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Abstract

The model to be dealt in this paper is

N’ = (a+ ch(t) — dh()N - bP)N,
P’ = (—c+dN)P.

Here,h is a nonnegative and locally integrable function. This model is a predator-prey system of Lotka-
\olterra type with variable coefficients and it has a single interior equilibriomd, a/b). Sufficient con-
ditions are given for the interior equilibrium to be uniformly globally asymptotically stable. One of them
is described by using a certain uniform divergence conditioh.o®ur result is proved by examining in
details the behaviour of all solutions of a planar system equivalent to this model.
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1. Introduction

The population of species in ecological models is one of the most important issues in biomathematics.
To understand the dynamics of species populations, mathematical models are often used. For example,
the classical Lotka-Volterra predator-prey system was first raised up to describe the population of sharks
and fish in the Adriatic Sea. Afterwards, this model was progressively improved so that it can be used
not only for ecology but also for analysis of physical phenomena and economical theory. In the process,
it was pointed out that this model is structurally unstable and there is a gap with natural phenomena. For
this reason, many researchers have paid various efforts to find more reasonable models that describe nature.
(for example, see [1, 2, 3, 4, 5, 8, 9, 10, 11] and the references cited therein). Among them, the idea that
the seasonal change should be emphasised has arisen. Because the environment, the habitat state and other
related factors can change over season, this idea that alternation of season is one of the basic factors that
can affect population ecology will be reasonable.

In this paper, taking into account that the prey is more susceptible to the seasonal change than the
predator, we deal with the time-varying system

N’ = ()N — B(t)N? — bNP,

) (B)
P'=-cP+dNP,
where’ = d/dt, the lettersN and P represent the density of prey and predator population, respectively.
Functionsa andg are the intrinsic growth rate of prey and the density limiting rate due to the intraspecific
competition, respectively. Parametérsc, andd are the predation rate of predator on prey, the death rate
of predator, and the rate at which predator increases by consuming prey, respectively. Since population can

not be negative, it is natural to consider modg) in the first quadran® « {(N,P):N>0andP > 0}.
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Through this paper. we assume that
a(t) =a+ch(t) and A(t) = dh(t), 1)

wherea is a positive constant, anidis a nonnegative and locally integrable function [@neo). Then,
model €) has a unique interior equilibriurfc/d, a/b). The purpose of this paper is to present sufficient
conditions on the coefficiert for the interior equilibrium to be uniformly globally asymptotically stable.
The definition of uniform global asymptotic stability is divided into three parts. The interior equilibrium
is uniformly globally asymptotically stablgit is uniformly stable and uniformly globally attractive, and if
the solutions are uniformly bounded. About these definitions, refer to the books [6, 7, 12].

We can find many research reports about the global asymptotic stability of the interior equilibrium of
ecological models, but the concept of uniform global asymptotic stability is largely different from that of
global asymptotic stability; that is, the interior equilibrium is stable and every solution tends to the interior
equilibrium as time increases. It is natural that the arrival time from the current point to a neighbourhood of
the interior equilibrium depends on the location of the current point. In time-varying models sugj as (
the arrival time depends on also the initial time. Hence, it is impossible to estimate the arrival time from
the current point to a neighbourhood of the interior equilibrium even if the location of the current point
becomes clear. Since each solution represents a change in the density of two species, the uncertainty of
the arrival time of the solution implies that the future density is unpredictable. In such a sense, even if it
is found that the interior equilibrium is globally asymptotically stable, it can be said that this fact is not so
useful for practical use.

In order for the interior equilibrium to be uniform global asymptotic stability, we have to confirm that all
solutions starting from the same position approach the interior equilibrium within the same time regardless
of their initial time. In other words, the initial time does not affect the asymptotic speed of solutions to the
interior equilibrium. Hence, when the interior equilibrium is uniformly globally asymptotically stable, if we
measure the arrival time at which one solution approaches near the interior equilibrium once, it is possible
to judge the arrival time to the interior equilibrium of every solution departing from the same location.

The study of uniform global asymptotic stability is considered to have a big advantage and merit as
described above, but detailed analysis is necessary accordingly. For this reason, there are few researches on
uniform global asymptotic stability of the interior equilibrium for ecological models.

Our main result is as follows.

Theorem 1. Assumd1l). Suppose that

t+d

Iitminf h(s)Jds> 0 for everyd > 0. (2)
—00 t

and there exists @ > ¢ such that

t+o fs eHOdr

fim e ds = oo uniformly with respect to- > 0. 3)

Then the interior equilibrium of E) is uniformly globally asymptotically stable

Remark 1. As a related research, we can cite a result presented by Zheng and Sugie [13].. In their paper, a
necessary and sufficient condition is given for global asymptotic stability of the interior equilibriu) of (
under the assumption (1) and a certain weaker condition than (2). This necessary and sufficient condition
is represented by condition (3) with= 1 ando = 0. However, unfortunately, this condition is not one for
uniform global asymptotic stability. Hence, Theorem 1 is a whole new result.

2. Transformation
Let x = —In(bP/a) andy = — In(dN/c). Then, model E) becomes the system
X =c(l1-¢eV),
x _ 4)
y =-a(l-¢€*)-cht)(1-¢e?)

under the assumption (1). System (4) has the zero sol@iony(t)) = (0,0). This transformation shifts
the interior equilibrium(c/d, a/b) of (E) to the origin(0, 0) of (4) and is a one-to-one correspondence from
2



the first quadran® to the whole real planR?. Hence, the interior equilibrium of) is uniformly globally
asymptotically stable if and only if the zero solution of (4) is uniformly globally asymptotically stable. This
means that Theorem 1 can be represented by the following result.

Proposition 2. Suppose thaf2) holds and there existsja> ¢ such that conditior§3) holds Then the zero
solution of(4) is uniformly globally asymptotically stable

Letty > 0 andxo = (X(to), y(to)) € R?. We denote the solution of (4) passing through a prérdt the
initial time to by X(t; to, Xg). Let|| - || be the Euclidean norm. We will prove Proposition 2 with the following
procedure.

(a) We first show that the zero solution of (4) is uniformly stable; namely, forsany0, there exists a
6(e) > 0 such thaty > 0 and||xol| < § imply |[x(t; to, Xo)|| < & for all t > t.

(b) We next show that the zero solution of (4) is uniformly globally attractive, namely, for any0
and anyn > 0, there is ar(r,n) > 0 such thaty > 0 and||xol| < r imply |IX(t; to, Xo)l| < n for all
t > to + T. To this end, we determing(r, ) for everyr > 0 andn > 0. Using thisT, we verify that
[IX(t*; to, Xo)I| < 6(n7) for somet* € [to, to + T]. This part is the core of the proof of Proposition 2.

(c) We finally show that the solutions of (4) are uniformly bounded, namely, for an@, there exists a
B(r) > 0 such thaty > 0 and||xo|| < r imply [X(t; to, Xo)|| < B for all t > to.

The important thing in the above procedure is to find andB which are independent of the initial tinig

3. Proof of Proposition 2

To prove Proposition 2. it is convenient to define the functidg) = z— 1 + €% and its derivative
0(2) = 1-e*forze R. Itis easy to check that

(D > g(e) for |z >a, (5)

19(2| < lg(-a)l for 12 < a, (6)

f(z) - f(z) < f(-2) - f(-z1) for z < 2, ()
0<f(@ < f(-a) for |7 <a, (8)

wherea is any positive number. Let
£\ def
w=f(2 = f(29sgnz

and f*l(w) be the inverse function oif(z). Then we see thalf*l(w) is strictly increasing fow € R and
f~1(0) =0, and A A
0<—f2(-w) < fiw) for w>0 (9)

holds. For the details, refer to [13]. Now, we are ready to prove Proposition 2.

Proof of Proposition 2. Part (a): Letm = min{a, c} andM = max{a, c}. For anye > 0 sufficiently small,

we choose
5(e) = \/Ef‘l(gf (%2))

From the definitions omandM, we see that

5< \/Ef‘l(f (72)) —e

Letty > 0 andxg € R? be given. We will show thaftxo|| < & implies||x(t; to, Xo)ll < & for t > to. For
convenience, we write(t; to, Xo) = (X(t), y(t)) and define

v(t) = af (x() + cf(y®) for t> to.

Then it is clear tha¥’ (t) = — ch(t)g?(y(t)) < 0for t > to. HenceM(t) is decreasing for > to.



Let w(x,y) = f(x) + f(y) on R?. To use the method of Lagrange multiplier, we tdke,y, 1) =
f(X) + f(y) + 2A(x® + y? - r?) as the Lagrange function, wherds any positive number. Then, we can
estimate that

2f(L\/_2)sw(x,y) g2f(—L\/_2)

on the circlg{(x, y): ¥* + y? = r?}. Hence, we have

(10)

2mf (—”X(t;s’éx‘))”) < mw(x(1). y(1)) < V(t) < Mw(x(t), y(t)) < 2M f (——”X(t; o XO)”).

V2

It follows from (10) and the property of the inverse functibrt that
[IX(t; to, Xo)I| < \/Ef‘l(%) < \/Ef‘l(%) < \/Ef‘l(%f (_”X_«/OE”)) <lxXll<d<e (11)
for t > to, namely, the zero solution of (4) is uniformly stable.
Part (b): By using condition (2) witd = 1, we can find an & > 0 and af > 0 such that
t+1 ~
t h(s)ds>¢ for t>t. (12)

For anyn > 0, we choose

r=onl 42l )l 2 )

Note thatu > 0. Using this numbegr, we define

2M f (-r /\/E)

ez |

T1(r,n) =T+

for anyr > 0, where[-] means the greatest integer which is not great than a real nifikerom condition
(3), we can find a(r,n) > 0 such that

tror [ @M dr f-(2Mf (-r/v2)/a) uf(-2Mf (-r/v2)[a)

f —he ds > max ~ , ~ (13)
e acg(f-1(mf (n/v2)/(am)))  acg(u)g(f-2(-m?f (n/V2)/@@aW)))

fort > , — 1. Without loss of generality, we assume that> 1. Let

fw) - f(u/2) .
ag(-f-1(2mf (-r/v2)/a)) o(-p)

Taking into account of the properties of the functidng and f-1 and the fact that > 0, we see that the
numberw is also positive. Let

w(r,n) =

0292(11 /2) t+w

o = liminf h(s)ds.

oo AM f (-r /V2)Jr

The numbep depends only om andn. From condition (2) it turns out that is positive. Hence, we can
find ars(r,n) > 0 such that

A 20Mf (-r/V2)
t (S)ds= c29? (u/2)

Using numbers, 7, andrs depending only om andz, we define

for t > 73. (14)

T(r,n) =713 +(

+ 1) (r1 + 12).



To prove that the zero solution of (4) is uniformly globally attractive, we have only to show that if
[IXoll < r, then there exists @ € [to, tg + T(r, )] such that

[IX(t"; to, Xo)ll < 6(7).- (15)

In fact, by lettingx(t*; to, Xo) to X*, the conclusion of part (a) and the inequality (15) lead fikét to, Xo)|| =
IX(t 5, x| <n  for t >t

Using the method of proof by contradiction, we will show that (15) holds. Supposéxttat, Xo)|| >
6(n) for t € [to, to + T]. Then it follows from (10) that

2m? () () [IX(E; to, Xo)ll _M) _L)
Mf(@)_sz(@)ssz( 5 )sv(t)gv(to)SZMf( 5 <2Mf( 5 @9

for t € [to,to + T]. After this, we will divide our argument into three steps and examine the behaviour of
y(t) which is the second component of the solutidt) to, Xo).

Stepl. If |y(t)| > u/2fort € [a, 8] C [to, o+ T], thenB—a < 11. In fact, suppose that there exists an interval
[a1,B1] C [to, to+T] with B1—a1 > 71 such thaty(t)| > u/2fort € [a1,81]. Sincev'(t) = — c?h(t)g?(y(t)) <0
for t > to, by (5) and (16) we have

2q? (g) ff h(t)dt < @ ff h()g(y()dt = — fa fl\/(t)dt = V(1) - V(B1) < 2M f (-sz) (17)

On the other hand, from (12) and the definitionrgfwe see that

2Mfr/V2)
22 (u/2)

1 1+7T1 (l1+f+i+1
fﬂ h(t)dt > f hdt = > f h(t)dt >
a1 al+f i=0 (11+f+i

This contradicts (17). Thus, the assertion at the beginning of this step is correct.

2Mf (-r/v2
i ) S Ll

5)-

Ste2. If |y(t)] < ufort € [@,B] C [to,to + T], thenB — a < 2. We will show this assertion. Since
p < —f3(-n?f (7/v2)/(cM)), by (8) and (16) we have

3 2n? n 2n? n me n\._ me n
af(x(0) = v() - cT(y(0) = o f (72) ~of(-w) 2 T f (72) - ($) =T (72)
for t € [a.f]. Hence, there are two possibilities(t) > f~(m?f (y/v2)/(aM)) for t € [a.4]; X(t) <

f3(—mPf (n/\/i)/(aM)) for t € [a,B]. We consider only the former, because the proof of the latter is
carried out in the same way as that of the former. Let
_l-e* e-1

ki = and k2=min{7—/, —}
H c u

Note that0 < k; < 1 < k. From the form of model (4), we see that if a solution curve intersects the positive
x-axis, then it passes through tkaxis only once vertically from top to bottom. Hence, only the following
three cases could happen: (i) there existsca(a, 8) such thaty(f) = 0, 0 < y(t) < u fort € [a, ) and

—u < y(t) < 0fort e (f,4]; (i) 0 < y(t) < ufort e [a,p]; (i) —u < y(t) <0fort € [a,8].

Case(i). Since(y(1)e™H0)' = (y'(t) + cksh(D)y())e*HO < (v (t) +ch(t)g(y(1)))e*:HO = — ag(x(t))e*:HO
< —ag(fYm?f (n/v2)/(aM))) e*<HO for t € [, ], we obtain

n |\ [eHds SaH(@)
))) e YD) g

0=y() < —ag(f‘l(aﬁMf (72

SinceH is monotonic increasing anda) < < ag(f~(m?f (n/v2)/(am))), we see that

R 2 n . eck1 H() eck1 H(a) . R me n eCk1 H(a)
1 -1
0< —ag(f (_aMf(_\/ﬁ))) (t-a) O +u T <-aft-a- l)g(f (_aM f (_\/E))) TR
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Hence, it turns out thdt— @ < 1. Similarly, we obtain

(TP [fefeH(9 s N
y(t) < —ag(f-l(a—Mf(%)))f‘eckz—Hm for t e [£A].

From (16) it follows thatx(f) < fAfl(ZMf(—r/\/ﬁ)/a). Suppose thgs — f > 7, — 1. Then we see that
x(E+12- 1) 2 (21 (7/v2)/(aM)) > 0. Hence, we obtain

- (-5 )) < X0 < xEr r-n-x0) = [ Txas [ e
t f

a |z
faro-1 . f+T2—lf~teCk2H(S)dS
-1 n j

Sinceck; < v, it follows that

frrp-1 fftec"zH(s)ds frro-1 ftjeyH(s)ds
ff‘ eCkeH (D) dt > ft erH(®) dt.

Hence, using (13) at = f andt = 7, — 1, we can lead that

~1(2M r ~ (0P (7 Fiami (-r/v2)[a) ~1(2M r
-t H—f-—||<—acg(f{—Ff[—= - =—fH—f|-—|],
a V2 aM \v2)/) acg (f-1(mef (n/v2)/(am))) a V2
which is a contradiction. Hence, it turns out tigat f < 7, — 1. We therefore conclude thgt— a =
f-a+B-t<1+1-1=1inthis case.

Case(ii). Repeating the same argument as Case (i), we segthat< 1 < 5.

Case(iii). Repeating the same argument as Case (i), we se@that< 7, — 1 < 7.
Step3. We divide the intervelty + 73,19 + T] as follows:[to + 73,t0 + T] = Jy U Jo U -+ - U Jj1/,)4+1, Where
J=[to+13+(=1)(r1+712),to+13+i(r1+72)] for L <i < [1/p] + 1. To examine the behaviour gft)| in
detail, we first subdividd; into two intervalqty + 73, to + 71 + 73] and[to + 71 + 73, to + 71 + T2 + 73]. Since
the widths of the two intervals arg andr,, respectively, it turns out that from the assertions of Step 1 and
Step 2 that there existtae [to + 73, to + 71+ 73] and at € [tg + 71 + 73, to + 71 + 2 + 73] Such thaty(t)| < u/2
andly(t)| > u. From the continuity ofy(t)|, we can find numberg andt, witht < t; < t, <t such that
Iy(to)l = u/2, ly(t2)l = p and

%‘ <) <u for te (ti,t). (18)

Note thaty(t;) andy(t;) have the same sign. From (16), we see that x(t) < f*l(ZMf(—r/\/E)/a)
fort € [to,to + T]. Hence, it follows from (6) thaig(y(t))| < |g(-w)| for t € (t1,t2) and |g(x(t))| <

'g(— f‘l(ZM f(—r/\/é)/a))' for t € [to, to + T]. Using these inequalities and (7), we obtain

73
fu) - F(u/2) = f(ly())) - fFly(t))) < f(y(t)) - F(y(t)) = [ F'(y(D)dt

ta

to 173
= ft (—ag(x(®)a(y(t)) - ch®g*((t))) dt<a | IgO)gy®)idt

~ 1(2M r
— 71 — —_—— — f—
< ag( f ( a f ( \/ﬁ))) a(—u) (t2 — ta),
namely,w < t; — t;. Hence, together with (5), (14) and (18), we get

ty o u t+w r
Vt) ~V(t) = | V(dt= - ft Cht)g(y()dt < — czgz(z) - h(dt< - 20Mf (-72).

Recall thatv'(t) = — ch(t)g?(y(t)) < Ofor t > to. Then it is clear that

V(tl)—V(to+T3) <0 and V(t0+T1+T2+T3)—V(t2) <0.
6



Combining these estimation @f we obtain

\/(t)dt = V(to +T1+ T2+ T3) - V(tz) + V(tz) - V(tl) + V(tl) - V(to + T3) < - Zpr (—L\/_z) .
Repeating the same process, we can concludeth_Ivé(t)dt < - 20Mf (—r/\/i) fori=2,3,---,[1/v] + 1.

Hence, the loss of the total energin each interval); is at leasRoM f (—r/\/i), and therefore,

N

[1/p]+1

Vto+T) =V(to+73) + ) fJ V(t)dt < V(t0+73)—2p(
i=1 Y

% +1)Mf (-1/V2) < W(to +73) - 2Mf (-1/V2).

However, it follows from (16) tha® < v(tp + T) < V(tp + 73) — 2Mf (—r/\/i) < 0. This is a contradiction.
Thus, the inequality (15) holds.

Part (c): For any > O, let

B(r) = x/éf“-l(%f (_Lx/'z))

Note thatf is strictly decreasing o, 0) and fLin strictly increasing ofiR. From (11) it follows that if
[Xoll < r, then

oo < V{201 (L) < (M () s

fort > tg. Hence, the zero solution of (4) is uniformly bounded.

In conclusion, the solutions of (4) are uniformly globally asymptotically stable. O
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