on both p and U.
In fact,

@n  E@QU) =l 1/ Norgres A—res) /N Tii + 1/ Nighagnas A—re) /NTij | =0
E(q p") = =1 o3(1—xg3) N1o/Niye E(§§") + 1/ x23(1—xg3) N1g/Nrgs E %)
+ 2231/ Nig/Nags E (§7') — (1 — 228)1/'Nyg/ Nl E (7 §7)

By Lemma 4.1, we get E(q p’) = 0.

Theorem 4.2. The asymptotic mean and means quare error is given by the.following
(48 E(4)=4,+0Q1/yN)
49 MSE (4) =1+ 15 1 PIw < (@)]

+G60 [ ... [ @UUF)nU;0, T)aU
W>z5 (@)
where
(410) T =| Nrij/12nNosgi gi ||
411) F=|Nsij/yI2nNggill i4i=1...,p
(412) G =v'nmg/mN
Proof. From (4.4), (4.5) and (4.11), we first get
Dsdi+ (1= Jo)do= M+ Fg =4 + (1 — 203)(dz —4y) + Fq
A4 =41+ Fqg— GFp

where

M= g di+ A — do9)ds
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We may also express by Theorem 4.1 as follows,

E(h= [...[ M+ Fgn(g;0, T)n(U;0, T)dg aUl

—oo q<Loo
W < 2 (@)
+ [ [ (a+ Fq=GFp)n (g0, T)n (U30, T) dg dU
—o<><q’<oo
W>z3 (a)
=4+ Q- Q) r PL W<:ri (a)]/VN—Gf f(F'U)n(U;O, T) dU.

w >x§ ()

Analogously we may also compute the following
MSE. (d) =T+ 152 1" PLW < 2} @]

+ fo (FUU’ F'yn (U;0, T) dU.
W >z3 (a)
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