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ABSTRACT. Discrete ¢-Green potentials related to the equation Au —qu =0 on
an infinite network were studied in [12] as a discrete analogue to [9]. We study
some properties of ¢-Green potentials with finite g-Green energy. The ¢-Dirichlet
energy plays an important role instead of the Dirichlet sum. Our aim is to show
that results obtained in [7] in case ¢ = 0 hold similarly even in case ¢ > 0.
We show that every ¢-Dirichlet potential can be expressed as a difference of two
g-Green potentials with finite ¢-Green energy.

1. INTRODUCTION WITH PRELIMINARIES

Discrete potential theory on infinite networks related to the discrete Laplacian
A has been studied by many authors; for example, Anandam [1], Ayadi [2], Kasue
[3], Kumaresan and Narayanaraju [4], Lyons and Peres [8], and Yamasaki [11].

Many potential theoretic results related to the equation Aju := Au —qu = 0
on a Riemann surface were given in [9]. The g-harmonic Green function (¢-Green
function, for short) implies the Green function related to A,. As for the ¢-Green
function of an infinite network, some results which have counterparts in [9] were
shown in [12]. Our aim of this paper is to show that every ¢-Dirichlet potential can
be expressed as a difference of two ¢-Green potentials with finite ¢-Green energy.
We proved in [7] that this property holds in case ¢ = 0.

More precisely, let N' = (V, E, K,r) be an infinite network which is connected
and locally finite and has no self-loop, where V' is the set of nodes, E' is the set of
arcs, and the resistance r is a strictly positive function on F. For x € V and for
e € E the node-arc incidence matrix K is defined by K(z,e) = 1 if x is the initial
node of e; K(x,e) = —1 if x is the terminal node of e; K(z,e) = 0 otherwise. Let
L(V) be the set of all real valued functions on V', Lt (V') the set of all non-negative
real valued functions on V', and Ly(V') the set of all uw € L(V') with finite support.
We similarly define L(E), LT(F), and Lo(E). Let ¢ be a non-negative function on
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V with ¢ # 0. For u € L(V) we define the discrete derivative Vu € L(E), the
Laplacian Au € L(V'), and the ¢-Laplacian Ayu € L(V') as

Vu(e) = —r(e)™" Z K(x,e)u(z),

zeV

Au(z) = Z K(z,e)Vu(e),

eck
Aqu(x) = Au(z) — q(z)u(z).
For convenience we give specific forms. For e € E let 2t € V be the initial node
of e and x~ € V the terminal node of e. Then
=Y — (7t

Tue) 1)~ ula)
r(e)
For x € V let {ey,...,eq} be the set of arcs adjacent to = and let y; be the other
node of e; for each j. Then

For u,v € L(V), we put

(u,v)p = _r(e)Vu(e)Vo(e),
|ullp = (u,u)y” (Dirichlet sum),
(w,v)e = > _r(e)Vule)Vu(e) + Y q(z)u(z)v(z),

|ullg = (U,u)]la/2 (¢-Dirichlet energy).

We define some classes of functions on V as
D={ueLlV)|[ullp < oo},
E={ue L(V)||[ullg < oo},
H,={ue L(V)|Au=0}.

It is easy to see that E is a Hilbert space with respect to the inner product
(u,v)g. On the other hand, (u,v)p is a degenerate bilinear form in D; for ex-
ample, (1,u)p = 0 and ||u+ 1||p = ||u||p for u € D. It was shown in [11, Theorem
1.1] that D is a Hilbert space with respect to the inner product (u,v)p + u(0)v(o)
for a fixed node o € V.. We easily verify that a sequence {u,}, C D converges to
w in D if and only if lim,_, ||u, — u|[p = 0 and {u,}, converges pointwise to w.
Denote by Dy and Eq the closure of Ly(V') in D and in E respectively. We call a
function in D, in Dy, in E, and in Eq a Dirichlet function, a Dirichlet potential, a
q-Dirichlet function, and a g-Dirichlet potential, respectively.
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It was shown in [7] that the space Dy is equal to the space of the differences of
Green potentials with finite energy provided that conditions (LD) and (CLD) are
fulfilled. As an application, we showed a Riesz decomposition of a function whose
Laplacian is a Dirichlet function. Our aim is to verify that similar results for ¢-
Green potentials are also valid by replacing conditions (LD) and (CLD) by (LD),
and (CLD),, which are defined in Section 3. In contrast with (LD) and (CLD), our
modified conditions contain some barriers caused by the term qu. We shall discuss
in Section 4 some relations among these conditions.

2. THE ¢-GREEN FUNCTION

Let us recall some fundamental results related to the ¢-Dirichlet functions estab-
lished in [12].
Lemma 2.1 ([12, Theorem 3.1]). Eg = Dy NE.
Lemma 2.2 ([12, Lemma 3.1]). (u,h)g =0 for every u € Eq and h € H, N E.

Lemma 2.3 ([12, Theorem 3.2]). Every u € E is decomposed uniquely into the
formu=v+h withv € Ey and h € H;NE.

We give a fundamental property of the norm in E, which is used repeatedly in
the following.

Lemma 2.4. If {u,}, C E converges to u € E in the norm of E, then {u,},
converges pointwise to u.

Proof. Let v, = u, —u and assume that ||v,||g — 0 as n — oco. There exists zg € V
such that g(zg) > 0. The fact q(zo)|va(zo)|* < ||vn||E shows that v,(xg) — 0 as
n — 00. Since ||v,||p < [|vn]lg — 0 as n — oo, by [10, Corollary 2 of Lemma 1] it
follows that {v,}, converges pointwise to 0. O

We call a function T defined on R into R a normal contraction of R if 70 = 0
and |T's; —T'sy| < |s1— so| for s, s2 € R. For example, T's = max{s, 0} is a normal
contraction of R.

Lemma 2.5 ([12, Lemma 4.2 and before it]). Let T be a normal contraction of R.
Then || T o ul|g < ||ul|g for u € E. Moreover, T ou € Eq if u € Ey.

Lemma 2.6. Let f € Lo(V) and u € E. Then
(u, e ==Y _(Agu(x))f(2).

zeV

Proof. Since (u, f)p = — e (Au(z)) f(x) by [10, Lemma 3], we have
(u, flo = =Y (Au(x)) f(z) + Y a(w)u()f(x)

zeV zeV

as required. O
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We say that v € L(V) is g-superharmonic or g-harmonic on V if Aju < 0 or
A,u = 0 respectively. Recall that the (harmonic) Green function g, € Dy of N
with pole at a € V is defined as the unique solution of the boundary value problem:

Aga(x) = —=b04(x) forx eV,

where 0,(a) = 1 and J,(z) = 0 for = # a. See [11] for details.
The g-Green function g, € Eg of N with pole at a € V' is defined similarly by

AyGo(z) = =04(x) forxz e V.
Note that ¢-Green functions always exist and satisfy that g,(x) = g.(a) for a,x € V
and that 0 < g,(x) < gu(a) for a,xz € V. See [12, Theorems 4.1, 4.2, and 4.3].

3. REPRESENTATION OF THE SPACE Ej

Let pu,v € L*T(V). Recall that the Green potential Gu € L(V) and the mutual
Green energy G(u,v) are defined by

Gu(x) =Y gu(y)n(y), Gluv) = (Gu(z)(w).

yev zeV
Similarly we define the g-Green potential G, € L(V) and the mutual g-Green
energy Gq(u, v) by

Gop(@) =D G()n(y),  Golu,v) =Y (Gu(x))v(x).

yeV zeV

We call G(u, i) the g-Green energy of pu. Let us put
M,={pe LT (V)| Gu(r) < oo for each x € V},
&g ={n e My | Gy, 1) < oo}

Lemma 3.1 ([12, Lemma 7.1)). A,G,u = —u for p € M,.

Lemma 3.2 ([12, Theorem 7.2]). If p € &, then Gyu € Ey and A,Gyp < 0.
Conversely, if u € Eq satisfies Aqu < 0, then uw = Gy for some pn € &,.

We show some results for the ¢-Green potential and the mutual ¢g-Green energy,
which are similar to those considered in [7].

Lemma 3.3. For pu,v € Lo(V)N LT (V) we have
(Gap, Gar)E = Go(p, v).

Proof. Let p,v € Lo(V) N LT(V). Lemma 3.2 shows that G,u € Eg, so that
there exists a sequence {f,}, C Lo(V') which converges to G,u in the norm of E.
Especially {f,}, converges pointwise to G,u. Lemmas 2.6 and 3.1 imply that

(fos G)e = = Y fal@)(AGor(@)) = Y fulz)v(2).

eV eV
Letting n — oo, we have the assertion. 0

Lemma 3.4. For pu € &, there exists {pin}n C Lo(V) N LT(V) such that {Gypin}n
converges to Gyp in the norm of E and that {,,}, converges pointwise to p.
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Proof. let p € &,. Let {N,}, be an exhaustion of N with N,, = (V,,, E,,). We put
fn = ponV, and p, = 0 on V \ V,. Clearly, {s,}, increases monotonically and
converges pointwise to p. Fatou’s lemma shows that

Gou(z) <liminf G, (z) = lim Gu,(z) < Gypu(x),
so that {Gp, }, converges pointwise to G, u.

For m < n, the monotonicity of {i,}, implies that {||G,u,|[r} converges and,
together with Lemma 3.3, that

(quuﬂ"w quun)E = Gq(:“ma :Un) > Gq(ﬂm7ﬂm) = HGquH]%]'
Consequently
1Gatin — Gapimllz = |G apinlls = 2(Gyptn, Gopim)E + | Gypim |7
< HGqﬂnH]ZE - ”Gqﬂm”%}

Since Gy, € Eg by Lemma 3.2, it follows that {Gu, }n converges to some v € Eq
in the norm of E. This means that v = G u, and that {G,u, }, converges to Gypu
in the norm of E. O

Proposition 3.5. Let {u,}n C &,. If {Gypun}tn converges to some u € E in the
norm of B, then u = Gy for some p € &,.

Proof. Let {pn}n C &, Lemma 3.2 implies that G,u, € Eo, so that u € Eq.
Lemma 3.1 shows

Agu(z) = lim AGypn(x) = — lim p,(z) <O0.
n—00 n—00
Again by Lemma 3.2 we have that u = G, for some p € &,. O

Now we introduce two conditions which are similar to conditions (LD) and (CLD)
considered in [7]. We say that A satisfies condition (LD), if there exists a constant
¢ > 0 such that

(LD), 1A flle < cllflle forall f € Lo(V).
We say that N satisfies condition (CLD), if there exists a constant ¢ > 0 such that
(CLD), [flle < cllAgflle forall f e Lo(V).

Lemma 3.6. Assume (LD),. Then there exists a constant ¢ > 0 such that ||Ayu||g <
cllullg for all u € E.

Proof. Let w € E. By Lemma 2.3 we find v € Ey and h € H; N E such that
u = v+ h. Lemma 2.2 shows that

lulls = vl + 2(v, h)e + [I2]&
= [lvlle + 12lE = [lv]&-

Let {f.}» be a sequence in Ly(V') which converges to v in the norm of E. Then
(LD), implies that || A, fulle < ¢|| fo||g for all n. Since {A, f,, }» converges pointwise



12 H. KURATA AND M. YAMASAKI

to Ayv, Fatou’s lemma gives
[Agulle = [[Agv]le < Tim inf [[A, fo[[
n—o0
< climinf | fuls = cllolls < clulls
n—oo

as required. O
Lemma 3.7. Assume (LD),. Then A,u € Ey for u € Ey.

Proof. Let u € Ey and { f,,}» a sequence in Ly(V') which converges to u in the norm
of E. Then || f, — fm|lg = 0 as n,m — oco. Condition (LD), implies that

1Agfn = Bgfmlle < el fo = finlle =0

as n,m — oo. Thus {A,f,}, is a Cauchy sequence in E and converges to some
v € Ey in the norm of E. Since {A,f,}, converges pointwise to Aju, we see that
Ayu=v € Ey. O

Proposition 3.8. Assume both (LD), and (CLD),. Then there exists a constant
¢ > 0 such that
|ullg < c||Agullg  for all u € Ey.

Proof. Let u € Eq. There exists a sequence {f,}, C Lo(V) which converges to u
in the norm of E. Lemma 3.6 shows that there exists ¢; > 0 such that ||A,u —
Ayfulle < callu — follg for all n, so that ||A,fulle — [|Aule as n — oco. By
(CLD),, there exists co > 0 such that || f,||g < c2||A,fnlle for all n. We have

[ulle = lim |[fulle < lim [[Aqfulle = col|Aqulls,
n—oo n—oo
as required. 0

Lemma 3.9. Let {u,}, be a sequence in Eq such that {||u,||g}n» is bounded and that
{tun}n converges pointwise to a function w € E. Then lim,,_,(u,, v)g = (u,v)g for
[ORS E(].

Proof. Let v € Ey. For any € > 0, there exists f € Ly(V') such that ||jv — f||g < €.
We take M with ||u,||g < M for all n. Fatou’s lemma shows that |jul|g < M. It is
easy to see that |(u, — u, f)g| < ¢ for sufficiently large n. We have
|(un —u, 0)[ < [(un —u, v = f)[ +[(un —u, f)E]
< Jun — ullsllv = flle +& < (2M + 1)e,
and the assertion. O

Lemma 3.10. If u € EqN LT (V), then there exists {,}n C Lo(V)NLT (V) which
converges to p in the norm of E.

Proof. Let p € EqNL* (V). There exists a sequence { f,, }, in Lo(V') which converges
to p in the norm of E. Let u, = max{f,,0}. Then ||u,||g < ||f/le by Lemma 2.5.
Since p > 0, {n}n converges pointwise to p. Fatou’s lemma gives
llle < T inf [, [|e < Timsup || ||s
n—o0

n—oo

< lim [ fulle = [lulle,
n—oo
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or lim, e |||l = ||1t]|&- Since {||f.||g}n is bounded, so is {||un|lg}n. By Lemma
3.9, (ptn, 1)E — (1, 1)E = ||| as n — oo. Thus we have

e = palle = lells = 200 o) + [l — O
as n — oQ. |:|

Theorem 3.11. £, = EqN L1 (V) if both (LD), and (CLD), are fulfilled.

Proof. Let p € &;,. By Lemma 3.4, there exists {jn}n C Lo(V) N LT (V) such that
{Gttn}n converges to G,u in the norm of E and that {u,}, converges pointwise
to pn. Lemma 3.2 shows that G,u € Ey and G, € E for each n. By Lemmas 3.1
and 3.6

[ = tinlle = | AqGoptn — DgGaplle < c||Goptn — Gopille — 0

as n — oo. Thus u € Eq.

We show the converse. Let u € Eq N LT(V). By Lemma 3.10, there exists
{ttn}n C Lo(V) N LT (V) which converges to p in the norm of E. Lemma 3.2
implies Gy, € Eq for each n. Proposition 3.8 and Lemma 3.1 show that

HGq:“n - Gqﬂm“E < CHAq(Gqﬂn - quum)HE = c[|ttm — pinl|lg = 0

as n,m — oo. Therefore {G,u,}, converges to some u € Eq in the norm of E.
Fatou’s lemma and Lemma 3.3 give

Gop, p) < Hminf Go(ptn, i) = lm [|Gopra[fs = [Jullfy < oo.
Namely p € &,. O
For any u € L(V), we define Gu by G,u = Gut —Gu™ if both vt = max{u, 0}
and v~ = —min{u, 0} belong to M,.
Theorem 3.12. E, = &, — &, if both (LD), and (CLD), are fulfilled. In this case,
ut,u~ € &, foru € Ey.

Proof. By Theorem 3.11, &, — &, C Eq. Conversely, for u € Ej, Lemma 2.5 and
Theorem 3.11 imply that u*,u™ € Eg N LT (V) = &, so that Eg C &, — &,. O

Theorem 3.13. G u € Ey and A,Gu = —u for u € Ey if both (LD), and (CLD),
are fulfilled.

Proof. Let u € Ey. Theorem 3.12 shows that v*,u~ € &,. Lemma 3.2 implies
Gou = Gut — Guu~ € Ey. By Lemma 3.1 we have

AGu=AGu"—AGu =—-ut+u =-u
as required. O
Corollary 3.14. {G,u | u € Eo} C Eq if both (LD), and (CLD), are fulfilled.
Theorem 3.15. G,A,u = —u for u € Eq if both (LD), and (CLD), are fulfilled.

Proof. Let u € Ey. Then v := Aju € Eg by Lemma 3.7. Theorem 3.13 shows that
G,v € Eg and that A,(u + G4v) = v — v = 0. Therefore u + G,v € EgNH,. Thus
u+ Gyv = 0 by Lemma 2.2. O
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We arrive at the following main result.

Theorem 3.16. Ey = {G,u — G | p,v € &} if both (LD), and (CLD), are
fulfilled.

Proof. Lemma 3.2 implies that {G,u — Gyv | p,v € &} C Ey. We show the

converse. Let u € Eg. We have v := —Aju € Eqy by Lemma 3.7. Theorem 3.15
shows that u = G,v = Gt — Gu~. Theorem 3.12 implies that v+, v~ € &,, and
that u € {Gyu — Gev | p,v € E,}. O

As an application of our results, we shall give a version of Riesz decomposition
of u € E® ={ue L(V)| Ay € E} as follows. Let us put

E( = {uec L(V) | Ayu € Eg},
H» = {ue L(V) | Au € Hy}.

Theorem 3.17. If both (LD), and (CLD), are fulfilled, then for every u € E®),
there exist a unique v € Eg and a unique w € HSQ) NE® such that u = G+ w.

Proof. Let u € E®. Applying Lemma 2.3 to A u € E yields
Ayu=—-v+h withveEjand he H NE.

Theorem 3.13 shows that A,G,v = —v € Ej. Hence G,v € E(()2). Let w =u—Gyv.
Then w € E® and

Aw=Au—ANGuw=(—v+h)+v=heH,
so that w € H((f).

To show the uniqueness, we assume that ©v = Gu; + wi = Gyva + wy with
vy, vy € Ey and wy, wy € H§2) NE®. Theorem 3.13 shows that w; — wy = G vy —
G,u1 € Eg. Lemma 3.7 implies A,(w; — we) € Ey. Since wy — we € HSQ), it
follows that Aj(w; — wy) € H,. Lemma 2.2 shows that A,(w; — ws) = 0, so that

w; —wy € Hy N Ey. Again by Lemma 2.2 we have wy = w,, so that Gyv; = G,v,.
Theorem 3.13 gives v = —A,Gv1 = —AGve = vs. O

Corollary 3.18. E? = E) + HY N E® if both (LD), and (CLD), are fulfilled.

Proof. Clearly Eé2) +HP NE® c E®. We show the converse. Let u € E@. By
Theorem 3.17 we take v € Eg and w € H((f) NE® such that u = G,v+w. Theorem
3.13 shows that A,G,v = —v € Ey, so that Gyv € E(()2). O

4. ConbITIONS (LD), AND (CLD),

We considered in [7] the following conditions:

(LD) There exists a constant ¢ > 0 such that ||Af||p < ¢||f|lp for all f € Ly(V);
(CLD) There exists a constant ¢ > 0 such that || f||p < ¢|[|Af||p for all f € Ly(V).
Note that (LD), and (CLD), in Section 3 are obtained by replacing D by E and
A by A, in (LD) and (CLD).

We recall
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Lemma 4.1 ([6, Lemma 3.2]). Assume (LD). Then there exists a constant ¢ > 0
such that ||Aullp < c||u||p for all u € D.

First of all, we note that ||Au||p < oo does not imply [|A,u||p < co. In fact, let
u=1onV and ¢ € LT(V)\ D. Then ||Auljp =0 and [|Ayu|lp = ||¢||p = oc.
Let us define t(z,y) and t(z) for x,y € V by

Ha,y) =Y |K(z,)K(y,e)lr(e) " ifz#y,

- t(z,x) =0,
ta) =Y [K(ze)lr(e) ™ = tz,y).
eckE yev

Then we have
Au(w) = —t(x)u(z) + > t(z, y)uly).

For convenience sake, we introduce the following conditions:

(¢B) ¢(z) is bounded on V;
(tB) t(z) is bounded on V.

Lemma 4.2. Assume both (¢B) and (tB). Then there exists a constant ¢ > 0 such
that [Jqullp < e(X,cv u(m)2)1/2 and ||qullp < c||ul|g for all u € E.

Proof. Let ~ satisty t(z) < v and g(x) < v for all x € V. Let u € E. For e € E,
let 1 and x5 € V be the initial node and the terminal node of e. Then

(V(qu)(e))® = r(e)~* (q(z2)ulwa) — q(z1)u(z1))*
< (€)™ x 2 (g(22)*u(22)® + gq(a1)*u(a1)?)
< 2r(e) ™ x vy (q(@n)u(@1)? + gla2)u(s)?)
= 2yr(e) 2 Y |K(w, e)|g(x)u(x)’.

xeV
We have
lqully, =D r(e)(Viqu)(e))® <2y r(e) ™ D K (x,e)lq(z)ulx)”
eckE eck zeV
=2y tx)g(x)u(z)’ < 29> qz)u()?,
zeV zeV
which implies lqull}y < 29° 3, o u(@)? and [|qulfy < 29 [ul}3. =

Proposition 4.3. (LD), implies both (¢B) and (¢B).

Proof. Condition (LD), shows that there exists ¢ > 0 such that ||Ad.|le < c||da|lE
for all @ € V, where 4, is the characteristic function of {a}. We shall show that
t(a) +q(a) <ec.
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Let {ej}d 1 C E be the arcs adjacent to a and let b; € V' be the other node of
.Forec &

Via(e) = —r(e) ™' Y K(z,€)da(x) = —r(e) ' K(a,e).

Since K (x,e)? = |K(x,€)| in general,

10l =D (€)™ K(a,e)* + ) alw)du(2)

eck zeV
=Y () '[K(a,e)| + qla) = t(a) + q(a).

On the other hand

Sa(x) = K(z,€)Via(e) — q(x)da(z)

eckE

:—ZKwe ) 'K (a,e) — q(x)d,(z)

= — Z K(x,e))r(e;) " K(a,e;) — q(x)d,(z).

i=1
Especially
Aq(sa(a’) = —t(CL) - Q<a>

Since K(z,e;)K(a,e;) = 0 unless x = a or x = b; and K(b;,e;)K(a,e;) = —1, it
follows that

V(A,0,)( )Y K (x,e)Ada(x)

zeV
d

ZK T, e (Z (z,e)r(e;) K (a,e;) +q(m)5a(x)>

=r(e)”! (K(a, e)t(a) — Z K (b, e)r(e;) ™ + K(a, e)q(a)).
If e = e, then, by K(bj,e;) = —K(a,e;),

V(A0,)(e;) = r(ej)_l <K(a, e;j)t(a) — K(b;, ej)r(ej)_l + K(a, q)q(a))
= r(e;) " K (a¢5) (ta) + rle;) " + ala)).
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Consequently

1268l = D 7(e))[V(AG) (€)) + a(a) (Agda(a))?

J=1

U

=3l (1) r(e) ! +a(@) + g(@)(~t(a) — g(a))

1

<.
Il

2

r(e) ™ (Ha) + a(@)) "+ ala)(t(a) + g(a))?

M=

1

= (ta) +q(@)) "

.
I

Combining these we have (t(a) + q(a)>3 < (t(a) + q(a)), ort(a)+qla) <c. 0O

Assuming ¢ = 0 in the proposition above, we have
Corollary 4.4. (LD) implies (tB).

Proposition 4.5. If both (LD) and (¢B) are fulfilled, then there exists a constant
¢ > 0 such that ||Agullp < c|lu||lg for all u € E.

Proof. Let u € E. Note that Corollary 4.4 implies (¢B). Lemmas 4.1 and 4.2 show
that there exist constants ¢; > 0 and ¢o > 0 such that ||Au|lp < ¢ ljul|p and
lqullp < c2||lul|g. We have

[Aqullp < [[Aullp + [lgullp < (e1 4 c2)lulle
as required. [l
Denote by S the set of u € L*(V') such that Ayu < 0.

Lemma 4.6. Assume both (¢B) and (tB). Then there exists a constant ¢ > 0 such
that |Aqu(z)| < cu(z) on V' for all u € S7.

Proof. Let w € S}. If we set A*u(x) = )]
A*u(x) — (t(z) + q(z))u(zx), it follows that

(t(z) + q(x))u(z) = Au(z) = 0,

yev U@, y)u(y), then, since Aju(z) =

so that
|Agu(z)] < [AMu(z)| + [(t(z) + q(z))u(@)] < 2(t(x) + q(2))u(z).

We may take ¢ = 2sup, ¢y (t(z) + ¢(2)). O

(
Theorem 4.7. If both (LD) and (¢B) are fulfilled, then there exists a constant
c > 0 such that

[Agullg < cllullg  for allu € EqN'S;.
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Proof. Let u € Eo N S}. Note that Corollary 4.4 implies (¢B). Proposition 4.5
and Lemma 4.6 show that there exist constants ¢; > 0 and ¢y > 0 such that
|Agullp < erlu|lg and |Ayu(z)| < cou(z) on V. We have

1Aulle = 1Aqulld + ) a(2)(Agu(@)* < Ellully + ¢ Y a(w)ulz)?

eV zeV
< (ci + &) llullg,
as required. O

Proposition 4.8. If both (¢B) and (tB) are fulfilled and if q is superharmonic on
V,ie, Ag<0 onV, then there exists a constant ¢ > 0 such that

Y al@)(Adgu(@)? < ey glw)ulz)?

zeV zeV

for allu e L(V).

Proof. Let ~ satisfy t(z) < v and ¢(z) < v for all x € V. We set A*u(z) =
> yev t@,y)u(y). Schwarz’s inequality implies that

(Au(@)? < (D tay)) (Dot v)u)?) = 1) 3 Ha,yu(y)’

yE yev yev
<Ytz y)uly)®.
yeVv

Since ¢ is superharmonic on V, i.e., A*q(x) < t(x)q(z) on V, it follows that

Y a@)( A u(@)? <) ale) Yt yuly)?

=7 u)?) tx,y)g(x)
=7 u(y)*Aq(y)
<Y u@’ty)ay) <77 aly)uly)®
yev yev
We have
(Agu())? = (A"u(@) = () + a(@))u())
< 2(A%u(2))? + 2(t(x) + q())*u(z)?
< 2(A™u(2))* + 8v*u(x)?,
so that
D @) (Agu(x)® <2 qla)(A%u(x)® + 8y g(w)u(z)?
zeV zeV zeV
<107 q(z)u(z)’
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This completes the proof. O
Theorem 4.9. If q is superharmonic on V', then (LD), follows from (LD) and
(4B).

Proof. Let f € Ly(V') and assume (LD) and (¢B). Proposition 4.5 shows that there
exists a constant ¢; > 0 such that ||A,f|lp < ¢ f|lg. Since (¢B) is fulfilled by
Corollary 4.4, there exists a constant co > 0 such that

D (@) (A f ()’ <Y ql@)f(2)* < ool flIE
xeV eV

by Proposition 4.8. Thus we have [|A,f[|% < (& + )| f||&, so that (LD), is
fulfilled. D

As a generalized version of Poincaré-Sobolev’s inequality, we introduced in [7]
the following condition (SPS): There exists a constant ¢ > 0 such that

(SPS) D f@? <cllfllp forall f € Lo(V).

eV
Lemma 4.10 ([7, Lemma 2.1]). Assume (SPS). Then there ezists a constant ¢ > 0
such that
Zu(az‘)z < clullf for allu € Dy.
zeV
Proposition 4.11. If both (SPS) and (¢B) are fulfilled, then there exists a constant
¢ > 0 such that ||ul|g < c||u||p for all u € Dy.

Proof. Let v be such that g(x) <~y for all z € V. By Lemma 4.10, there exists a
constant ¢; > 0 such that

lullg = llullh + > a(@)ul@)® < fullh +7 ) ul@)® < (L+ ) ullb,
eV eV
which shows the assertion. O

Corollary 4.12. Ey = Dy if both (SPS) and (¢B) are fulfilled.

Proof. Since Dy C E by Proposition 4.11, we have Eg = Do N E = Dy by Lemma
2.1. O

Lemma 4.13. Assume all of (SPS), (¢B), and (tB). Then there exists a constant
¢ > 0 such that ||qul|lp < c||ul|lp for all u € Dy.

Proof. Let u € Dy. Then u € Ey by Corollary 4.12. Lemmas 4.2 and 4.10 show
that [|qulp < e1(X,cp w(x)?)V? and 3, u(2)? < eo|ullf. Combining these, we
have [lqullp, < cicallullp. [
Lemma 4.14. {Au | u € Do} C Dy if all of (LD), (SPS), and (¢B) are fulfilled.
Proof. Let u € Dy. Then Au € Dy by [5, Lemma 6.1]. Let {f,}, be a sequence in
Lo(V) such that ||u — f,|]|p — 0 as n — oo. There exists a constant ¢; > 0 such

that ||qu — ¢fnllp < cillu — fu|lp by Lemma 4.13. Since ¢f,, € Lo(V'), we see that
qu € Dy. Therefore Aju = Au — qu € Dy, O
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Theorem 4.15. (LD), follows from all of (LD), (SPS), and (¢B).

Proof. Assume all of (LD), (SPS), and (¢B). Let v be a number such that ¢(z) <
for all z € V. Let f € Lo(V'). There exists a constant ¢; > 0 such that ||A,f||p
allflle by Proposition 4.5. Since Ayf € Lo(V), we have > (A, f(x))?
cal| Ay f|I3 by Lemma 4.10. We have

121l < Al + Y a@)(Agf (2))* < GG +reall A Il

zeV

< (1 +7ye)lf Il
which shows (LD),. O

Theorem 4.16. (SPS) implies (CLD),.

Proof. Let f € Ly(V). Since A, f € Lo(V), there exists a constant ¢; > 0 by (SPS)
such that

ININ 2

D (Af@)? <aldflp and Y f@)? < el

zeV zeV

Lemma 2.6 shows that

1/2 1/2
1713 = = S @) f) < (3 f@)?) (3 £@?)
zeV zeV zeV
< allAufllllf o < crll A, flsllf
or || £l1s < e1l| A flls. 0

Finally we give an example to show that (LD) does not imply (LD),.

Example 4.17. Let N = (V, E, K,r) be a linear network, where V- = {z,,}5°,
E ={e,}>2,, and r(e,) = 1 for each n > 1. Let K(z,,_1,€,) =1 and K(z,,e,) =
—1 for each n > 1, and let K(x,e) = 0 for any other pairs. We showed in [6,
Corollary 2.3] that A satisfies (LD).

To prove that (LD), is not satisfied, we choose g(x)) = k. Consider the function
fn defined by f,(zx) = 1if k < nand f,(z)) = 0 otherwise. Then V f,,(ex) = —0p 1,
where 9,, ;, is Kronecker’s delta. Therefore

o] n—1
1
k=1 k=0

On the other hand, A, f,(zx) = —k for kK < n — 2, so that
n—2 n—2
1
18full = D alw)(Agfulwn))® = YK = 1 (n—1)*(n—2)
k=0 k=0

Consequently
iy NBafnlle _
im

oo | fulle

which means that N does not satisfy (LD),.
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