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The estimate procedures after a preliminary 

multivariate nonparametric two-sample test 

By Ryoji TAMURA 

S 1. Introduction. 

The sometimes pool procedures, which have been developed in the normal theory by 

Bancroft [3], Kitagawa [5] and many other authors, have been also discussed in the 

univariate nonparametric cases by the author [7], [8] and [9]. Moreover Asano-Sato [l] 

and Sato [2] have attempted some multivariate extensions in the normal theory. We are 

now in the situation to consider the multivariate extensions in the nonparametric case 

along the line of the previous papers of the author. 

Our concern in this paper is the estimate procedure for the location parameters (A) 

_m,__e_dia_n_ vp_(1_tor a_n_~_ (B) sh_ift_ vector = Th. e preliminary nonparametric test is performed by 

a multivariate two-sample statistic of Wilcoxon type which has been proposed by Sugiura 

[6]. As L0r the estimates of the location vectors, we use those of Hodges-Lehmann type 

[4] based on some rank tests 

p)} i=1,. . .,nl be a random sample of size nl from a (A) Let Onl : {(Xhi, k=1,. . . ., 

continuous p-variate distribution F(x-O1) with continuous marginal distribution Fk (x-

ekl) of the k th component Xk and continuous _ joint marginal distribution FiJ' (x-eil' 

y-6.･1) of the i th and j th components where X' = (X1" ' ' "Xp ),'O1= (611" ' ' " 6pl) ' We 

also assume that Fk (x) with density fk (x) be symmetrical about origin for all k. We 

consider the case where there exists another random sample On2 : { (Ykj, k=1,. . . . , p) } 

j=1, . . . n2 Of size n2 from the distribution F(y-02) Where Y' = (Y1" ' ' " Yp ), 02 = (el2, 

. .ep2) ' 

We here assumed that the distributions of the random vectors X and Y are of same 

type except only median vector. We shall appl,y sometimes pool methods to estimate the 

median vector 'Ol 

(B) Let Onl : {XkJ', k=1,. . .,p)}j=1,. . .,nl' On2 : {(Ykj' k=1,. . .,p)} j=1,. . .,n2 and 

On3 : { (Zkj, k=1,. . . . ,p) }j=1,. . . ,n8 be respectively three random samples of size ni i=1, 

2, 3 from the continuous distributions F(x). F(y-Afl) and F(z-d2) where dj' = (Alj,. . . , 

Apj) j=1, 2. 

Our purpose is to estimate the value of the shift vector dl based on the samples Oni 

Sometimes pool procedure is also applied 

S 2. A prelinunary test and the estimates 

We first deal with the problem of the type (A). 
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Definition 2.1. 

pp (2.1) W= 12)t(1-)L)N~ ~] rij (Ui -~) (Uj -~) 
i=1 j=1 

where 

nl n2 (2.2) U U(X Y ) (nln2) ~1 ~ ~~(~(Xia,Yip) 
a=1'p=1 

1 for x<y O (x, y) 

O otherwise 

(2.3) = = rij = ' 

ffi j-F (x)F (y)dFlj (x,y) -3 

rij i,j=1,....,p N n +n2, nl/N ~~ = r i j 

p p ^.. 
(2.4) W= 12 >~ (1- )t )N ~ ~] rlJ (Ui -~) (Uj -~) 

i=1 j=1 

~lj = Il I ･, ･= ,･-i ll ~ ^ where rij I J I . .,p 

" = f f F(~r) (x)F (1y) (y)d~(;yj) (x,y) -3 

-~ -~ 
is a consistent estimator of rij where F (kN) (x) and F t(y) (x,y) be respectively the sample 

distribution of the k th component of (X,Y) and the i th and j th components 

The statrstic ~7 rs used to test the hypothesrs H : O1=02 in the preliminary step. The 

following theorem h~s been proved by Sugiura [6] 

Theorem 2.1 
l~ 

Under H (or K : '02=01+ r / VN), the statistics W and W are asymptotically equivalent 

and their distribution is asymptotically central (or non-central) x2-distribution with the 

degree of freedom p. 

We use the following 6j or 6j as the estimate of 6j based on Onj' 

~ ~ ~1' =~'= (~:1"" ' "X~p ) ~2 = ~= (Y1" ' ' "Yp ) 

^ O*/1 =~=(^Xl" ' ' "Yp ) O~2 = ~= (^Yl" ' ' 
. ,Xp ) 

where 
Xk =med{XkcY ' 1~cii<nl} 

Xk =med { (Xka +Xkp) /2, 1<a< p~nl} (2.7) 

and Yh , Yk are also defined similarly from On2 

Then we may define the sometimes pool estimate of O1 as follows, 
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Definition 2.2 

_ ~Ovl+ (1-~)~2 when W<.__x~ (a) 

6= ~ 
61 otherwise (2.8) 

^ ~ 61+(1 ~)O~L when W < x~ (oc) 
0= A O I otherwise where x~ (ce) means the upper cit-Percent point of x2-distribution with the degree of 

freedom p. 

When 02=01 + constant vector the W test reJects the hypothesrs H almost certamly 

~ 4 because the W-test is consistent and hence O or O becomes equivalent to the never pool 

~ 4 estimate O1 or O'I' Thus we may consider only the case K : 62 = O1 + r/ VN. 

Secondly we consider the shift problem of the type (B) . The test atatistic in the preli-

mmary step 

pp W/= 12 x 23 (1- ~ 23) N".8 ~ ~ rij (Ui -~) (Uj -~) 
i=1 j=1 

where Ui denotes U( Yi, Zi ) and ni + nj = Nij, ni / Nij = ~ij The following estimates 

are used for t_he shift vectors 

(:~~.9) d~. - (Alj, ^' ' j = 1,2. 1 - '+- ' ,~ p j) 

v,7he_re 

(2 10) A^kl =~ med(Ykp - Xkoi) 

A^k med (Zka ~ Xka) I <*,__,___.<_=nl' I <~<n2 
1~;a < n8 

Definition 2.3 

4 Sometimes pool estimate d L0r dl i_'. define.'1.. 'by the follo-~'Jing 

(2 Il) j = )L28dl + (1 - x28) 4z ~'!k,_en ~T/.~x2p (a) 
^ 

d I otlnerv7ise We also discuss only the case d2 = dl + r /' Vivl 

S 3. The asymptotic properties o_ f e a~ld e. 

3.1. Some I.emmas 

Defi'nition 3.1. We defir*e the following ,random vectors, 

(3.1) ~/ = ( 2Vnl fk (o) (Xk - ekl) k=1,. . .,p) 

~' = (2 Vn~f/e (o) ~Yi? -eh2) k==1,. . .,p) (3.2) 

U' = (1/~sN (Uk - /1'Y'k, )r~k),,k=1,. . .,p) (3.3) 

where /lXk,Yk = EU (Xk, Yk ), s = 12)~ (1-)L) 

(3.4) ~= - Vl - )~ ~ + v )~ ~ p
 

(35) ~=V)~ ~ + Vl - )~7 
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　Lem㎜a31　Under　H　or　K，

　（i）0・η（21／石力（・）刃．521／石力（・）巧・）

　　～C・η（21／石力（・）篶，21／石力（・）巧）

　　～ρ勿＝　　　4F〃（o，o）一1　　　　　　づキゴ

　　　　　　　1　　　　　　　　｛＝ゴ
　（ii）　Cov（1／ヨ▽σ≧，τ／コ▽乙ク・）～τ勿

　　　一㍗¢舳）舳）・31二

（111）　Cov（2一／石力（o）x；，1／研c弓）～一1／3（1一〉）一ωη／2

where

　　　　　　　2－4Po（o＜Xξ，X〉＜巧・）　　　　　　づキゴ

　　　ω〃＝
　　　　　　　1　　　　　　　　　　　　　づ＝ゴ

1㌔　expresses　the　probab111ty　underθ1＝0

（iv）　　Cov（21／石ハ（o）篶，1／研しθ・）～1／葛天ωカ／2

Proof．

　For　（i），1et

　　・（・）一時（灼）・・㎞・（一）一11工㌘

Then
　　1）［■石（刃一θ1。）＜α，1／玩（巧．一〃。）＜ろコ

　　＝片［ん（x1一α／1／示）＜1／2，ん（xノーろ／1／石）＜112コ

　～片［2■石｛ん（刃一α／1／石）一E。ん（為一α／1／π）〉＜2ψ（・），

　　　　　2■τ｛ゐ（巧’一ろ／1／π）一E。尻（易一b／1／π）｝＜2物（・）コ

　　2ψ（o）2肋．（o）

～∫ ∫・（州■）伽伽

where〃（κ，0，2）㎜一eans　the　mult1var1ate　norma1dens1ty　of　the　rando㎜v・ector工w1th

mean　Yector　O　and．co∀ar1ance㎜atr1x2．To　denve2，we　compute　as　fo11ows，

　　　　　　　　　　　　　　　　　　　”1　　　　　　　　　　　　　　”1・。E。ゐ（X一α／1／石）ゐ（刃・一ろ／1／石）＝・三1E。Σ：・（刃ゲα11／可）Σ・（巧ザろ／1／石）〕

　　　　　　　　　　　　　　　　　　　α昌1　　　　　　　　　β：1

　　～鳥（o＜X1，o＜馬・）十（〃r1）鳥（θ＜X1）片（θ＜Xノ）
where　Eo　and　Co▽o　lmean　the　c0Yar1ance　and．expectat1on　respect1∀ely　underθ1＝0．

Hence　we　get

　C0Yo（21／τん（x；一α／1／π），21／τん（均・二ろ／1／石「）～4ハフ（o，o）一1

Thus1t　fo11ows　that
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(3.6) S = pij 11 i,j= 1,.. p 
I
l
 For (iii), 

P[Vnl (X~ - 6il) <a VN (U IlYj YJ) <b] 

- Po [ 2V~'~~n~1{h(X~ -a/1lnl) ~EO h(X; -a/Vnl)}<2af (o) VsN(U Ilxj Yj)<V s b] 

2afi (o) J~b 

f f - n (x ; O,S1) d-".~i a'x 

where 

,11 = I - V3 (1 - ~) (L)iil2 
-V~ (1 - )~) cuij /2 l 

In fact, 

Covo ( 2 Vnl h(X~ - alVnl ), VsNUj ) 

- (nl n2) Eo ~ s (Xi. -a/Vnl) ~ c (XJ'p. YjT) If - 114] [ -1 2 Vnl Ns 

-4V3(1 )t) [P (O~-X X'< Yj) -1/4] 
= -V3 (1 - )L) (Dij 12 

The remainings are easily shown by the same techniques 

Corollary 3.1 

(3.7) E (~U') = O 

(3.8) E (q~') = O 

' Il (3.9) E (pU ) / 3 i,j=1,2,. . .,p = 12 
= l (Di j 

2
 

Proof. Using Lemma 3.1, 

E (~qU') = 1/ ~ E ( ~U') +1/1 - ~E(r'~7U') 

= 11 O 11 = O _ 

E (~U) = -1/1- E (~U')+v )~ E(~U') 

= Il V3 (1- x)(Dij/2+v3 )tcoij/2 Il = 11 1/ 3 colf/2 Ii 

Sunilarly we also get E(q~') = O 

Definition 3.2. We define the following random vectors, 

(3.10) ~ = [1/12nl gk (Xk - 6kl)' k=1,. . .,p] 

(3.11) ~ = [V12n2 gk (Yk - ek2)' k==1,. . .,p] 

where 

f
 

gk = f~-9 (x) dx 

(3.12) ~=VT ~ + Vl-)~ ~ 
(3.13) ~ = -Vl->~ S^~ + /T ~ 
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　Lem㎜a32
（i）　　　Co▽　（1／12η192X；，1／工玩191X｝）～Co▽（｝／工玩g2y；，τ／工玩2g、η）

　　　～τカ
（ii）　　Co▽　（1／j＝玩三91X；，1／研0））～一1／1一λτ，1

（iii）　　Cov（1／12η292y；，1／ヨ▽0二）～1／ττ、1

Proof　We　shal1prove　on1y（11）Let

　　γ（刃）一（㌻1ジΣψ（狐刃1）

　　　　　　　　　　　　1≦α≦β≦伽
　　　　　　　　　　　　　1　　　　　　　　for　　　工十ツ）＞O
　　　　　　　ψ（工，ツ）＝

　　　　　　　　　　　　　0　　　　　otherw1se

Then
　　1）［■石（X1一θ1、）＜α，1／亙（ψ・一μx〃）＜〃コ

　　＝P・〔1／π｛y（xクーα／1／τ）一E・γ（刃’一α／1／π）〉＜2α邸，1／亙（ψ・一μxノ乃）＞μコ

Now，

・…［κ・（刃一・帆）岬躬一■剛瓦1・（伽・）一1易1（・…巧1）

幕ψ（榊11－1〕一岬・（・…）十・1・舳1・刃1・軌・巧1）・・泌

（刃1・Xl＞・・1一＜剛1一一τ・l／・κ

　　whereαキγ，δ，βキγ，

Hence　we　get

　　Cov’（1／12η1g1Xl，r／コ▽ψ）～Correlat1on・⊂r／τγ（X・一α／■π），1／亙ψコ

　　～（一τ〃／61／一汀）1／三1／暮＝r／1一λτ〃

　Corona・ry32

（3．14）　E（河’）＝0

（3．15）　E（械’）＝0

（＆16）　E（カσ）＝r・（＝llτカl1）

（3．17）　E（滋1）＝T

Proof　We　prove　on1y（317），for　the　remammgs　are　s㎜1lar

　　E（肋”）一（1一λ）E（ξξ1）十λ亙（柳）一1／λ（1一λ）［E（ξ多’）十E（猪）コ

　　＝llτ〃ll

where　we　used　E（ξη’）＝E（η’ξ）＝0．

　I　emma33　If　l　Tlキo，the　random　vector3　1s　asymptot1ca11y　equ1▽alent　to　the

random　vectorσw1th　probab111ty1

Proof　From　Coro11ary32，the　covar1ance　matr1x　of　the　random　Yector（念，0）1s　g1ven　by

　　　　　　T　r

　　　　　　r　r
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with rank p under I T I ~ O. Hence we have the following relation with probability 1 

A p = BU 

where A. B are some nonsingular matrix of order p. By multiplying p' and taking the 

expectation, we get the result. 

3.2. The mean and the Inean square error 

We first discuss about the estimate based on the sample median' Denoting that 

(3.18) F = Il 6i,' 12VN fi (o) Il i,j=1, . . . ,p 

6lj I (o) for i=j (otherwise) 

M ~o + (1-)L) 02' G =V(1 - )~) /)L, 

then we get 

(3.19) ~X + (1 - ~) Y = M + Fq~ 

= O1 + (1 - >~) (02 - O1) +~ F~ 

(3.20) X = 61 + Fq - GFp. ' 

Theorem 3.1. The mean vector E (O~) " and mean square error M S E ( O ) of the 
estimate ~ are given by the following 

(321) E (O*) = O1 ~- O (1/ VN ) 

(3.22) M.S.E. (6) =H-1- (1 - x)rr p[W<x (c~) I /N+ G21D (Fp~~F~ 

where 
H= Il pij 14Nfi (o) fj (o) jl 

f. f ID2 (F~~p~'F~~ = .. n (~, U; O R~) ~F~p~:F~ dp~ dU 

D, 

~ R = covanance matnx of (p; U) 

SS2 

QT D1 : ~o0<~<00, W<.'x~(oc), D2 : -oo <~<00, W>x~ (oi). 

Proof. We Lirst notice that the asymptotic distribution of the random vector (~, ~, U) 

is normal and the covariance matrix is given by the form 

l O 
~ O R 

In fact. the asymptotic normality is establi_'hed from the theory of U statistics and the 

covariance matrix is derived from Lemma 3 1 and Corollary 3.1. Thus the random vector 

~ is asymptotically independent on the random vector (~. U). From Definition 2 2 and 

(3.19), (3.20) , we may write E ( O ) as 

= f...f E (O) (~ _f- F~q~) n (~; O ~) n (p~, U; O, ~) d~ dp~ dU 

-~<~q<･~ 
Dl 

- f ... f ~ ~ ~ (OI + Fif- GFp~) n (~;O, l) n (~, U;O, ~) d~ dp~ d U. 

-c-<~<*~ 
D2 
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By　not1cmg　the　relat1on　E（を）＝0，we　get

・（δ）一θ・・（・一！）（θrθ1）・［W＜・1（α）1一・∫・．∫伽舳；似窟）吻泓

02
Secondヱy，using　the　id．entity

　　～　　　　ハグ十（1一λ）7／1／亙
　　θ一θ1二　～　　〃
　　　　　　　巧一G助
　　E［（θ一θエ）（θ一θ。）’コ

f・・W＜”3（α）

OtberW1Se

＝∴＜司μ伽・宇γプ・宗炉・勅）／

D1
x刀（茅；0，σ）〃（カ，σ；0，児）∂ζ4貢∂こ1

十∫・∫伽ポ・劾牝・勅戸…勅戸・1
　　　一σc＜q＜σc
　　　　　D2

　　　　　　　　　　xη（サ；0，2）〃（ゑひ；0，児）雌φ〃

　　一朋（鮒亙’十（1一λ）γ7’P［W＜”1（α）コ／N＋G2加・1聯”F’1

where　we　a玉so　used　E（蚕）：0and　E（互グ）；E（グ）E（カ1）二0in　the1ast　com．Puta－

tion．Moreover　we　notice　that

　　　　　FE（玄グ’）ダ＝∬

means　the　covar1ance　matr1x　of　the？？a1ways　poo1est1mate’λX＋（1一λ）r　underθ、＝0

When　the　estmators　X　andγareused　mstead　of　X　and　K　we＝maythesm11ar　resu1ts

　Theorem32　The　mean　vector　and－the　mean　square　error　of　the　somet1mes　pool

est1mateθare　g1ven　by　the　fo11owmg

（3・23）　E（θノ＝∂・十〇（1／・／亙）

（…）M・・（6）舟1寿λ1プ・［W・・1（1）1・・2・・。一3（α）1左σぴかl

where
　　　カー1τ勿112N舳パ，斧一1δ、、／1／12N。、1l，り一1，，ク

Proof　Wef1rstnot1cethat　the　stat1st1cs2andσare　equ1Ya1ent　as　shown　m　Lemma33

andαandσare　asymptotica11y　distribu．ted　as　n（α；0，T）η（σ；0，T）．From　the　above

facts，we　may　der1ve（323）and（324）by　the　s1㎜11ar　techn1que　to　Theorem31

§4．　The　estimator　for　shift∀ector．

　In　th1s　sect1on　we　d1scuss　about　the　somet1㎜es　poo1est1mate　for　sh1ft▽ector　The

somet1mes　pocl　est1mate4has　been　defmea　as　as　fonows，

　　　　　　　　　λ・・五十（1一λ・・）2・　　f・・W1≦工；（α）

　　　　　2＝
　　　　　　　　カ1　　　　　　　　　　　　　　　　　0therwise

where
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di = (Aki ; k = 1,2,. . .,p) i=1,2 

Akl = med (Yhe-Xka) ' A^h2 med(ZhT - Xka) 

and we shall denote W' by W without confusron 

I,emma 4.1 

(1) Cov ( Vsl2 N12 g Aioi' Vsl2 N12gj Aja) for c~ = 1,2 - rij 

(ti) Cov ( Vsl2 N12 gi Ail' Vs 8 N8 gj Aj ) - V~(1-~i2) (1-)L18y r" 
l J 

g 211' 1/s 8 N8 U (Y7 'Z ))- V~l2 (1 - )~28) rij (ni) Cov (Vsl2 N12 i ' 

(iv) Cov ( Vsl8 N18 gi A^i2' Vs23 N23 U(Yj, Zj )) -V)L18 x28 ' rij 

Proof. We prove (i) and (ii) . The proof for (iii) and (iv) are similar 

(i) P[1/N12 (Ail - Ail) <a , V'N12 (Aji - Aj') < b J 

- Po [ VN12 { U (X~ , Yj -a/V~1~12 ) ~/lXi Yi } <agi ,VN12 { U (Xj. Yj 

-b/VN12 ) ~ /lxjYj} <bgj J 

where pXiYi = EU (~~ , Yi - a/VN12 ) 

Now, 
Covo [VN12 U (Xi , Yi -a/VN12 )' VN12 U(Xj, Yj - b/ VN12 ) l 

- N12 (nl n2) ~2 Eo { ~] c (Xl*' Yie) ~] c (XjT' Yj6) } - N12/4 

T,6 a,p ~ [ )~12 (1 - ~l2)]~1 [Po {Xia <Y' X' < Yj6 p ~ 6} - ll4] 
eoe' ja ' 

= rij /sl2' 

Hence it holds that 

Cov ( Vsl2N12 gi Ai,, Vsi2N12 gj Aj') -Covo (Vsl2N12 Ui ,1/sl2N12 Uj ) 

- rij ' 

(n) P [ VN12 (Al' Al ') <a VN18 (Aj2 - Aj2) <b] 

- Po [ V'~~N'~~12 { U(Xi ,Yi - a/VN12 ) ~/lXiYi }<agi , V~N~18 { U(Xj, Zj -bIVN18 ) 

- /lxjzj} <bgj J 

Now we get 
Covo [VN12 U(X; , Yi -a/ VN12 )' VN18 U(Xj, Zj - b/ VN18 )] 

- VN12N18 nl [P {Xla <~Yip, Xja <Z:i 8 ; p ~ ~} - ll4] 

= rij/12V)L12~l8 

This leads to the results (ii). 

Definition 4.1. We define the random vectors, 

(4.1) ~' = (Vsl2N12 gk (Ah,-Ak,) k=1,. . . ., p) 

(4.2) ~' = ( Vsi8N18 gk (Ak2-Ak,) k=1,. . . . , p) 

(4.3) U'= ( Vs28N23 (U(Yh, Zk ) - /lYkZk) k=1,....,p) 

(4.4) q = VN12x28/N~ + vN13(l-x23)/N 7 

9
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（45）　P＝r／（1一λ。。）／λ。。ξ十1／λ鴉／λ。。η

　Theorem41　The　asymptot1c　jomt　d1str1but1on　of　the　random∀ector　（α，ρ，σ）is

normal　w1th＝mean∀ector　O　and　covanance　matr1x

　　　　　　　T0　0

　　　　　　　0　T　T

　　　　　　　O　T　T

　As　a　consequence　the　stat1st1cα1s　asymptot1cauy　mdependent　on　the　statistic（ρ，σ）

and一ρ1s　asymptotlca11y　equ1▽a1ent　toσw1th　probab111ty1．

Pro6f　We　f1rst　compute　the　c0Yar1ance　matr1x　ofαby　usmg　Lemma4．1From．

Defmltion41，

　　E（〃’）＝1〉＝i。λ羽N－1E（ξξ’）十珊・（1一λ。・）N・1E（艀）

　　　　十1／凡。珊。λ。。（1一λ路）／N［E（ξグ）十E（ηξ’）コ・

　Hence　Lemma41　1eads　to　the1dent1ty

（4．6）　E（〃’）＝l1τ勿11．

Analogously　we　get　E（ρρ’）＝E（ひσ’）＝T

　Second1y　we　sha11show　that　the　rand－om　vectorα1s　mdepend．ent　on　bothρand。σ．

Infact，

（47）　E（〃1）＝ト1／仙。λ。。λ蝸（1一λ鯛）／Nτη十1／批。λ。。λ羽（1一λ蟹）／Wlパ＝0

　　　　E（〃’）＝r／λ羽（1一λ。。）批。／1Vλ。。E（ξξ’）十1／λ。。（1一λ羽）lV。。／！Vλ。。E（η’）

　　　　　　十λ・・1／1V1。。／！Vλ。。E（ξη1）一（1一λ・・）1／批。／1Vλ。。E（ηξ’）

By　Lemma41，we　get　E（qρ’）＝0

　Theorem42　The　asymptot1c　mean　and　means　q1ユare　emr1s　g1∀㎝by　the　fo11owmg

（48）　E（ゴ）＝ム十〇（1／1／亙）

（・・）M・・（2）一∬十1辛γポ・［W＜・1（α）1

　　　　　　　　　　　　　＋・・∫∫（〃〃）・（∬〃）〃

　　　　　　　　　　　　　　　　w＞・多（α）

where

（4．10）　π＝1岬τカ112〃。地91釧1

（411）　F＝111vδ〃／■12・。鳩9・ll　・，1＝1，　，ク

（412）　G＝1／〃工・。／・。！V

Proof　From（44），（45）and（411），we　f1rst　get

　　　　　λ2341＋　（1一λ23）42＝〃十1【α＝41＋（1一λ28）（42一」1）十ハα

　　　　　j1＝41＋ハα一G助

where

　　　　　〃＝λ23∠工十（1一λ23）42



The estimate procedures aftel~ a prelmin.ary multivariate nonparametric two-sample test ll 

We may also express by Theorem 4.1 as follows, 

= f ･･･ f ^ E (d) (M+ Fq) n (q;O, T) n (U;O, T) dq aU 
-c>0<q<(>O 
W < x~ (a) 

f･･･ f + Fq - GFp) n (q ;O, T) n (U;O, T) dq dU (Afl + 

-c~<q<c>0 
W> x~ (a) 

f f =dl + (1 - ~23) T P [ W<x~ (c~)]/ V~~N - G . . . (FU) n (U; O, T) dU. 

W>x~ (Q:) 

Analogously we may also compute the following 

^ l-~23 Tr' P[ W< x~ (c~)] M.S.E. (d) =H+ 
N 
f･･･ f + G2' (FUU' F') n (U;O. T) dU 

W>x~ (a) 

Ref erences 

[l]. Asano, C and Sato, S. (1962) : A bivariate analogue of pooling of data. Bull. Math. Statist 

lO. 39-60 

E2]. Sato. ts~. (1962) : A multivariate analo*all_e of pooling of data. Bull. Math. Statist. 10. 61-76 

[3]. Bancroft, T. A. (1944) : On bias in estimation due to the use of preliminary tests of 

significance. Ann. Math. Statist. 25 190-204 

[4]. Hodges, J. L. Jr and Lehrnann, E. L. (1963) : Estimates of location based on rank tests. 

Ann. Math. Statist. 34 598-611 

[5]. Kitagawa, T. (1950) : Successive process of statistical inferences. Mem. Facu. of Sci 

Kyushu Univ. SAr. A, 15 139-180 

[6]. Sugiura, N, (1965) Multisample and multivariate nonparametric tests based on U statistics 

and their asymptotic efficiencies. Osaka J. Math. 2 385-426 

[7]. Tamura, R. (1965) : Nonparametric inferences with a preliminary test. Bull. Math. Statist 

ll 39-61 

[8]. Tamura, R. (196t)'~) : Some estimate procedures with a nonparametric preliminary test, I 

Bull. Mth. Statist. 11 63-71 

[9]. Tamura, R. : Some estimate procedures with a nonparametric preliminary test. II 

(submitted to Bull. Math. St~tist.) 




