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In this paper, an almost periodic function on a topological semigroup will be characterized
by e-almost periods. A weakly almost periodic function will be characterized by a Banach
space and its dual space.

§1. Imntroduction

Let S be a topological semigroup with identity e, equipped with a Hausdorff
topology & in which multiplication is separately continuous, that is, for each se S
the maps x—sx and x—xs are continuous. Let C(S) be the space of all bounded con-
tinuous functions on S with the norm | f ||-—sup |f(x)] and let # be the system of

neighborhoods of e. For fe C(S) and se S, let us put fi=f(xs) and (f(x)=f(sx).
For fe C(S) we denote Og(f)=1{f,: yeS} and O (f)={,f: yeS}. We say that a
function fe C(S) is almost periodic (resp. weakly almost periodic) if Ox(f) or O(f)
is relatively compact in the norm (resp. weak) topology on C(S). Note that Og(f) is
relatively compact in the weak (resp. norm) topology if and only if O,(f) is so in the
weak (resp. norm) topology (cf. [2]). A subset A of S is right (resp. left) totally
bounded if, for every Ve % there exists a finite subset {y,,..., y,} of 4 such that

v, VoA (resp. v Vy,> A4).
i=1 i=1

The topology < on S is called right (resp. left) translation invariant if U#x={Vx:
Vea} (resp. x% ={xV: Ve a}) is the system of neighborhoods of x for every xeS.
We shall say that J is translation invariant if it is left and right translation invariant.
In case J is right translation invariant we shall say that a function fe C(S) is right
quasi-uniformly continuous on A if, for every ¢>0 there exists Ve % such that

[f(nx)—f(x)|<e for neV and xeA.

In case J is left translation invariant, the left quasi-uniform continuity of f is
similarly defined. In case J is translation invariant, a function fe C(S) is called
quasi-uniformly continuous if it is right and left quasi-uniformly continuous on 4.

RemaArk. If S is in particular a topological group, J is translation invariant
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and a quasi-uniformly continuous function on S is uniformly continuous.

We shall prove in § 2 that an almost periodic function on a topological semigroup
is characterized by a family of totally bounded subsets of S. The existence of an
“‘e-almost period” in every translated set of a totally bounded set will be shown in
§ 3 in the case where S is a commutative group. Note that a topological semigroup
does not have such a uniform structure as in [1]. We shall give in § 4 some examples
of almost periodic functions in case S is an ordered space or metric space. A char-
acterization of a weakly almost periodic function on S will be given in § 5.

The author wishes to express his deepest appreciation to Professor J. Wada, who
gave him encouragement and many valuable suggestions.

§2. Almost periodic functions on topological semigroups

Let o7 be a family of subsets of S. We define the following several conditions.
We shall say that a function fe C(S) satisfies condition (B) with respect to « if, for
every ¢>0 there is 4,€ .o/ such that :

A(f, y)={o€e A, | fx—f.ll<e forall xeS}#0 foreach yeS.

We shall also say that a function fe C(S) satisfies condition (By) with respect tos/
if, for every ¢>0 there is A, € o7 such that

AR(f, y)={reS: yed,x and |f,—f|<e}#@  foreach yeS.

Condition (B;) with respect to 7 is defined by replacing 4,7 and f, by 4, and .f
respectively. We shall say that a function fe C(S) satisfies condition (Bgg) with
respect to « if, for every e>0 there is A, € o/ such that

ARR(f, y)={ced,y: | f,—fl<e}#@  foreach yeS.

Conditions (Bgy), (Brr) and (By;) with respect to o are defined by replacing the pair

(4ey, f5) by (Aey, o), (¥4, f,) and (v4,, ,f) respectively.
We have the following:

TaeoreM 1. If f is almost periodic, then there exists a family o ={A,} of
finite subsets of S such that f satisfies condition (B) with respect to . (cf. [4])

Proor. Let fe C(S) be an almost periodic function on S. . Then Og(f) is rela-
tively compact in the norm topology on C(S), whence it is totally bounded. For
any ¢>0, there exists a finite subset {x;,..., X,,} such that

U Ulfs,s 6/4)2 Ox(f), where U(f, 6)=1{g € C(S): lg=FlI <}

Note that f,,, € Og(f) for every yeS and ieZ,={1,...,n}. Let J be the set of all
mappings of Z, into Z,, and put ’
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Vi={yeS: | fyx—fr, | <e/4 forall ieZ} for jel.

Then U V;=S. Choose one element y; from each.V;, and let A4, be the set

{y;}. Clearly A, is a finite set. Let yeS. Then there exists jeJ such that yeV,
so that

"fyxg "-fy,xg" s " fyxi '_ij(i) " + "ij(i) _fy_,xg" < 8/2'
Let x € S and choose x; € U(f,, ¢/4). Then we have

"fyx —fygx" é ”fyx _fyx( ” + " fyxi _fijg " + " fij; _fij" <e.
Namely f satisfies condition (B) with resbéct to = {Aa}

THEOREM 2. Assume that the topology  of S is rlght (resp left) translatzon
invariant and let o ={A,} be a family of subsets of S. If a function fe C(S) satisfies
condition (B) with respect to of and if f is right (resp. left) quasi-uniformly contmuous
on each A,, then f is right (resp. left) quasi-uniformly continuous on S.

ProoF. For any £>0, there is Ve # such that

lf(mp)—f(p)l <e/3  for neV and peAs/3

by the quasi-uniform continuity of f on 4,,;. Let yeS. Then there exists yoeA£,3(y)
by condition (B) with respect to 7, that is,

| f5x(2) = fro(2) <8/3 for every x,zeS.

Now, set x=e. Then

Clfn)—fyo)l<e3  for zeS.

For n eV, we have

[f@)=fONENf @) =f @yl +f@yo) —f o)l +1f o) —f D)
<gf3+¢/3+¢/3=e.

Therefore, f is right quasi-uniformly continuous.

Note that in case J is right (resp. left) translation invariant, a continuous function
is right (resp. left) quasi-uniformly continuous on any finite subset of S. Then, by
Theorem 1 and Theorem 2 an almost periodic function f is right (resp. left) quasi-
uniformly continuous on S.

THEOREM 3. Let J be right (resp. left) translation invariant. If fe C(S) is
right (resp. left) quasi-uniformly continuous, if there exists a family o ={A4,} of left
(resp. right) totally bounded sets of S and if f satzsﬁes condition (B) with respect to
o, then f is almost periodic.
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Proor. Foreach e>0and yeS, let pe4,,,(f, y). Then we have
L, f(x)—,f(x)|<e/2  for xeS.
Since f is right' quasi-uniformly continuous on S, there exists We # such that
[f(x)—f(x)|<gf2 for neW and xeS.
For x e S we have '

Ly ()=, f =1 (nyx)—f(yx)| = sup [ f(nz) —f(2)| 2&/2.

Since A4,, is left totally béunded, there exists a finite subset {y;,..., y,} of 4,,, such
that \”J Wy;> A,/5. There exist i€ Z, and n e Wsuch that p=5y, It follows that
i=1

"yf_ yif" =le:1$) ny(x)—y,f(x)l és;;lls) lyf(x)—pf(x)l +§l€1? Ipf(x)_y‘f(x)' §8~

Hence O,(f) is totally bounded and the function f is almost periodic on S.

§3. Almost periodic functions on groups

Replacing the inequality ||.f—f| <e in condition (B,) by the inequality ||.f—f|
<&, we define condition (B%).

LemMMA 1. Let S be an algebraic group, fe C(S) and let o ={A,} be a family
of subsets of S.

(@) If f satisfies condition (B) with respect to </, then f satisfies conditions
(Bg) and (By) with respect to 7.

(b) fsatisfies condition (By) (resp. (BL)) with respect to < if and only if f satisfies
condition (Bgg) (resp. (BrL)) with respect to the family 7~ 1={A;1}, where A;1=
Ax"1:xeAd,}.

Proor. (a) First we show that A(f, y)#0 implies AR(f, y)#@. Let oe
A,(f, y). Then

sup |f(zy)=f(zp) =11, ~f,ll <e.
Setting o~y =1, we have
y=oted,r and |f,—fl<e.

Next we shall show that f satisfies condition (B7) with respect to «. It is easy to
see that for each xe S and o€ A,(f, »), sup | f(zyx)—f(zox)|<e. Then it yields the
zeS

following

SUP [I.,f = zf | =sup sup |, f(x) — .. f(x)| =sup sup | f(zyx) —f(zox)| S &
zeS zeS xeS xe§ zeS
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Setting yo~! =1, similarly we have y=10€ 14, and |.f—f| <e.
(b) This is obvious.

LemMMmA 2. Let S be a topological group. A subset A of S is right totally
bounded if and only if A=1 is left totally bounded.
Proor. Let A4 be right totally bounded. For each Ve# we can choose We%
such that W=t V. There exists a finite subset {y,,..., y,} of 4 such that \"J W oA
i=1
Then we have {y71,..., y;1}=A4~1 and

C=

i

Thus A1 is left totally bounded.

We introduce the following conditions for fe C(S):

(I,) fis almost periodic.

(I,) There exists a family .« of finite subsets of S and f satisfies condition (B)
with respect to 7.

(1) (resp. (Iy)) There exists a family o of right (resp. left) totally bounded
subsets of S and f satisfies condition (B) with respect to 7.

(II,) (resp. (IIy)) There exists a family & of finite subsets of S and f satisfies
condition (Bg) (resp. (By)) with respect to 7. '

(IL) (resp. (IT})) There exists a family 7 of right (resp. left) totally bounded
subsets of S and f satisfies condition (By) (resp. (B)) with respect to 7.

(IIL,) (resp. (III;)) There exists a family o of finite subsets of S and f satisfies
condition (Bgg) (resp. (Byr)) with respect to 7.

(IL) (resp. (IIL;), (IIIy), (III,)) There exists a family < of right (resp. left,
left, right) totally bounded subsets of S and f satisfies condition (Bgg) (resp. (Bry),
(Bgy), (BLr)) with respect to <.

Vyrts UWlyri= U ) =(U yiy o A
1 i= i=1 i=1

THEOREM 4. (2) Let S be an algebraic group. Then we have
(II1Y) =(111))
(L) =(L)
(1) =(Ly)
(IUIb) =11,
(111,) =(11,).

(b) Let S be an algebraic group, and let 5 be right (resp. left) translation
invariant. Then we have
(I11,) (resp. (II1,)) and f is right (resp. left) quasi-uniformly continuous
=(I,).
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() Let S be an Abelian group, and let I be translation invariant. Then we
have
(1)) =, and f is quasi-uniformly continuous <>(IIp)<(IIL,)<>(I11;) and
fis quasi-uniformly continuous.
(d) Let S be a topological group. Then we have

(I1;) ==>(111%)
) —t)

(Ia)<=)(£,) :»(}}c) (or (1)) and f is uniformly continuous on S
My @)

(I1I,) =>(1IL,) .

§4. Ordered topological semigroups and metric semigroups

Let P be a subsemigroup of S such that ee P and xP=Px for every xeS. For
a, be S we write a>b if ae Pb. Then this relation ““>” is a preorder in S which is
compatible with the multiplication, that is,

(1) aza for every a€S.

2) a=b, bxc=a>c

(3) azb=sacxbc, ca=ch for every ceS.
Suppose that S is an upper and lower directed set, that is, for every a, be S there exist
¢, de S such that ¢c>a>d and ¢>b>d. For a, beS we put [a, b]={xeS: b=
x>a}. We say that S satisfies condition (R*) (resp. (L*)) if [x, y] is right (resp. left)
totally bounded for every x, y € S with y>x.

THBOREM 5. Assume that S satisfies condition (L*) (resp. (R*)), that T is
right (resp. left) translation invariant and that f is a bounded right (resp. left) quasi-
uniformly continuous function. Then f is almost periodic if and only if, for every
e>0, there exist Me), u(e)e S such that Me)=pu(e) and f satisfies condition (B) with
respect to the family o ={[u(e), Me)]}.

Proor. If f is almost periodic, then by Theorem 1 there exists a family {4,} of
finite subsets of S such that f satisfies condition (B) with respect to {4,}. Since 4, is
a finite set, there exist u(e), A(e) € S such that A(e)>=u(e) and [u(e), Me)]> A4, It is
clear that f satisfies condition (B) with respect to the family {[u(e), A(e)]}. Since
[u(e), A(€)] is left totally bounded by the assumption, we can see from Theorem 5 that
f is almost periodic.

COROLLARY 1. Assume that S and f satisfy the same conditions as in Theorem
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4 and that S is an algebraic group. Then f is almost periodic if and only if, for
every >0, there exists u(e) e S such that e u(e) and f satisfies condition (B) with

respect to the family {[u(e), e]}.

COROLLARY 2. Assume that S and f satisfy the same conditions as in Theorem
4 and that S is an Abelian group. Then fis almost periodic if and only if, for every
£>0, there exists u(e) € S such that ez p(e) and f satisfies condition (Bgrr) with respect

to the family {[u(e), e1}.

ReEMARK. Let f be a function on S and let £>0. We call 1€ S a right (resp.
left) e-almost period of f if

sup | (x7) = (9] < (resp. sup () —f ()| <e).

In case S is a topological semigroup as in Theorem 4 and is an Abelian group, we have
shown that a quasi-uniformly continuous function f is almost periodic if and only if
for every >0 there exists an interval [u(e), e] such that for all ye S A,y=[u(e)y, y]
contains an g-almost period 7 (cf. [3]).

The following example shows that our characterization of an almost periodic
function is effective in case S is not locally compact.

ExAMPLE. Set S=0Q"={x=(x{,..., X,): X; € Q, for i=1,..., n}, where Q denotes
thé usual additive group of the rational numbers. Then S is an Abelian group and is a
topological semigroup equipped with the usual sum operation and the usual topology.
Set P={x=(xy,..., Xx,) €S: x;20, for i=1,..., n}. For every x, y €S such that y>x,
the interval [x, y]is totally bounded. Therefore, a function fe C(S)is almost periodic
if and only if f is uniformly continuous and for every >0 there exists an element
A=(4,..., 4,) such that for every yeS there exists t7e[0, A]+y which satisfies
sup |[f(x+7)—f(x)| <e.

Now we consider the case where S is a metric semigroup, that is, the topology 7
coincides with the topology induced by the distance d on S. We assume that the
distance d is translation invariant, that is, d(a, b)=d(ac, bc)=d(ca, cb) for all a, b
and ceS. Then in its topology .7~ multiplication is jointly continuous, that is, the map
(x, y)—xy is continuous. We shall say that a metric semigroup S satisfies condition
(%) if every closed ball B(x, r)={ye S: d(x, y)<r} is totally bounded.

We have

THEOREM 6. Assume that S is a metric semigroup which satisfies condition (),
that F is translation invariant and that f is uniformly continuous. A function fe C(S)>
is almost periodic if and only if for every £>0 there exists r(e)>0 such that f
satisfies condition (B) with respect to the family {B(e, r(g))}.

. PrROOF. Assume that f is almost periodic. Then there exists a family {4,} of
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finite subsets of S such that f satisfies condition (B) with respect to {4,}. Writing
r(e)=max {d(e, x): x € A,}, we can easily see that 4, B(e, r(¢)) and f satisfies condition
(B) with respect to {B(e, r(¢))}.

COROLLARY. Assume that S and f saiisfy the same conditions as in Theorem 6
and that S is an algebraic group. Then f is almost periodic if and only if for every
£>0 there exists r(e)>0 such that f satisfies condition (Bgg) with respect to the family

{B(e, 7(2))}-

Proor. By Theorem 4, it suffices to show that conditions (Byg) and (Bgg) with
respect to {B(e, r(¢))} are equivalent. Since d(yxy~!, e=d(yxy~1, yy ) =d(yx, ye)
=d(x, e)<r for every xe B(e, r), B(e, r) also contains yxy~!. Then yx=(yxy 1)y
€ B(e, 1)y and yB(e, r)<=B(e, r)y. Thus yB(e, r)=B(e, r)y. Therefore, conditions
(BLr) and (Bgg) with respect to {B(e, r(¢))} are equivalent.

§5. Weakly almost periodic functions on topological semigroups

We shall give a characterization of a weakly almost periodic function on a topo-
logical semigroup. To this end, we consider a quartet (X, 7, p, x,) of a Banach space
X with norm | ||, a mapping 7 of S into the dual space X* of X, a mapping p of S into
X and x,€X. Assume that X* is equipped with the weak* topology a(X*, X).

THEOREM 7. A function fe C(S) is weakly almost periodic if and only if there
exists a quartet (X, 1, p, Xo) with the properties:
(1) 7 is continuous and sup ||7t| < + co.
teS

(2) The range p(S) is relatively compact in the weak topology.
(3) <1(ts), xo> = <7t, p(s)> for t,s€S.
@ fO=<r1t, xo>.

ProoF. Assume that there exists a quartet (X, 1, p,-xo) with the properties (1)~

(4). Define a mapping Tof X into C(S) by (Tx)(f)=<<t, x>. Then [(Tx)(?)|=

|<tt, x>|=|lwt]l |x]| and [|Tx] <sup [oz]l [Ix]]. Thus T is o(X, X*)-6(C(S), C(S)*)-
teS

continuous. Then we have
f(O=f(ts)= <(ts), x> = <7t, p(s)>=(Tp(s))(¥)

for te S and f,=Tp(s). Note that Ogx(f)=Tp(S). Since p(S) is relatively o(X, X*)-
compact, Og(f) is relatively a(C(S), C(S)*)-compact.
Thus fis weakly almost periodic.

Next we assume that a function fe C(S) is weakly almost periodic. Let X =W(S)
be the Banach space of all weakly almost periodic functions on S and let x,=fe W(S).
Define a mapping 7 of S into X* by <7t, g> =g(f) for te Sand ge X. Then we have
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sup ||tt|| =sup sup |<zt, g>|=sup sup |g(?)|=1.
teS teS geX te geX
llglis1 llgll=1

We can easily see that 7 is a continuous mapping of S into X* in the weak* topology.
Further we define a mapping p of S into X by p(f)=f,. Then p(S) is relatively o(X,
X*)-compact and <1t(ts), xo> =f(ts)=f()=<7t, p(s)>. Thus we have f()=
<tt, f>=<1t, xo>. Namely the quartet (X, 7, p, x,) satisfies the properties
(D~4).

The ““if” part of Theorem 7 was proved in a special case where tt=¢@U, (¢ € X*),
pt="U,x, (cf. Burckel [2]).
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