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Some properties of discrete Green potentials and discrete harmonic functioms on .an iufimite 

network are discussed in this paper from the point of view of the standard potential theory. Our 

results serve a further characterizati:on of the infinite network by the classes of discrete harmonic 

funetions. 

Introduction 

Drscrete potential 'theory has been developed by Beurling and Deny [1], Blanc 

[2], Duffin [5 ; 6], Hundhausen [7], Saltzer [10] and many other mathematicianS 

Most of their results were concerned with the Laplace difference equation on a lattice 

domain in the n-dimensional Euclidean space. In the study of some classes of discrete 

harmonic functions on an infinite network whtch can be regarded as a generalization 

of the lattice domain, we often need a theory which is similar to the (continuous) 

potential theory as in [3] and [1l] (see for instance [13]). In this paper, we present 

a drscrete potential theory on an infinite network for the further study of some graph-

theoretic properties of an infinite network. Most of our results have analogies in the 

standard books in potential theory. Our presentation is elementary by virtue of the 

discreteness, but our methods are essentially the same as in [3] and [1l]. 

Some definitions and notation related to network theory are given in S I . Several 

functional spaces related to discrete harmonic functions and known results will be 

stated there. Elementary properties of (discrete) superharmonic functions are resumed 

in S 2. We shall discuss the existence of the Green function of an infinite network in 

S 3 in relation to the classification of infinite networks in [13] and the existence of a 

non-constant positrve superharmonic function. We obtain a new characterization of 

the Green function by the aid of the notion of fiows. Discrete analogies of the Royden 

decomposition theorem and the Riesz decomposition 'theorem will be given in S 4 and 

S 5 respectivcly. We shall s~udy some fundamental properties of Green potentials in 

S 5 and give a classification Qf infinite networks by the classes of harmonic functions in 

S 6, which is a special case of [8] 

S 1. Prelimiaries 

Let X be a countable se_t of nodes, Y be a countable set of arcs and K be a func-
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t1on　on　X×γsat1s取二mg　the　fo11owing　cond－1t1ons．

（11）　The　range　of　K1s｛一1，O，1｝

（1．2〉　For　eachγ∈兄θ（γ）＝｛x∈X；K（x，γ）≠O｝consists　of　exact1y　two　nodes　x1，x2

andK（x。，γ）K（x2，γ）＝一．

（13）　For　each　x∈X，γ（x）：｛γ∈γ，K（x，γ）≠O｝1s　a　nonempty　in1te　set

（1．4）　For　any　x，x’∈X，there　are　x1，＿，x”εX　andγ1，…，γ”十1∈γsuch　thatθ（γゴ）

：｛x卜1，x5｝，ブ：1，＿，η十1with　xo；x　and　x”十1：x’。

　　Let　r　be　a　strict1y　positive　rea1function　on　X　　Then　lV：｛X，X　K，r｝is　ca11ed－an

1n丘n1te　network．

　　Let　X’andγ’be　subsets　of　X　andγrespectwe1y　and．K’and〆be　the　restrict1ons

of　K　and－r　onto　X’×Y’and．γ’respective1y．　Then！V’：｛X’，y’，K1，〆｝is　caued　a

subnetwork　of　lV1f（12），（13）and（14）are　fu1釦1ed　rep1acmg　X，X　K　by　X’，r，K1

respect1▽e1y　In　order　to　e皿phas1ze　the　sets　of　nodes　and　arcs　of　lV’’，we　o貧en　wr並e

lV’：くX1，γ’＞　IncaseX1（orr）1sa丘mteset，1V’＝くX’，y’＞1sca11edaimte

subnetwork．

　　Asequence｛1V”｝（1V”：くX”，篶＞）of丘n1tesubnetworksof！V1sca11edanexhaus・

tion　of　lV　if

　　　　　　　　　◎◎　　　　　　　　　　　　　　　　　　◎o
（1，5）　　　　　X：　U　X”　and　　γ：　U　K，

　　　　　　　　”：1　　　　　　　　　　　　”昌1

（1．6）　γ（x）⊂K。。　fora11焔X”・

　　For　x∈X，1et　us　put

　　　　　　　　　　X（x）；｛z∈X，K（z，γ）≠O　for　someγ∈γ（x）｝。

For　a　subset∠of　X，denote　byελthe　character1st1c　fu－nct1on　ofλ、1．e，ελ（x）；11f

x∈∠andελ（x）＝0if　x∈X＿λ．　In　caseλ＝｛o｝，we　setε。：ελ．

　　Let　L（X）and　L（γ）be　the　sets　of　a11rea1functions　on　X　and　Y　respective1y・　For

ω∈L（X），we　de丘ne五ω∈L（y）by

　　　　　　　　　　　　肋（γ）＝ΣK（X，γ）〃（X）：〃（X1）一ω（X2），

　　　　　　　　　　　　　　　　xεx

where　K（xi，γ）：1and　K（x2，y）：一1　For〃，o∈L（X），the　support8ω　of〃，the

D1r1ch1et1ntegra11）（ω）of〃and－the1mer　product（〃，o）ofωand－o　are　d－e五皿ed　by

　　　　　　　　　　　　　　∫〃＝｛x∈X；〃（x）≠O｝，

　　　　　　　　　　　　　1）（μ）：Σr（y）・1［肋（γ）］2，

　　　　　　　　　　　　　　　　　炸r
　　　　　　　　　　　　　（〃，〃）：1Σr（γ）・1［肋（γ）］［Eo（γ）］．

　　　　　　　　　　　　　　　　　　昨γ



　　　　　　　　　　　　　　D1screte　Potent1als　on　an　I血㎞te　Network　　　　　　　　　　　　　33

The　Lap1ac1an∠〃∈L（X）ofω1s　defi皿ed　by

　　　　　　　　　　　　　　〃（x）＝一Σr（γ）・1K（x，γ）［肋（γ）］．

　　　　　　　　　　　　　　　　　　　炸r

Afunct1onω∈L（X）1ssa1dtobeharmon1c（resp．superharmon1c）onaset∠if∠〃（x）
：0（resp．」〃（x）≦0）f；or　a11x∈λ．

　　We　sha11be　concemed　w1ththe此11owmgc1asses　offunct1ons　onX：

　　　　　　　　　　五。（X）＝｛脈L（X）；8ω1Sa丘n1teSet｝，

　　　　　　　　　　脇（X）　　：｛ω∈工（X），〃1s　bounded　on　X｝，

　　　　　　　　　　砂（〃）　＝｛ω∈工（X），1）（〃）＜◎o｝，

　　　　　　　　　　亙（W）＝｛〃∈工（X），μ1shamon1conX｝，

　　　　　　　　　　8丑酊（1Ψ）＝｛〃∈L（X）；〃is　superharmonic　on　X｝，

　　　　　　　　　　盟囲（W）：囲（1V）∩脇（1V），亙皿（！V）：盟（！V）n皿（1V），

　　　　　　　　　　亙脇皿（〃）＝遜（1V）∩囲（1V）∩⑰（1V）．

For　a　subset　C　of工（X），d－enote　by　C＋the　subset　of　C　wh1ch　cons1sts　ofnon－negat1ve

functions・We　sha11consider　the　subsets　L吉（X），工十（X），盟十（1V），8亙十（1V）etc．For

a　subset　C　of　L（X），denote　by　Oc　the　co11ect1on　ofthose　min1te　networks　lV　for　wh1ch

C　cons1sts　on1y　of　constant　funct1ons

　　Let　xo∈X　　For　e▽ery〃，〃∈⑳（1V），we　de丘ne　an　mner　product（（〃，o））and　a

norm　l1剛1by

　　　　　　　　　　　　　（（ω，0））：（〃，0）十〃（X。）0（X。），

　　　　　　　　　　　　　1剛ト［（（ω，〃））］1／2＝［1）（ω）十ω（x。）2］1／2．

　　We　have　by［12，Lemm－a1］

　　LEMM1A1・1Forωθ・〃舳θs泌3θげげX，伽陀θ洲施αco舳α械〃（F）舳ん
肋〃Σ1〃（x）1≦〃（F）11剛1．加rα〃ω∈皿（！v）．

　　ぷεF

　　By　th1s　fact　and　by　a　standard　argument，we　can　prove

　　T亘E0REM11　1）（1V）oη∂一既亙ゆ（1V）orθH〃わθ村Ψ06θs　w一肋肥Ψθαなo〃肥一醐2θr

〃0伽α（（〃，0））．

　　Denote　by皿o（ハO　the　c1osure　of工o（X）in皿（！V）with　respect　to　the　norm　l1剛1，

1．e，μ∈⑳o（1V）1f　and　on1y　if　there　is　a　sequence｛九｝m　Lo（X）such　that　”ω＿九H→O

asη一＞◎o　　Note　that1）o（！V）does　not　depend　on　the　ch01ce　of　xo

　　We　have　by［12；Le二mma3］
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LEMMA 1.2. For any u eD(N) andfeLo(X), 

(u, f) = -*~~x f(x) [Au(x)] . 

From this lemma and the definition of Do(N), we obtain 

LEMMA 1.3. (v h)=0fi 
, or every v eDO(N) and h, eHD(N). 

We shall call a function T on the real line R into itself a normal contraction of 

R if T0=0 and ITSI - Ts21 _

by (Tu) (x) = Tu(x). ' or u e L(X) 
We have by [12; Lemma 2] 

e D(NL):MDM(ATu;･~D(~u~talfd feTull _

REMARK I .1. In case N is the lattice domain of Rn (n ~~ 3), Do(N) contains the 

set of all O-chains which are regular at infinity in saltzer's sense (cf. [10]). 

S 2. Superharmonic functions 

We shall study some properties of discrete superharmonic functions which are 

very analogous to the continuous case. In order to rewrite the Laplacian in a more 
familiar form as in [7], Iet us put W. = X(a) - {a} for a e X, 

t(x a) y~Yr(y)~11K(x, y)K(a, y)1 for x~a 

t(a) = )~eYr(y)~ilK(a, y)I 

Then t(x, a)=t(a, x), xe~w t(x, a)=t(a) and 

(2.1) Au(a)= - t(a)u(a) +xe~w t(x, a)u(x) 

We shall prove the following minimum pr 
inciple : 

LEMMA 2.1. Let X' be a finite subset o X I ' 
u~:O on X-X', tllen u;~0 on X tf . ru Is superharmonic on X' and 

PROOF. Suppose that min {u(x');xeX'} =u(a)
Au(a) _

, . or some 
t(a)u(a) ~ x~w t(x, a)u(x) ~ ~ t(x, a)u(a) = t(a)u(a) 

so that u(x) = u(a) for all x e X(a). If (X - X') n X(a) ~ ~f, then we arrive at a' con-
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tradiction. In case (X - X') n X(a) = ~), we see by the same reasoning as above that 

u(x) = u(a) for all x e X1= U {X(b) ; b e X(a)} ･ By repeating this procedure a finite 

nuniber of times, we obtain u(x) = u(a) for some x e X - X'. This is a contradiction 

Thus u>0 on X. 
Similarly we can prove 

LEMMA 2.2. Every n.on-constant superharmonic function does not attain its 

Ininimum, on X. 

If u I and u2 are superharmonic on a set A and if oc is a positive number, then 

ccul, ul + u2 and min (ul, u2) are superharmonic on A 

We can easily prove 

LEMMA 2.3. Let {u~} be a sequen,ce in. L(X) which, converges pointwise to 

u e L(X), i.e., un(x)->u(x) as n->00 for every x e X. 'Then {Aun} converges pointwise 

to Au. 

LEMMA 2.4. Let {Xn} be an increasing sequence of s'ubsets of X whose union 

is equal to X and let {u~} be an increasing sequence in L(X) which converges poin,t-

wise to u. If u* is superha,rlnonic on X~, then either u ~; oo or u e SH(N). 

S 3. Green function of an iufinite network 

An infinite network N is said to be of parabolic type (of order 2) in [13] if there 

exlsts a nonempty finite subset A of X for which the value of the following extremum 

problem vanishes 

(3.1) d(A, oo)=inf {D(u) ; u e Lo(X), u = I on A} 

This definition does not depend on A . Let OG be the collection of infinite networks 

which are of parabolic type . We say that N is of hyperbolic type if it is not of para-

bolic type. 

We have by [13 ; Theorem 3.2] 

LEMMA 3.1. An infinite network N is of parabolic type if and only if any one 

of the following conditions is fulfilled : 

(3.2) I e Do(N) . 

(3 . 3) Do(N) = D(N) , 

COROLLARY. Assume that N is of /･ryperbolic type. If u e Do(N) and D(u) = O, 

then u =0. 

Let A be a nonempty finite subset of X and let {N } (N 

 ) be an ex-
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haustion of N such that A c Xl' Consider the following extremum problem 

(3.4) Find d(A. X - X~) = inf {D(u) ; u e L(X ; A, X - X~} , 

where L(X; A, X-X~)={u e L(X); u = I on A, u =0 on X-X~}. We see by Lemma 
1 .4 and Dirichlet principle [12; Theorem 2] that there exists a unique optimal solution 

u.= u~ of problem (3 .4) and that u* has the following properties 

(3.5) u*=1 on A and O~u~~1 on X. 

(3.6) d(A, X - X~) = D(u.) = - ~ Au.(x) = (u~, v) 
*~A 

for all v e L(X; A, X-X~ 

(3.7) u* is harmonic on X~ - A. 

From the relation D(u*+k~u~) = D(u~ - D(u~+k)' it follows that {u,,} is a Cauchy 

sequence in Do(N). There exists uA e Do(N) such that lluA - u*ll ->0 as n->00. No-

tice that d(A, X-X.)~d(A, oo) as nH'oo by [9 ; Theorems 2.1 and 2.2] and [13; 

Lemma 4.5]. Thus we see that uA has the following properties : 

(3 . 8) uA=1 on A and O~uA~1 on X. 

d(A, oo)=D(uA) = - ~ AuA(x) . (3 .9) 

*=A 

uA is harmonic on X - A (3.10) 

Now we shall prove 

THEOREM 3.1. N e OG if and only if N e OsH+ 

PROOF. First we assume that N e OG. Then D(uA) =0, so that uA=1 on X 
Suppose that there exists a non-constant positive superharmonic function v on X and 

put t=min {v(x); x e A}. Then we have t>0 and u~ ~ v/t on X by Lemma 2.1, so that 

1 ~ v/t on X. Thus v attains its minimum value t at a point of A. This is a contradic-

tion by Lemma 2.2. Thus N e OSH + ' Next we assume that N is of hyperbolic type. 

Taking A = {a} in the above observation and noting that d(A, oo) > O, we see by (3.8), 

(3.9) and (3.10) that uA is a non-constant positive superharmonic function on X. 

Thus N does not belong to OsH+' 

DEFINITION 3.1. We say that a function g* e L(X) is the Green function of N 

with pole at a e X if 

(3.1 1) g. e D~(N) =DO(N) n L+(X) , 

(3.12) Ag~(x)=-8.(x) on X. 
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We show the uniqueness of the Green function if it exists. Let g* and g~ be 

Green functions of N with pole at a and put v = g.-g~･ Then N is of hyperbolic type 

by Theorem 3.1 and v belongs to both HD(N) and Do(N), so that D(v) = (v, v) = O 

by Lemma 1.3. Thus v =0 by the Corollary of Lemma 3.1, hence g*=g~ 

If N is of hyperbolic type, then we see that uA/D(uA) satisfies (3.11) and (3.12) 

with A = {a} by our construction. Thus g~=uA/D(uA) with A = {a}. We have proved 

THEOREM 3.2. Th,e Green function g* of N with pole at a exists 1:f and only if N 

is of hyperbolic type. 

We can easily prove 

THEOREM 3.3. (g., v) = v(a) for every v e Do(N). 

COROLLARY. g.(b) =gb(a) for all a, b e X. 

REMARK 3.1. For a e X*, Iet us put 

g(~) * =un/D(u*) with u uA and A {a} 

Then we have 

(3.13) Ag(~)(x)=-e.(x) on X~, 

(3.14) g(')(x)=0 on X-X.. 

A function which satisfies (3.13) and (.3.14) is determined uniquely by Lemma 2.1. We 

call g(') the Green function of N~ with pole at a. By Lemma 2.1, g(~) 

If N is of hyperbolic type, then {9~")} converges pointwise to g~ 

Now we grve a new characterization of the Green function g. by using the concept 

of fiows from {a} to the ideal boundary oo of N. For w e L(Y), Iet us put 

I(w ; x) = ~ K(x, y)w(y) , 
y=Y 

H(w) = ~ r(y)w(y)2. 
y=Y 

We say that w eL(Y) is a flow from {a} to co if I(w; x)=0 for all x eX, x~a. 

Denote by F({a}, oo) the set of all flows from {a} to oo . Consider the following 

extremum problem : 

(3.15) Fmd d*({aJ, co)=inf{H(w); 14' eF({a}, Go), I(w; a)=1} . 

If N is of hyperbolic type, then we can prove that problem (3.15) has a unique optimal 

solution and d*({a}, ao)=d({a}, oo)~1 (cf. [9; Theorem 5.1]). Let us put w.(y) = 

r(y)~1Eg.(y) for J' e Y. Then I(w. ; x) = - Ag.(x) = 8.(x) and H(w.) = D(g.) = d({a}, 

oo)~1=d*({a}, oo). Thus w* is the optimal solution of problem (3.15). Let P= 
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(Cx(P), CY(P), p) be a path from {a} to {x} (cf. [12]). Then we have 

~ r(y)p(y)w.(y) = g.(x) - g.(a) = g.(x) - d*({a}, oo) . 
y=cY(P) 

Thus we have ~ 

THEOREM 3.4. Assume that N is of hyperbolic type and let w* be the optilnal 

solution of probleln (3.15) and let P be a path from {a} to {x} (x ~ a). Then 

g (a) d*({a} oo) g.(x) = ~ r(y). p(y)w.(.y) + d*({a}, 60) , 
yec*(p) 

where p is the path index of P 

As an application of this theorem, we show 

EXAMPLE 3.1. Let us take X={x~; n=0, 1, 2,...} and Y={yn; n=1, 2,...} and 

define K(x, y) by K(x*_1, y~)= - 1, K(x., y~)=1 for 1~=1; 2,... and K(x, y)=0 for 

any other parr Let r be a stnctly positrve function on Y Then N = {X, Y, K, r} is 

" an mfinite network. Notice that N e OG if and only if ~ r(y*) = co (cf. [9 ; Proposi-

* ~=1 " tron 2.1] and [13; Theorem 4.1]). Assume that ~ r(y*) 
~=1 ~=k 

If w e F({x~}, oo) and I(w; x,~)= 1, then w(yk)=0 for k~ m and w(yk)= - I for k~~m 

+1 Thus d*({x~}, Qo)=c,~+1 and g ~(x ) ~+1 if 0
- ~ r(y*)+c~+1=ck+1 if k~~m+1 by Theorem 3.4. 

*=~+1 

S 4. Royden decomposition theorem 

In this section we always assume that N is of hyperbolic type. First we shall 

prove the following discrete analogy of the well-known Royden decomposition theorem : 

THEOREM 4.1. Every u eD(N) can be decolnposed unlquely In the form u 
= v + h, where v e Do(N) and h e HD(N). 

PROoF. Denote by D'(N), Db(N) and HD'(N) the quotient spaces of D(N), 
Do(N) and HD(N) respectively with respect to the equivalence relation D(u - v) = O 

Then D~(N) = Do(N) by the Corollary of Lemma 3 . I . We see easily that D'(N) and 

HD'(N) are Hilbert spaces with respect to the inner product (u , v). Since D6(N) 

and HD'(N) are orthogonal by Lemma I .3, our assertion follows from the orthogonal 

decomposition theorem. 

Denote by Po(N) the subset' of Do(N) which consists of superhaunonic functions 

on X, i.e., Po(N) =DO(N) n SH(N). In order to characterize Po(N) Iike Beurling 

and Deny [1], we begin with 
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　　丁亘E0RE皿42　　L勿丁加αηo〃ηαZ　coη炉αα一〇ηψR　o〃∂1θτ〃∈1）o（1V）　　η肥κ

肋ε皿o（1V）o〃D（肋）≦；1）（ω）．

　　PR00F　In　v1ew　of　Le㎜ma14，we　have　on1y　to　pro▽e　thatτレ∈皿o（！V）　There

ex1sts　a　sequence｛ム｝1n　Lo（X）such　that　n〃＿九I■→O　asη→oo　　Then7汎∈Lo（X）and

11軌11≦llムll　by　Lemma14　Thus｛11酬1｝1s　bounded　we　c乱nind　a　weak1y　con－

vergent　subsequence　of｛軌｝m砂o（1V）　Denote1t　agam　by｛軌｝and1et〃1∈⑳o（1V）

be　the1im1t　For　any　x∈X，g、∈皿o（1V）and

　　　　　　　　　　　　　　（（軌，9。））＝凧（X）十σ工（X。）軌（X。），

　　　　　　　　　　　　　　（（〃’，θ工））＝〃’（X）十θ。（X。）ω’（X。）

by　Theore皿33，so　that｛凧｝converges　pomtw1se　toパ　It　fo11ows　from　lLe㎜ma11

that

　　　　　　　　　　　1軌（x）一肋（x）i≦帆（x）一ω（x）1≦一M（｛x｝）l1九一〃ll，

so　that｛軌｝con▽erges　pointwise　to”．　Therefore　Tレ＝〃’∈抄o（1V）and（（軌，o））

一＞（（1切，o））as〃一〉oo　for　every　o∈亙及o（1V）．

　　Tak1ng乃2max（∫，O）for8∈R1n　the　abo▽e　proo二we　can　eas11y　obtam

　　LEM1MA4．1．　Forωθリ〃∈亙暗（1V）ヲ肋ぴθα耐8α8θ2ωθ肌θ｛ω”｝z〃L吉（X）8〃c17

肋〃（〃”，0）→（〃，0）0S〃→・O伽α〃0∈抄。（W）．

　　We　have

　　LEMMA42　炉o（1V）＝｛〃∈1）o（1V），1）（〃十〇）；≧1）（〃）∫brα〃o∈1）吉（1V）｝

　　PR00F．Letω∈皿o（1V）．　Assume　that1）（〃十〇）≧1）（〃）for　au　o∈皿ま（1V）．　For

eachx∈Xand¢＞0，wehave施、∈皿吉（1V）and，

　　　　　　　　　　　　1）（ω）≦1）（ω十姥工）＝1）（〃）十2な（〃，ε工）十121）（ε。），

so　that　O≦（〃，εエ）＝＿∠〃（x）　Thus〃∈炉o（1V）　Next　we　assume　that〃∈ρo（！V）and

1et砂∈塒（珊　Wecanindasequence｛o，，｝mLま（X）suchthat（o”，ω）→（〃，〃）as〃→oo

by　Lemma41　It　fo11ows血om　Lemma12that

　　　　　　　　　　　　　　　（o、，〃）＝一Σo、（x）［〃（x）］≧0，

　　　　　　　　　　　　　　　　　　　　　xεx

and　hence（o，〃）≧O．　Thus1）（〃十〇）≧1）（ω）

　　丁旦E0REM43　炉o（1V）⊂S盟十（N）

　　PR00F．　Letω∈盈o（ハつ．　Then　1剛∈1堵（！V）and　1）（1剛）≦；1）（〃）by　Theorem4．2．

Smce1剛一ω∈⑳吉（1v），we　have　by　Lemma4．21）（〃）≦1）（ω十（1ω1一ω））：D（1〃1），and　hence
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1）（1剛）＝1）（〃）　By　usmg　Lemm．a4．2agam　we　have

　　　　　　　　　　　1）（〃）≦；1）（〃十（1〃I＿ω）／2）≦1）（〃十1〃I）／4＋1）（ω＿一剛）／4

　　　　　　　　　　　　　：［1）（〃）十1）（1〃1）］／2＝1）（ω），

so　that1）（ω一1ωI）：O　Thusω＝1剛by　the　Corouary　of　Le㎜ma31，and　hence〃∈
L＋（X）．

　　　THE0REM44　亙〕⑰（ハア）＝｛ω1一〃2，〃1，〃2∈盟⑰（！V）｝

　　　PR00F．　Let〃∈盟1）（1V）　　Then一〃十：m1n（一〃，O）and一〃□＝m1n（ω，O）be1ong

to　both皿（珊and　S盟（！V）．　By　the　Royd．en　d－ecompos1t1on　theorem，there　ex1st

○ユ∈⑰o（ハア）and．乃，∈亙亙》（N）such　that＿〃十8リ1＋1っ1and　＿ガ＝〃2＋ゐ2　　Then　o，∈

炉o（1V），so　that　oユ∈L＋（X）by　Theorem43　Therefore一んユ∈盟迎十（1V）　From　the

re1at1on〃＝〃→＿〃．：（02＿o1）十（ん2＿111）and　the　un1queness　of　the　Royden　decoInpos1＿

tion，weconc1udethato。：o．andμ＝んヅ～．

　　　§5．G亙ee㎜p⑪細曲五s

　　　In　th1s　sect1on　we　sha11stu－d．y　the　c1asses8亙十（1V）and贋o（1V）　Thus　we　a1ways

assume　that　lV　is　ofhyperbo1ic　type．Denote　byσ、the　Green　function　oflV　with　po1e

atα∈X　　The　resu1ts1n　th1s　sect1on　are　d1screte　ana1og1es　of　the　we11－known　resu1ts

1n　potent1a1theory（cf　［3］or［11］）

　　　WetakeL＋（X）forthe　set　ofa11non－negat1ve　Radon　measures1npotent1a1theory

and　d－e丘ne　the　Green　potent1a1Gμofμ∈L＋（X）and　the　mutua1energy　G（μ，ソ）ofμ，v∈

L＋（X）by

　　　　　　　　　　　　　　　　　　Gμ（x）＝Σσら（x）μ（わ），

　　　　　　　　　　　　　　　　　　　　　　　5εx

　　　　　　　　　　　　　　　　　　G（v，μ）：Σ［Gμ（x）］v（x）．

　　　　　　　　　　　　　　　　　　　　　　　工εx

αear1y　G（v，μ）＝G（μ，v）fora11μ，v∈L＋（X）　We　ca11G（μ，μ）theenergyofμ．Let　us

cons1der　subsets　ofL＋（X）wh1ch　are　re1ated　to　Green　potent1a1s

　　　　　　　　　　　　　　　　〃（G）＝｛μ∈1二十（X）；Gμ∈1二（X）｝，

　　　　　　　　　　　　　　　　E（G）＝｛μεLキ（X）；G（μ，μ）＜oo｝．

Then　L吉（X）⊂E（G）⊂〃（G）．

　　Wecan　easi1ypro▽e

　　LEMMA5．1．　一Lα｛1V”｝（1V”＝くX”，K＞）加αη孤乃αωsガoηψ1V　o〃∂1所μ∈〃（G）

α〃μ”＝μεx榊．丁加〃G（μ”，μ”）→G（μ，μ）伽η→◎o，Gμ”≦Gμ”十1o列Xo〃｛Gμ刷｝

co舳rgθ3アo肋舳8〃oGμ．
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COROLLARY. {G// ; // e M(G)} c SH+(N) 

LBMMA 5.2. AG,1=-ll fol' every /~eM(G) 

PROOF. Let {N*} (N~ = 

 ) be an exhaustion of N and let // e M(G) and /ln=/lex~' Then 

A Gu (x) A [ ~ 9 (x)//(b)] ~ [Ag (x)]//(b) = - p,,(x) . 
b=x~ b b~x~ 

Our assertion follows from Lemmas 2.3 and 5.1. 

Now we shall prove a discrete analogy of the Riesz decomposition theorem : 

THEOREM 5.1. Every u e SH+(N) can be decomposed uniquely in the form : 

u=Gp+h, where p eM(G) and h eH+(N). In this decomposition, p= -Au and h 
is the greatest harmonic minorant of u, i.e., h'~h on X f07' all h' eH(_N) such th.at 

h'~u on X. 

PROOF. Let {N~} (N~ = 

 ) be an exhaustion of N and let u e SH+(N) Denote by g(n) the Green function of N. with pole at a (cf. Remark 3.1). Let us 

put p= -Au, 

u.(x) = ~ 9~")(x)ll(b) and h u u 
b =x~ 

Then Au~ = - // on X~ and u*=0 on X - X*, so that h* is harmonic on X~ and h~ ~ O on 

X-Xn' Thus hn~~O on X by Lemma 2.1. Since g~,,)~g~,,+1) on X, we have h. 

:~ hn+1 on X. Let h(x) be the limit of {h*(x)} for each x e X. Then h. e H+(N) by 

Lemma 2.3. By Remark 3.1, we see that {u~} converges pointwise to Gll. Thus we 

have u = Gp + h. The uniqueness of the decomposition follows from Lemma 5.2. 

Finally we show that h is the greatest harmonic minorant of u . Assume that h' e H(N) 

and h'~u on X. Since /･1.-h' is harmonic on X~ and h~-/･1'=u. - h'~~O on X-X*, 

we see by Lemma 2.1 that hn ~ h' on X, and hence h ~~ h' on X 

In order to characterize Po(N) as a set of Green potentials, we prepare some 

lemmas. We can easily prove 

LEMMA 5.3. If /1 e L~(X), then G/1 e Do(N) and (G//, v)= ~ v(b)p(b) for all 
b ex 

v e Do(N). 

COROLLARY. G(p, v) = (G/1. Gv) and G~l, //) = D(G/4) for every /t, v e L~(X) 

LEMMA 5.4. If // e E(G), then G// e Do(N) and D(G/1) = G(//, I/) 

PROoF. Let {Nn} (Nn = 

 ) be an exhaustion of N and put /ln = /lex~ and u~=Gpn' Then u* e Do(N) by Lemma 5.3 and we have for any p > O 
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　　　　　　　　　　1）（〃”）＝G（μ”，μ”）≦G（μ”，μ”十P）≦1）（〃”十P）≦G（μ，μ）くoO

by　the　Coro11ary　ofLemma53，so　that

　　　　　　　　　　llω”一・”切12：1）（・”一・”。。）十［・”（・。）一・”。ρ（x。）］2

　　　　　　　　　　　　　　　　　≦1）（〃”十P）一1）（〃”）十［〃”（xo）一〃”十P（xo）］2・

S皿ce｛〃、（xo）｝converges　to　Gμ（xo）by　Lemma51，we　see　that｛μ”｝1s　a　Cauchy　se－

quence1n亙あo（1V）　　There　ex1sts〃∈1）o（！V）such　that　Hω、＿oH→O　asη→oo　　Smce｛μ”｝

con▽erges　pomtw1se　toリ，we　conc1ud．e　that　Gμ＝o∈皿o（1V’）by　Lemm．a51　It　fo11ows

that1）（〃”）→1）（Gμ）as〃→oo，so　that1）（Gμ）＝G（μ，μ）by　Lemma51

　　．We　shauproye

　　　T亘E0RElM15．2．　戸o（！V）＝｛Gμ；μ∈E（G）｝．

　　　PR00F　On　a㏄ount　of　Lemmas52and－54，1t　su脆ces　to　show　that沼o（1V）

⊂｛Gμ，μ∈E（G）｝　Let〃∈戸o（！V）　Then〃∈1S盟十（1V）by　Theorem43．　遇y　the

趾esz　deco］皿pos1t1on　theorem，there　ex1stμ∈〃（G）and1一∈盟十（1V）such　that〃＝Gμ

十1－　Cons1der　an　exhaust1on｛1V”｝（！V”＝くX”，4＞）of　W　and・putμ”：μεx。。and

〃”：Gμ”　Then

　　　　　　　　　　1）（〃”）：G（μ、，μ1”）≦G（μ，μ”）≦Σω（x）μ、（x）曽（ω，ω”）

　　　　　　　　　　　　　　　　　　　　　　　　　　　よεx

　　　　　　　　　　　　　　　　　　　　　　　　　　≦［1）（ω）］1／2［1）（〃”）］1／2

by　Le：m。㎜a53，so　that　G（μ”，μ”）≦1）（〃）くoo　We　see　by　Le二mma5．1that　G（μ，μ）≦；

1）（〃），and　henceμ∈E（G）．　It　fo11ows血om　the　Royden　d．ecompos1t1on　theorem　that

ω＝Gμ．

　　C0R0LLARY　　1）（〃）：一Σ〃（x）［」〃（x）］∫かωぴγ〃∈炉o（1V）

　　　§6．　The　c亙鮒ses亙証P（1V）＆固姐盟B亙及（1V）

　　　Let　us　put

　　　　　　　　　盟P（ハ1）：｛〃∈逓（！V）；〃＝〃1＿〃2with〃1，山2∈盟十（珊｝．

Then　we　ha▽e

　　T亘E0REM6L　　1孤雰（N）⊂亙π炉（N）．

　　PR00F　　Let〃∈亙脇（1V）and1et　c　be　a　constant　such　that1剛≦c　on　X．　Then

〃1＝（c＋〃）／2and〃2：（c一〃）／2be1ong　to盟十（！v）and〃：〃1一〃2　Thusω∈盟P（1v）

　　C0R0LLARY　　0皿P⊂0且B
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thel e exrsts a sequence {h*} in HBD(N) THEOREM 6.2. For every u e HD(N), ' 
such that llu-h~Il->0 as n->00. 

PROOF. In case N is of parabolic type, HD(N) consists only of constant func-

tions, so that our assertion is clear. We consider the case where N is of hyperbolic 

type. Let u e HD+(N). Then u~=min (u, n) e D(N) n SH+(N). By the Royden 
decomposition theorem, we can find v. e Do(N) and h* e HD(N) such that u*= v* + h~ 

Noting that v* e Po(N), we see by the Riesz decomposition theorem and Theorem 5.2 

that v~ and h* belong to L+(X) and h* is the greatest harmonic minorant of u~, so that 

O~ h~~ h*+ I ~ u~+ I ~u on X and h~ e HBD(N). By Lemma 1.3 we have D(u -u~)= 

D(vn)+D(u - h~). Since D(u -u~)~'O as n.->00 by [13; Lemma 3.1], we have D(.v~)->0 

and D(u - h~)->0 as n~oo. By the relations 

D(v~ - v~ + p). ~ 2 [D(v~) + D('v~ + p)] ' 

o ~ v~ + p(xo) ~ v~(xo) ~ u,(xo) 

we see that {v~} rs a Cauchy sequence in Do(N). There exists v e Do(N) such that 

Ilv~-vl[->0 as n->00. We have D(v) = O, and hence v = O by the Corollary of Lemma 

3.1. Thus {h~(xo)} converges to u(xo) and 

ll u - h~ Il 2 = D(u - h~) + [u(xo) ~ h.(xo)]2 ~. O 

as n ~' Qo Now we consider the case where u e HD(N) rs of any srgn. There exist 

u u" e HD+(N) such that u u u" by Theorem 4.4. By the above observation, 
we can find sequences {h~} and {/'7"} m HBD(N) such that llu.' - h~ll ->0 and llu" - h~ll 

~,O as n->00. Writilrg h.*=h~-h~, we see that h.~ e HBD(N) and llu-h,~II ->0 as 

n~>00. 

COROLLARY. OHD = OHBD 

From the obvious relations H+(N) c SH+(N), HP(N) c H(N) and HBD(N) c 
HB(N), it follows that OsH+ c OHP, OH C OHP and OHB C OHBD. Thus we have the 
following classification of infinite networks by the corollaries of Theorems 6.1 and 6.2 

and Theorem 3.1 

THEOREM 6 3 OG OsH+ c OHP C OHB C OHBD = OHD 
U
 
OH 

The inclusion relations in this theorem are strict, i.e., there exist infinite networks 

which are contained in one of the class but not in the preceding one (cf. [8]) 
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