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This is a continuation of the previous papers [3], [4] and [5]. The structure of general quasi-

orthodox semigroups has beem studied in [3] , and construction theorems for upwards directed 

quasi-orthodox semigroups and split quasi-orthodox semigroups have been given in [5]. On 

the other hand, the structure of H-compatible orthodox semigroups has been clarified in [4]. In 

this paper, we shall show that a regular extension S of a completely regular semigroup M-

~T {MA : I e A } by am inverse semigroup r(A) is H-compatible if and only if M is H-compatible 

and r(A) is H-degenerated. By using this result, it will be also shown that a natural regular 

semigroup S in the sense of Warne [2] is H-compatible if and only if the union of maximal sub-

groups of S is an H-compatible subsemigroup of S. Further, a necessary and sufficient con-

dition for a regular semigroup to be H-compatible is also given. 

S 1. Introduction 

A semigroup S is said to be quasi-orthodox if S is regular and if there exist an 

inverse semigroup F(A) (where A denotes the semilattice of idempotents) and sur-

jective homomorphism f: S->F(A) such that ~f- I is a completely simple subsemigroup 

of S for each A e A. Let G be a completely regular semigroup, and G -~{SA : ~ e A} 

the structure decomposition of G (hence, G - ~{SjL : ~ e A} means that G is a semilattice 

A of completely simple semigroups SA).1) Let S be a regular semigroup 

If 

(1) S ::) G D E(S) (where E(S) denotes the set of idempotents of S), 

and (2) there exist an inverse semigroup r(A) and a surjective homomorphism 

f S->r(A) such that ~f I = SA for each ~ e A, 

then S is called a regular extension of G-~{S;L : A e A} by F(A) 

In the previous paper [5], it has been shown that a regular semigroup S is quasi-

orthodox if and only if S is a regular extension of a completely regular semigroup by 

an mverse semrgroup. Hereafter, "a completely regular semigroup G - ~{S ~ e A}" 

means "G is a completely regular semigroup and has G - ~{SjL : ~ e A} as its structure 

decompositron" Further "an mverse semrgroup F(A)" means "r is an inverse 

1 ) A completely regular semigroup M (that is, a semigroup M which is a union of groups) is uniquely 

decomposed into a semilattice A of completely simple subsemigroups {M, : ~ A}. This decom-

position is called the structure decomposition of M, and denoted by M- ~: {M* : I e A } 
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semigroup and has A as its basic semilattice (that is, the semilattice of idempotents)" 

Throughout this paper, when S is a semigroup, E(S) will denote the set of all idem-

potents of S. We use the notations and terminology used m [5], unless otherwise 

stated 

S 2. A structure theorem 

Let S be a quasi-orthodox semigroup, and E(S) the set of idempotents of S 

Let ~~s be Green's H-relation on S, and H* the ~~s~class contaming x (e S). Let S 

be H-compatible (that is, Iet ~s be a congruence on S). Then, Sl~~s = {H* : x e S}, 

and H H c H is satisfied for x 1' e S. It is well-known that H is the maximal 

subgroup (of S) containing e for each e e E(S). Now since S rs a quasi-orthodox 

semigroup, there exist an inverse semigroup r(A) and a surjective homomorphism 

ip : S->r(A) such that 

(C. 1) for each ~ e A, ~ip-1 = S;L is a completely simple subsemigroup of S 

Hence, of course U Ker ip = U {SjL : ~ e A} is a semilattice A of the completely simple 

subsemigroups {SA : ~ e A}･ Accordingly, G = U Ker c is a completely regular sub-

semrgroup (of S) contammg E(S) and its structure decompositron rs G - ~{SA : ~ e A} 

Since each SA is a completely simple semigroup, G is of course a union of groups 

Hence, G c U {H. : e e E(S)}. Let G. be the maximal subgroup of G containing e 

Then, G.=H. n G. For e, feE(S) and for x e G. ~nd y e Gf' we have xy e G n 

H.Hf c G n H.r There exists Gh, where h e E(S), such that xy e Gh. Hence. Gh C 

H That is, H =H Smce x'y'~ xy for x e H and y' e Hf' rt follows that 
' f ' * f h ' x y e 1lh. This Implies that M U {H e e E(S)} rs a subsemrgroup of S. Accord-" rl 

ingly, S is a natural regular semigroup in the sense of Warne [2] .2) 

LEMMA 1. In an H-compatible quasi-orthodox semigroup S, 

(1) the union M= U {H*: e eE(S)} of maximal subgroups {H.: e eE(S)} of S 

is a subsel'nigoup. Hence, S is a natural regulal' selnigroup and M is an 
H-compatible colnpletely regular semigroup, 

(2) the completely regular semigroup M-~{MA: ~ e A} is a kernel norma,l 

system of S, that is, there exist an inverse semigroup Q(A) and a sulfective homo-

morphisln ~: S->Q(A) such that ~~-1 =MjL for ~ e A (in this case, Q(A) is necessarily 

H-degenerated), and 

(3) accordingly, S is a regular extension oftheH-compatible completely regular 

semlgroup M-~{M ~ e A} by the H-degenerated inverse semigroup Q(A). 

PROoF. (1): This is already seen above. The first half of (2) has been shown 

in Warne [2], while the fact that Q(A) is H-degenerated follows from [5]. The part 

2) See also R. J. Warne [Natural regular semigroups, Colloquia Math. Soc. Janos Bolyai 20, Alge-

braic Theory of S~migroups, Szeged (Hungary), 1 976, 685-720] 
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(3) is obvious from (1) and (2). 

Conversely, the following result has been shown by [4] : 

LEMMA 2. If S is a regular extension of an H-conrpatible completely regular 

semigroup M-~{M;L: ~ eA} by an H-degenerated inverse semigroup F(A), that is, 
if S is a regular semigroup satisfying 

(1) S:DM, and 
(2) thel'e exists a suljective hom.olnorphism ip: S->F(A) such that ~ip-1= 

MA(~ e A), 

t/?en 

(1)~ 'S is a 'quasi-orthbdox selnigrbup, and 

(2) M is the union of maxil'nalsubgroups of S. 

From Lemma 1, an H-compatible quasi-orthodox semigroup is a regular ex-

tension of an H-compatible completely regular semigroup by an H-degenerated in-

verse semrgroup. In this paper, we shall show that the converse of this result is also 

true ; that is, we shall prove that 

A regular extenslon of an' H-compatible completely regular semigroup K-

~{KA: ~ e A} by an H-degenerated in.verse semigroup F(A) is H-compatible. 

Let S be a regular extension of an H-compatible completely regular semigroup 

M - ~{M;L : ~ e A} by an H-degenerated inverse semigroup F(A). As was shown in 

Lemma -'. S is a quasi-orthodox semigroup and M is the union of maximal subgroups 

of S. Further, there exists a surjective homomorphtsm ip : S->r(A) such that ~ip-1= 

M;L for ~ e A. For each y e r(A), put yip-1=Sy. Hence, 'SJL = MjL for A e A. Let uv 

be a representative of Sy for each y e F(A) such that uh is an idempotent for ~ e A. For 

each ~ e A, Iet L;L and R;L be' the L-class and R-class of M;L containing uA respectively 

Put E(.LA) = L~ and E(RA)-=R~･ Every L;L and RA are a left group and a right group 

respectively, while L~ and R~ are a left zero semigroup and a right zero semigroup 

respectively. Further, L~ n RA = {uA} and LA n R~ = {ujL} . As is seen in [3] (and 

[5]), L[A] =~{LA : ~ e A} (~ means disjoint sum) and R[A] = ~{Rh: ~ e A} are a lower 

partial chain A of the left groups {Lh : ~ e A} and an upper partial chain A of the right 

groups {RjL : ~ e A} with respect to the multiplication in M (hence in S)3). ; L[A] = 

LP{LA : ~ e A} and R[A] = UP{RjL : ~ e A} 

Since M is H-compatible, it follows that 

(C 2) for T>~ a beL and c deL [a beR and c deR;L], a~~L b and c~~LAd 

3) Let A be a semilattice, and SA a semigroup for each I e A . Let T [A]= ~ {SI : I e A } (disjoint sum) 

If a binary operation ' is defined in T[A] such that (1) if aeSA, beS, and ~~T, then a'b [b.a] is 

defined and a'beS, [b.aeES*]; (2) a'b=ab for a, bES1' Ie:A; and (3) if aeS1' b~S*, ceS6 

and 1~T~6, then a'(b.c)=(a'b).c [c'(b.a)=(c'b).a], then the resultmg system TIA] rs called 

an upper [lower] partial chain A of {SA : e A } 
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nnply ac ~LJL bd [a ~~R. b and c ~~R d rmply ca ~~Rh db] 

In general, a lower partial chain of left groups [an upper partial chain of right groups] 

satisfying (C. 2) is said to be H-compatible 

Now, it follows from [3] that every element a of Sv (y e F(A)) can be uniquely 

written in the form a =xuve, x e L yy-1, eeR~-1v [a=fuvy, feL~v~1' yeRv~1v]' 
Therefore, S={xuve: x e Lvy~i' e e R~ iv' y e F(A)} [S= {fu,vJ': feL~v~1' y e Rv~iv' v e 

r(A)}] -

First, we have 

LEMMA 3. For a=xuye, xeLvv~1 eeR~-iv [a=euvx, eeL* -i xeRv~iv] and 

' _ vv _' b=yucf, yeLt* feRc ' [b fu~J',feL*-1, yeR *], '' 

(C. 3) a ~~s b if and only if y=T, e=f and x ~PLvv-iy4) 

[a ~~s b if and only if v=T, e=f a,nd x ~pRv-ivy] 

PROOF We shall show that for a xuve, x e Lvv~1' e e Rv~iv and b yu.f, y e 

Lvv~1'feR1:*-i., a~~ b ifand only ify ? e fand x~~Lvv ly 

The only if" part : Since a ~~s b, we have y ~pr(A) T' Since F(A) is H-degener-'' 

ated, V ~Pr(A) T implies y = T. Now, of course a ~s b (~s denotes Green's R-relation 

on S). Hence, there exists t e S such that at = b . Let Sa e t. Then, yoe = y, whence 

V~1yoc=y~1y. Since uvet e Sv' uvet=zuvh for some z e Lvv~i and h e R~-1v' Thus, 

xuvet=yuvf implies xzuvh=yuvf. Since y, xz e Lvv~1 and h, feR~-iv' it follows that 

xz = y and h =f. Similarly, bs=a, s e S implies that there exists v e Lvv~i such that 

yv=x. Hence, x ~Lvv-1y. C.onsequently, we have x ~~pLvv-iy. 

The "if" part Assume that y T e f and x ~~Lvv-1y. Hence, a =xuve and 
b = yuve. Since x ~~Lvv-1 'v, there exist z, v e Lvv~i Such that zx = y and vy = x. There-

fore, za = b and vb=a. Hence, a ~7s b (~Ps denotes Green's L-relation on S). Since 

x ~~Lvy-1 y, there exists an H-class Hh (where h is an idempotent) of Lyv ~ I such that 

Hh 3 x, y. Therefore, there exists s e Hh such that x = ys. Let u~ be an inverse of 

uv' and p an idempotent contained in the intersection of the R-class containing uvu~ 

and Lvv~i (see the diagram below). Further, Iet f be an idempotent contained in the 

intersection of the L-class containing u~uv and Rv~iv' Then, a = ysuve = ypsuve 

= yuvu~psuve = yuv(u~psuve) = yuy(u~uv)f(u~psuve) = yuv(u~uv)ef(u~psuve) 
= yuye(fu~psu.ve) = bc, where c =fu~psuve. Hence, a = bc. Similarly, there exists d 

such that ad=b. Hence, a ~s b, and accordmgly a ~~s b 

4) If M is semigroup, ~~M denotes Green s H relation on M 
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L-class 

5
 

R-class f
 

Rv-lV 

Sv v ~ I Sv ~ I v 
The part [ I can be also proved in the same way 

LEMMA 4. Tl･re semigroup S is an H-compatible quasi-orthodox semigroup; 
tll.at is, 

a~Psb implies ac~~sbc and ca~Pscb for c e S. 

PROOF. First, we prove that a ~~s b implies ac~~s bc for c e S. Since a ~~ps b, 

by Lemma 3 we can assume that a = xuve, b = yuye, x, y e Lvv~i and e e R~- y･ Let 

c = zuTf, where z e LTT~1 and fe R1:*~ It' be any element of S. Now, ac=xuvezuJ and 

bc=vu ezu f. Since u ezu e S u ezu can be written in the form u ezu = vu h 

J v cJ' v t vt' v t y T 
vc " 

where v e Lvt(vr)~i and h. e R(~vt)~1vr Hence, ac=(xv)uvT(hf) and bc=(yv)uvc(hf). 

Since uvc(hf) e Svt' there exist t e LVT(VT) ~ I and k e R{*vT) ~ iv? such that uvt(hf) = tuvck 

yvt e Lvc(yr) ~ I and k e R(*vT) ~ Ivc' Hence, ac=xvtuvck, bc=yvt~uvck, xvteLvc(vc)~1' 

Since vy~1~yT(yT)~1 and since x ~PLvv-1y follows from Lemma 3, it follows from 

(C. 2) that xvt~~L yvt. Hence again by Lemma 3, we have ac~~s bc. Simi-
v'(v') 

larly, we can prove that a ~~s b implies ca ~~s cb for c e S. Thus, S is H-compatible 

From the result above, we have the following theorem 

THEOREM 5. An H-colnpatible quasi-orthodox semigroup S is a regular ex 

tension of an H-compatible completely regu.lar selnigroup M-~{Mh: ~ e A} by an 

H-degenerated in,vel'se sem,igroup F(A). Conversely, a regular extension of an H-

colnpatible completely regu.lar seln,igrou.p M-Z{MjL: ~ e A} by an H-degenel'ated 

inverse selnigroup r(A) is an H-colnpatible quasi-orthodox selnigroup. 

PRooF. Obvious from Lemmas I~~ 

S 3･ H-colnpatible regular semigroups 

Next, we shall show the following theorem which will give another proof for the 

latter half of Therorem 5 : 



6 Mtyuki YAMADA and Kunitaka SHOJI 
THEOREM 6. A regular semigroup S is H-compatible if and only , if S satisfies 

thefollowing (C. 4): 

(C. 4) e, feE(S), e~f and xx*=x*x =e (where x* is an inverse of x) imply .~cf=fx. 

To prove Theorem 6, we firstly show the following lemma 

LEMMA 7. If a regular semigroup S satisfies th,e following (C. 5), then ~s is 

left [right] compatible: 

(C. 5) If g and h are con.tained in a subgroup of S, then ag ~~s ah [9a~~s ha] for 

a e S. 

PROOF. Suppose that a, b are elements of S such that a ~s b. By [1], p. 49, 

there exist an inverse a* of a and an inverse b* of b such that a*a'= b*b and aa* = bb* 

Now, (ab*)(ba*)=(ba*)(ab*)=bb* and (b*a)(a*b)=(a*b)(b*a)=b*b. 'Hence, ab* 
ba* e Hbb' (the H-class (of S) .containing bb*) and a*b, b*a e Hb.b. For any x e S, 

xa=xaa*a=xbb*a. ~ Hence, it follows from' (C. 5) that xa=xbb*a~sxbb*b=xb 
Thus, ~~s is left compatible 

Proof for Theorem 6 : Let S be an H-compatible regular semigroup. Since ~~s 

is a congruence on S, if e, f e E(S), e ~ f and xx* = x*x = e (where x* is an inverse of x) 

then x ~~s e, fx ~~sfe =f and xf~~s ef=f. Hence, fx =fxf= xf. Conversely, suppose 

that a regular semigroup S satisfies (C. 4). First, it is proved that ~~s is left compatible 

as follows : Let e be an element of E(S), and' G any subgroup (of S) containing e 

For any x e S and g e G, we have xg ~s xe (where ~s denotes Green's R-telation on S) 

since ~s is left compatible. Let (xg)* and (xe)* be inverses of xg and xe respectively 

Also, Iet g~1 be the group-inverse of g in G. Then, we have e(xe)*xe=(e(xe)*xe)2 

and e(xg)*xg = (e(xg)*xg)2. Further, e(xe)*xe~e and e(xg)*xg ~ e. By the conditiorl 

(C. 4), it follows that ge(xe)*xe= e(xe)*xeg = e(xe)*xg and g~1e(xg)*xg = e(xg)*xgg~1 

= e(xg)*xe. Hence, Sxe=Sxe(xe)*xe=Sxg~1ge(xe)*xe=Sxg~1e(xe)*x~, that is, ~xe 

c Sxg. On the other hand. Sxg = Sxg(xg)*xg = Sxg2g~1e(xg)*xg = Sxg2e(xg,)*xe, 

that is, Sxg c Sxe. Thus, Sxe=Sxg, which implies xe~~s xg (where ~s denotes 

Green's L-relation on S). Hence, xe ~~sxg. By Lemma 7, this implies that ~~s is 

left compatible. Similarly, ~~s is also right compatible. Consequently, ~~s' is ' a 

congruence ; that is, S is H-compatible 

Now, Iet S _ be a regular ~xtensiqn of an H-compatible completely regul~r_ semi-

group M - ~{MA : ~ e A} by an H-degenerated inverse semigroup F(A). Since M is 

an H-compatible completely regular semigroup, S satisfies the condition (C. 4). Hence, 

S rs H-compatible. Since S is a quasi-orthodox semigroup by Lemma 2, S is an 

H-compatible quasiorthodox semigroup. Tht;s,. ~.110~he_r pr_Qof for_ th.e lat･ter h~lf of 

Theorem 5 was given by using Theorem 6 ' ~ " 

Fmally we present the followrng theorem which grves charactenzations.for H--
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compatible quasi-orthodox semigroups 

TH~oREM 8. For a regular semigroup S, thefoll014;ing (1)-(4) are equivalent: 

(1) ~ is an H-colnpatible quasi-orthodox semigroup. 

(2) S is a natural regulal' selnigroup (in the sense of Warne [2]), and the union of 

maximal subgroups of S is an H-compatible subsemigroup. 

(3) The union of maximal subgl'oups of S is a band ofgroups. 

(4) S is a quasi-orthodox semigroup and satisfies the condition (C. 4). 

PROOF. Obvious. 

S 4. Constructiom 

A construction for regular extensions of a (H-compatible) completely regular 

semigroup M - ~{M;L : ~ e A} by an (H-degenerated) inverse s~migroup F(A) has been 

giveil in [3] as follows : Let uh be an idempotent of Mh for each ~'eA, and L;L and R~ 

the L-class and the R-class (of M;L) containing u.~' Then, L[A] = ~{Lh : ~ e A} is a lower 

partial chain A of {LA : ~ e A} and R[A] = ~{RA: ~ e A} is an upper partial chain A of 

{RA: ~ e A} (with respect to the multiplication in M). Now, put E(Rh) = R~. The 

system ~{R~ : ~ e A} is not necessarily an upper partial chain A of {R~ : ~ e A}. Put 

R*[A] =~{R~ : ~ e.A}. For v, T e F(A), Iet f : R~-iy x L..- I x R.*- it->Ly.(v')~ 1 
 

and g
' R~-ivxL..-1xR~ .~･R(*vc)~iv' be mappings such that A IJ
 

y, T e F(A)} U {9

 : y, T e F(A)} satisfies the following (1)-(III) 

(1) If geR~- y, teLlt-i' heR 1" veL65 1 then - and w e R~-1a' 

(q, t, h)f

((q, t, h)g 

 ' v, w)J , 

¥ f

 =(q t(h, v, w)f (h, v, w)g

)f 

. ' 
' 

, 

 and ((q, t, h)g 

 ' v, w)g 

 = (q, t(h, v, w) f

' (/'7, v, w)g 

)9 

 ' 

(II) If v e F(A), p e Lvv~1' q e R , then there exlst k e Lv ~ iy and n e R~v I such that *
 v~1v 

p(q, k, n)f
((q, k, n,)g

1>' P, q)f

 
((q, k, n)g

' P, q)g

 = ' 

q
 

(III) For ~, T e A, j e R~, k e L. and h e R* 
t' 

uhjkuth.=(j, k, h)f

uA.(J k h)g

 In this case, if we define multiplication in S = {(i, y, j) : 7 e F(A), i e L~y- i '* ~ 1, J e Rv~ivf 

by 

(i, y, j) (p, T; q)'=(i(j, p, ~)f' "' y7, (j, 'p,~q)g ' ' ~ 
 ' 
) ' then 



8 MiyuJd YAMADA and Kunitaka SHOJI 
(1) ~= {(i, ),, j) : i e Lh, j e R~, ~ e A} is a completely regular semrgroup and its 

structure decomposition is M-~{Mh : ~ e Al･, where M= {(i, A, j) : i e Lh, j e R~} ; 

and ip : MH>M defined by (iuAj)ip =(.i, )., j) (where i e L1, j e R~, ~ e A) is an 

rsomorphism, and the restriction of ip to Mh, say ipIMA, is an isomorphism 

of Mh onto MA; 

(2) further ~ : S->F(A) defined by (i, y, j)~ = y is a surjective homomorphism, and 

Ker ~ = {MA : ~ e A} and U Ker ~ = M (hence, S is a regular extension of ~~-
~{MA : A e A} by r(A)). 

~ c I M. Smce M-M and M - MA, S can be considered as a regular extension of M -
~{MA : ~ e A} by F(A), up to isomorphism. Conversely every regular extensron of 

M - ~{MA : ~ e A} by F(A) can be constructed in this way. 

S 5. Partial chains 

The concept of a lower [upper] partial chain of semigroups seems to be important 

not only in this paper but also in the construction theory of various kinds of regular 

semrgroups. In this section, we shall consider the construction of lower [upper] partial 

chains of right [left] reductive semigroups. Of course, it is well-known that a left 

[right] group is right [left] reductive 

If G rs a right reductive semigroup, the set A(G) of all left translations is a semi-

group and has the set Ao (G) of all inner left translations on G as its left ideal under the 

multiplication defined as follows : For any ~1' ~2 e A(G), (~l~2)x = hl(~2x) (x e G). 

Of course, the mapping f: G->Ao(G) c A(_G) defined by af= ~. (where ~* denotes the 

inner left translation on G induced by a) gives an isomorphism since G is right reductive. 

Hence, G is embedded in A(G) as its left ideal, Now, Iet D(G) be a semigroup such 

that D(G) :) G and there exists an isomorphism ip : D(G)~>A(G) satisfying aip=~. for 

a e G. 

Hence, z = x*y (in D(G)) if and only if ~*~y = ),' (in A(G)), where xip=h* (hence, 

;," = h* for a e G). That is, D(G) is an isomorphic copy of A(G) which contains G and 

m which every element a of G corresponds to ~.. Now, we have 

THEOREM 9. Let Ybe a semilattice, and Sv' a right reducti've semigroupfor each 

y e Y. For oe, P e Y with oc~:P, Iet c.,p : S.~D(Sp) be a holnomol'p/･1isln su.ch that the 

set {ip.,p : oc, P e Y, oc~: p} satisfies the following conditions: 

(1) ipv,y is th.e identitJ' Inapping on Sv for each y e Y, 

(2) (aip*,p*b)ipp,v=(aip.,v)*(bipp,y) for oc~p~y, a e S. an,d b e Sp. 

Then, S=X{S1: y e Y} is a lower partial chain Y of {Sv: Ve Y} undel' the partial 

binary operation ' defined by 

a'b (ac.p)*b for a e S., b e Sp (oc~p), 

where * denotes the Inultiplication in D(Sv)(y e Y). Further, every lower partial 
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chain Yof {Sy: V e Y} can be obtained in this way. 

PROOF. To show that the resulting system S(') constructed as above is a lower 

partial chain Y of {S7' : y e Y}, ¥ve need only to prove that (a'b)'c=a'(b.c) for a, e Sa' 

b e Sp and c e Sy With oc~: p~~ y. 

Now, (a'b).c=(aipa,p*b).c=(aip.,p*b)ipp,7'*c=(aipa,v)*(bipp,v)*c and a.'(b'c)=a' 

(bcp,v*c)=(aipa,y)*(bipp,v)*c. Hence, a'(b.c)=a'(b.c). Conversely, Iet S(.)=~{Sv : 

y e Y} be a lower partial chain Y of {Sv : y e Y}. For each y e Y, Iet fv : D(Sy)->A(Sv) 

be an isomorphism such that afv = Aa (a e Sv)' Put xfv = ~x for x e D(S),) (hence, ~a = 

~a for a e Sv)' Then, x*y=z in D(Sv) if and only if Ax~y = ~' in A(.Sv)' For oe, p e Y 

with oc > p, Iet ca,p ' S*->D(Sp) be the mapping defined as follows : aip = a where 
a,p a,fi' 

a =Aa*,pfp I and ~a*,pt=a't (teSp). Then, a, p 

(1) ipa,a is the identity mapping on Sa : For x e Sa' xip.,a = xa,a' For any a e Sa' 

hx',.a=x'a=xa (in Sa) = ~*a. Hence, hx',. = ~x' Since ~xf~1 = x, we have xa,a=x. 

Thus, xipa,a=x for all x e Sa 

(2) (aipa,p*b)ipp,y =(aca,v)*(bipp,v) for a e Sa' b e Sp with ce ~ p:~y: Let c e Sv' 

Now, aipa,p*b=aa,p*b and (aipa,p*b)ipp,v*c=(aa,p*b)p,v*c, and (aipa,v)*(bipp,y)*c= 

aa,v*bp,v*c. On the other hand, (.a'b).c=(~a',pb).c=~(h""fib)p,vc, and a'(b.c)=a' 

(~bp,vc)=~a',vAbP,v*c. Hence a.'(b.c)=(a'b).c implies ~(jt".,J~b)fi,vc=~a',v~bp,vc. Thus, 

we have ~(A""fb)p,v=~a',v~bp,v. Therefore, (~a.,pb)p,y=a.,y*bp,y. For any x e Sp, 

~ap,pAbx=~a',p(bx) (bx is the product of b, x in Sp)=(_~a.,pb)x. Hence, ~a',pAb= 

a,p p y (aa,p*b)p,v' Accordingly, we Aa* pb' whence a *b=~a*,pb. Therefore, a. *b = 
a, v . 

have (aipa,t*b)ipp,y=(aca,v)*(bipp,v)' Finally the multiplicatron ' rs grven as follows 

For a e Sa' b e Sp such that oc~p, a'b=~a.,Fb=aa,p*b=(aipa,p)*b. 

Finally, it should be noted that every upper partial chain Y of left reductive semi-

groups {Sv : V e Y} can be dually constructed. 
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