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Abstract

A discrete model describing the increase and decrease of blood cells is considered in this
paper. This hematopoiesis model is a discretization of a delay differential equation with
unimodal production function whose coefficients and delay are periodic discrete functions
with w-period. This paper is concerned with the existence of positiperiodic solutions.

Our results are proved by using the well-known continuation theorem of coincidence de-
gree theory. The existence range of the positivperiodic solutions is also clarified. A
concrete example and its simulation are also given to illustrate our result. Finally, we
examine how positive numbers and coefficients making up our model influence the upper
and lower limits of blood cell counts.
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1. Introduction

As is well known, blood cells are responsible for supplying oxygen and nutrients to
the cells in our body and for discharging carbon dioxide outside the body. In addition,
blood cells have immune action to protect the body from pathogenic bacteria and foreign
bodies. Thus, blood cells are extremely important in vivo tissues.

Immature young cells that will become blood cells in the future are produced one after
another in the bone marrow. This immature cell is called (multipotential) hematopoietic
stem cell. In the bone marrow, hematopoietic stem cells follow a process that changes
into mature cells that can play the original role of blood. Hence, in the bone marrow,
hematopoietic stem cell, blood cells at various stages that it is proliferating and differenti-
ating, and a variety of blood cells that have just been completed are coexisted. Hematopoi-
etic stem cells differentiate into myeloid progenitor cells and lymphoid progenitor cells
as an intermediate stage in order to become various blood cells in the future. Each of
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the differentiated progenitor cells will further differentiate and eventually become mature
blood cells. Blood cells that have been differentiated in the bone marrow are transported
through the peripheral vessels to tissues in vivo.

It is necessary for a certain amount of time for hematopoietic stem cells to repeat
differentiation and become mature blood cells in bone marrow; namely, time lag occurs.
Also, each blood cell has an inherent life span, and aged blood cells are eaten and pro-
cessed by macrophages in the spleen, etc. For the basic knowledge of the hematopoietic
process, for example, see the book [1, Chap. 18].

Mackey and Glass [2] proposed mathematical models to describe hematopoietic pro-
cess by using the first-order differential equations with time delay. They divided their
models into two types according to the characteristics of the production function. Since
regulatory mechanisms in hematopoiesis have not yet been elucidated, they assumed that
the production function is monotonically decreasing or unimodal due to simplification.
Their hematopoiesis model with monotone production function is

X (t) = —ax(t) + (1.2)

1+x(t—71)
with n> 0. On the other hand, their hematopoiesis model with unimodal production
function is

bx(t—17)

1+X'(t—1)
with n > 1. Here, the variable is the density of mature blood cells in the blood circu-
lation; the constard is the rate of blood cells lost by the circulation; the second term of
the right-hand side of (1.1) or (1.2) is the influx of blood cells into the circulation from
hematopoietic stem cells; the constars positive; the number is the time delay that
immature cells made in the bone marrow are released into the circulating blood stream as
mature cells. In equations (1.1) and (1.2), the production fundtjasmdefined by

X (t) = —ax(t) + 1.2)

1
fn(U) = run foru>0 (13)

and

u
fa(u) = Ty for u>0, (1.4)

respectively. The former production function is monotonically decreasing and tends to
zero asu — oo. The latter increases monotonically at the beginning and then decreases
monotonically. Hence, it has only one peak.

It is unnatural to think that the environment remains constant. As is well known, pe-
riodic seasonal changes have a major impact on the weather, temperature, food supply
and sexual activity of organisms. Studies have been made from old times that the pop-
ulation density of organisms and the constituents inherent in organisms also change due
to changes in various environments surrounding living organisms and behaviors of or-
ganisms. For example, Nicholson [3] gave a detailed report focusing on the relationship
between periodic change in climate and the population densities of animals.
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Regarding blood cells which are important components inherent in organisms, Satu
et al. [4] mentioned that the hematological profile of Carthusian broodmares is affected
by changes in temperature, the degree of physical activity, the composition of the grass
that horses eat, and the amount of water intake, which are subjected to seasonal changes.
From experimental data, they demonstrated that (i) red blood cell counts of Carthusian
broodmares from May to August reached higher values; (ii) platelet counts in July and
August were significantly higher than in other months; (iii) white blood cell counts were
highest in the coldest month from February to May, and there was a significant difference
from other months. Also, Maest al. [5] measured hematological variables of normal
humans such as number of red blood cells and platelets in detail, and pointed out that
they undergo seasonal fluctuations. As another clinical evidence suggesting the periodic
changes of blood cell counts, we can cite studies of white blood cell count and platelet
count in patients with chronic myelogenous leukemia. By using time series data of white
blood cell counts and platelet counts of patients with chronic myelogenous leukemia,
which were published in many publications, Fortin and Mackey [6] found evidence that
these two values change periodically with period ranging from 37 to 83 days (see also [7]).
Hence, in clinical experiments, there are many evidences showing that periodic behavior
of blood cell counts can actually be detected.

External factors of periodic environmental changes due to seasonal variations cannot
be considered for autonomous differential equations with constant coefficients and con-
stant time delays such as models (1.1) and (1.2). From the above-mentioned experimental
points of view, it is reasonable and realistic to assume that coefficients and time lags in the
hematopoiesis model are represented by periodic functions with the same period. Periodic
environmental changes can be taken into account by making a modified hematopoiesis
model described with a non-autonomous delay differential equation.

A large number of attempts have been made on the asymptotic behavior of solutions
of the hematopoiesis models (1.1), (1.2) and their modifications. We divide hematopoiesis
models into two types depending on the property of the production function. A hemato-
poiesis model with the monotonicaltiecreasingroduction function (1.3) and a hemato-
poiesis model with thenimodalproduction function (1.4) are calldd-typeandU-type
respectively. We canreferto[8, 9, 10,11, 12, 13, 14, 15, 16, 17]and [9, 10, 11, 13, 18, 19,
20, 21, 22] for the study of hematopoiesis models of D-type and of U-type, respectively.
The main themes of those studies are as follows:

(i) existence and uniqueness of positive periodic solutions;

(i) oscillation and nonoscillation of solutions around a positive equilibrium or a posi-
tive periodic solution;

(i) global asymptotic stability of a positive equilibrium;
(iv) convergence to a periodic solution of all positive solutions.

Let us introduce each one of typical results on the hematopoiesis D-type model and the
hematopoiesis U-type model.



Wang and Li [15] considered the hematopoiesis D-type model

b(t)

X (t) = - a(t) X(t) + m

(1.5)

with n > 0, wherea, b: [0,00) — (0,00) and: [0,00) — [0,00) are continuous and-
periodic functions withw > 0; namely,

at) =a(t+w), bt)=blt+w) and 7(t) = 7(t+w) (1.6)

fort > 0. They presented a sufficient condition for the existence and uniqueness of positive
w-periodic solutions by applying the fixed point theorem in normal cones (see Guo [23]).
Their result is as follows:

Theorem A. Assume thatl.6)holds If n> 1 and

d
exp fo a(t) t f 0t < /
exp fo a(t)dt

then equatior{1.5) has a unique positive-periodic solution

On the other hand, as a result of hematopoiesis U-type models, we can cite a work
of Wu et al. [22]. They considered the hematopoiesis model which is a generalization of

1.2),
-2 , b(t) x(t —7(t))
X (t) = = a.(t) X(t) + m

with n> 1 under the assumption (1.6), and obtained the following sufficient condition for
the existence of positive-periodic solutions by using the continuation theorem given by
Gaines and Mawhin [24].

(1.7)

Theorem B. Assume thafl.6)holds If n>1and
a(t) <b(t) for te[0,w],
then equatior{1.7) has at least one positiwe-periodic solution

Wu et al. [22] proved that Theorem B is true everDik n < 1. However, this section
is limited to the case that > 1, because the production functidm/(1 + u") does not
become unimodal i@ < n < 1. The case thad < n < 1 will be discussed in Appendix of
this paper.

Although blood cells in a human or a horse are discrete entities, since its number
IS enormous, it is reasonable to treat it like a continuum and express the hematopoiesis
model with a differential equation with time delay. However, red blood cells, white blood
cells, etc. play a role one by one, and they are represented by the number contained
in one microliter of blood. They are never a continuum. In that sense, to examine the
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increase and decrease in the number of blood cells, it can be said that a discrete model
IS more suitable than a continuous model such as equation (1.5) or (1.7). Based on this
thought, many researchers have studied discrete models of hematopoiesis concerning the
same theme as a continuous model such as (i)—(iv) above. For example, refer to [25, 26,
27, 28, 29, 30, 31, 32] and the references cited therein. In those studies, there seems to
be many analogies between the results of continuous model and discrete model. We will
explain with one example.
Yao [31] discretized (1.5) and considered the following hematopoiesis D-type model

b(k)
1+ x(k—7(K))

with n > 0, whereAx(k) = x(k+ 1) — x(k), anda: Z — (0,1), b: Z — (0,) and7: Z — Z*
o N U {0} arew-periodic discrete functions witta € N; namely,

AX(K) = —a(K)x(K) + (1.8)

ak) = a(k+w), bK) =bk+w) and 7(k) = 7(k+w) (1.9)

for all k e Z. We can state a result of Yao [31] as follows (note that this is not the original
form):

Theorem C. Assume thatl.9)holds If O<n<1or

n>1 and 1(1_ (k))Zb()_w/

then equatior{1.8) has a unique positive-periodic solution

Theorem C is proved by applying the same fixed point theorem used to prove Theo-
rem A. Because of use of the fixed point theorem, we can obtain the uniqueness theorem
for positivew-periodic solutions. Unfortunately, however, the location of the only solution
cannot be estimated in Theorems A and C.

It is clear that assumption (1.9) corresponds to assumption (1.6) and

exp( 5 a(t)at) _ 1
exp(fya(t)dt) -1 1-exp(- fowa(t)dt)'

Since fowa(t)dt is approximated t¢’y’ ; a(k), we see that

w

exp(— fo a(t)dt) ~ exp[—kZ:;a(k)) =g W@ ~ [ (1-a(k)).

k=1

Similarly, fowb(t)dt is approximated t@-,’ ; b(k). Hence, it is safe to say that there is an
analogy between Theorems A and C.



By using the same discretization from (1.5) to (1.8), we can obtain the hematopoiesis
U-type model
b(k)x(k—7(k))
1+ x"(k—7(K))
which corresponds to (1.7). Blood cells are transported to the whole body while drifting
in the plasma. They are divided into three types: erythrocyte (red blood cell), leukocyte
(white blood cell) and thrombocyte (platelet). Among them, leukocytes are mainly com-
posed of neutrophils, basophils, eosinophils, lymphocytes, and monocytes. In clinical
studies, it has confirmed that neutrophils mature in bone marrow in about 2 weeks and
are released into the bloodstream after 2 days (see [33]). Also, basophils differentiate and
mature in the bone marrow during 7 days (see [34, 35]). These clinical results suggest that
at least two types of leukocytes take different time to enter the bloodstream. It is therefore
meaningful to consider a hematopoietic model with multiple production functions that are
dominated by different time delays.

For the reason above, we discuss the discrete model of hematopoiesis,

AX(K) = —a(K)x(K) + (1.10)

bi (k) x(k = 7i(K))
1+ x(k—Ti(k))’

AX(K) = —a(K)x(K) + Z (1.11)
i=1

which is a realistic modification of (1.10). Hema,is a natural numben is a real number
greater than 1la: Z — (0,1), bj: Z — (0,) andrj: Z —» Z*(1 < i < m) are w-periodic
discrete functions. Sincg (1 < i < m) arew-periodic, there exists the maximum valie
of the sequences(K)}, {T2(K)}, ..., {tm(K)}; namely,

T = max { max Ti(k)} eZ".
1<ism\1<k<w

Letod(-=7), o(-7+1),...,6(0) be arbitrary(r + 1) given constants. Sindg< a(k) < 1 for
keZ, if o(-7), o(-7+1),...,4(0) are positive, then equation (1.11) has a unique positive
solution satisfying the initial condition

x(K) = ¢(K)> 0 for ke[-7,0]NZ. (1.12)

Since equation (1.11) is a biological model, it is natural to assumes{Rat- O for k €
[-7,0]NZ.

The purpose of this paper is to give a sufficient condition for the existence of positive
w-periodic solutions of (1.11). To state our results simply, we denote the maximum value
of bi(1), bi(2), ..., bi(w) by

bi = max bi(k) for 1<i<m
1<k<w
Theorem 1. Suppose thad, b and7; (1 <i < m) are positivew-periodic. If there exists
ay > 1such that
m
ya(K) < Z bi(k) for k=1,2,...,w, (1.13)

i=1



then equatiorf1.11)with n> 1 has at least one positive-periodic solution located in the
region[A, B], where

a-1ym L m
A< min ”y—l,y‘—z'zf'n and B:}Zbi,
a+(z by) a=

in whicha = miny«k<,, a(k).

Note that if .
ak) < > bi(k) for k=12,....0,
i=1
then condition (1.13) is inevitably satisfied. In fact, let

_1+£ﬂl{ a(k) }
v 2

Then, by the periodicities af andb; (1 <i <m), we have

e bi(k)} - 0y bi(k)

for k=1.2.....0:
a(k) aly | KRS w

2y-1=mi
=2y 12?(!1){
namely, condition (1.13).

In the special case that= 1, Jianget al. [27] already showed that the condition

a(k) <b(k) for k=12...,w

Is a sufficient condition for the existence of positiveperiodic solutions of (1.10) under

the assumption (1.9). Unfortunately, however, the region of existence was not clarified.
We will prove Theorem 1 by using the the continuation theorem of Gaines and Mawhin
[24]. The advantage of using the continuation theorem is that the existence range of the
positivew-periodic solutions of (1.11) can be evaluated.

Remark 1. In Theorem 1, we assume that the coefficiemty; and the time delays;
(i=122...,m have the same period. However, this assumption is for the sake of
convenience and is not essential. In the case that these periods are different, Theorem 1
holds for their least common multiple € N. If any coefficient or time delay is a constant

(that is, if there is no period), then we may regard its period as 1.

Remark 2. Under the assumptions of Theorem 1, even if there are two or more positive
w-periodic solutions, they exist in the same rafgeB].



2. Priori bounds for parametric delay difference equation

Consider the parametric delay difference equation

AX(K) = — 2a(k)x(K) + 2 Y 2‘5'())(;‘?;::23; (2.1)
i=1 !

for each parametet € (0,1). First of all, we give the following result which is essential
to prove Theorem 1.

Proposition 2. Suppose thad, bj andr; (1 <i < m) are positivew-periodic. If condition
(1.13)holds then every positive-periodic solutionx of (2.1)with n > 1 satisfies that

A<x(k)<B for k=1,2,...,w,
whereA and B are constants given in Theorelm

PROOF Letxbe any positivev-periodic solution of (2.1) with the initial condition (1.12).
For convenience, let
X=max x(k) and x= min x(k).
1<k<w 1<k<w
Sinceb; (1 <i < m) andx are positivaw-periodic, we see thdl < bj(k) < b; for all ke Z
andx < x(k) < xfor all ke Z*. Equation (2.1) can be rewritten to

X(k+1) = (1= aa(k)x() + 1 ) ?ik))(ﬁgt:: E:g; . (2.2)
i=1 !

Hence, it follows from the periodicities @ b; andr; (1 <i < m) that

X = max {x(k+1)}
1<k<w

< max {(1-Aa(k)x(K)} + 4 max {; T%EE: : EB; }

{ ™ by (K)X(k— 7 (k))}

< maxi(1=Aa(o) max (X} + A M\ 2 1 ek ()

1<k<w

o bi()x(k=i(K)
< (1=1ax+4 T@i{; 1+ x”(k—ri(k))}’

wherea is a constant given in Theorem 1. Hence, we have

e émax {Z by (K)X(k ~ r.(k))} 2.3)

1+ x"(k—7i(K))



Since0< A< 1and0< a(k) < 1forall ke Z, we see that — 2a(k) > O for k € Z. Multiply
both sides of (2.2) bﬂ'r‘zo 1/(1- 2a(r)) to obtain

Kool = M Rxk-7i(K) 1y 1
X+ 1) D) —am W ];[ 1-a(r) ﬂ; 1+ x(k—7i(K)) [([ a9

Let k; be a natural number such that

T<ki<T+w-1 and x(ki)=x

Summing both sides of (2.4) ov&rranging fromk; to k; +w —1 and usingx(k; + w) =
X(k1) = x, we get

|(1—1 1 k1+w—1 1 k1+u)—1 m bi(S)X(S—Ti (S)) S 1
5[[ 1—/1a(r){ rzl—k[1 1- Aa(r) _1] =4 S_Zkl (.Z‘ 1+ X(s—7i(3)) Q 1—/la(r)}

Sincea s a positivew-periodic function, we see that

k1+a) 1

ﬂ (1-Aa(r)) = ]_[(1 2a(n)). (2.5)

r=k
Hence, we have

/lnklm L(1- aa(r)) Mot

AT [T (- 2a() _Z [

S—kl

bi(s)x(s—i(9)) 1
Z 1+ x"(s—1i(9)) lr:(l) 1—/la(r)]

/lHk1+w 1(1—/la(r)) Ki+w=1/ m bi(S)X(S—Ti(S)) S 1
S 1- I'[r:0 (1-1a(r)) ;kl (Z 1+ x"(s—7i(9)) Q 1—/la(r))

i=1

_ A kl*fl[ M by(9x(s—i(9) ) 26

TR ) 2 (AT ), )

r=s+1

Note that we have not used the condition that 1 so far. Using (2.3) and (2.6), we
will estimate the upper bouriand the lower bound. Sincen > 1, we see that

u<u"<1+4+u" for u>0.

Hence, it follows from (2.3) that

X < 51@&{2 b.(k)} gm;a =B

Recall that the functiori,, defined byf,(u) = u/(1+u") for u > 0 is a unimodal function.
Sincex < x(k) < xfor all ke Z*, it turns out that

X(s—7i(s)) _ _
1+ Xn(ST T|(S)) 2 mln{fn(l()’ fn(X)} for S>T.
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Note thatk; > 7. Then, by using (1.13), (2.5) and (2.6), we obtain

ﬂmin{an(), fn(y()} ki+w-1( m ky+w—1
1- [T (1 - a(r)) ;k ;bi(s) [ (1—ﬂa(f>)]

x>

r=s+1

Ami n{ fn@, fn(Y)} ki+w-1 ki+w—1
TIneda-an) & vals) rgl (1-4a(r))

~ ymin{an(), fn()—()} ki+w-1 Ky+w—1
S 1-Mdd-aarn) & Aa(s) rgl (1-1a(r))

ymin{fn@, fn()—()} ki+w-1 ki+w-1 )

T 1% -am) & (1-(1-2a(9)) rl;ll (1-Aa(r))

ymin{an(), fn()—()} ki+w-1 (ki+w-1 ky+w—1 ]

_1_H;“;01(1—Aa(r)) 2 rgl (1-aa(r)) - g (1-2a(r))

ymi n{ fn(X), fn(y()} ky+w-1 kg +w-1 ]

- a0) r=11(0(1—%1«))— 1:[ (1-Aa(r))

Since]‘[k1+‘“'1(1—/la(r)) can be regarded as 1, we can conclude that

I’=|(]_+w
x> ymin{fa(x), fa(%)}. 2.7)

Here, we divide the argument into two cases to be considerefi(X)< fn(X); (i) fn(X) >
g]él)s()é(i): It follows from (2.7) thatx > y f,(X); namely,

x> fy-1.
Case(ii): The function f, has the only peak value &f Vn—1, and f, is monotone in-
creasing or[O, 1/ \”/nTl) and monotone decreasing @11 Vn-1, oo). Hence, we see that
X>1/Vn-1. Infact, if X< 1/ Yn—1, thenf,(X) < fa(X) < fo(1/ Vn—1). This is a contra-
diction. Sincex > 1/ Vn—1, it follows from (2.7) that
yaiym b
a+ (Z{Zﬁi)w

x>y a(X) >y fn(B) =

Thus, in both cases, we can estimate that
a-iym L
y_ Z|=£ |n > A_
a"+ (3, bi)
Thus, every positive)-periodic solutionx of (2.1) satisfies
A<x<xk)<x<B

X > min{”y—l,

for all ke Z*. The proof is now complete. O
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3. Preparation for proving

In the next section, we will prove Theorem 1 by using the continuation theorem. To
introduce the continuation theorem, we give some definitions.

Let X be a Banach space ahdDomL c X — X a linear mapping. The mappingis
said to be d&redholm mapping of index zeib

() dimKerL = codimImL < +oo,

(b) ImL is closed inX.

If Lis a Fredholm mapping of index zero aRdQ: X — X are continuous projectors such
that

ImP = KerL,
KerQ=ImL=1Im(l - Q),

wherel is the identity mapping fronX to X, then the restrictiobp: DomLNKerP — ImL
is invertible. We denote the inverse of the restrictionkp. ImL — DomLNKerP. Let
N: X — X be a continuous mapping agan open bounded subsetXf The mappingN
is said to be_-compacton Q if

(@) ON(Q) is bounded,
(b) Kp(l —Q)N: Q — X is compact.

Now we are ready to state the continuation theorem (for example, see [24, 36, 37]).

Lemma 3. Let L be a Fredholm mapping of index zero and Mtbe L-compact onQ.
Suppose that

(i) for each parameten € (0,1), every solutiorx of Lx = ANX satisfiesx ¢ 9Q;

(i) QNx=# 0 for eachxe 0QNKerL and
deg{QN, QnKerL, 0} # 0.
Then the equatiohx = Nx has at least one solution staying¥n Q.

We will apply the above continuation theorem to prove Theorem 1. To this end, we
define a Banach spaeeby

X ={xeC(Z", R): x(k+ w) = x(K)}.

It is clear thatX is endowed with the maximum norfx|| = 1mkax Ix(K)]. Also, we define
<K=w
two mappingd. andN by

Lx = x(k+ 1) — x(k)

11



and
bi (K)x(k — 7i(K))
1+ x(k-Ti(K)

Nx = —a(K)x(K) + Z
i=1

If xe X, then
LX(K+ w) = X(k+ w + 1) — x(k+ w) = x(k+ 1) — x(k) = Lx(k)
for all ke Z*. This means thatx € X. Let x;, x> € X andcy, ¢ € R. Then
L(C1X1 + CoX2) = (C1X1 + CaX2)(K+ 1) — (C1X1 + CoX2)(K)

= c1(xa(k+ 1) = xa(K)) + ca(xa(k + 1) — x2(K))
= C1LX1(K) + coL x2(K).

Hence,L is a linear mapping fronX to X. Sincea, bj andj (1 <i < m) are positive
w-periodic, ifx € X, then

bi(K+ w)X(K+ w —7i(K+ w))
1+ X' (Kk+ w—Ti(K+ w))

bi (K)X(k + w — 77(K))
1+ XK+ w—Ti(K))

~ & bi(K)x(k—7i(K)
= —ak)x(K) + ; S Nx(K)

for all ke Z*. HenceN is a continuous mapping froxi to X.

NX(k+w) = —a(k+ w)x(K+w) + )
i=1

= —a(k)x(K) + Z
i=1

4. Proof of Theorem 1

From the definition ot it turns out that

KerL ={xe X: x(k) =ceR}

ImL:{xe X: Zw:x(k)zo}.

and

k=1

In fact, if Lx(k) = 0 for all k € Z*, thenx(k+ 1) = x(k). Letx e X. Then
LXK = X(w+1) - x(1) =O.
k=1

It is clear thatdimKerL = 1 = codimImL < +c andImL is closed inX. Hence,L is a
Fredholm mapping of index zero.
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DefineP: X —» X by

1 w
x= 1 2K,
and letQ = P. ThenP andQ are continuous prOJectors. For arg X,
1 1 ¢
Px(k+ 1) - Px(k) = = Z x(k+1)—= Z x(K)
“ia “ia

w+l w
_ %Z x(k)—%z X(K) = %(x(w+1)—x(1)) _0
k=1

forallke Z". HencelmP = KerL. Itis clear thaix e KerQ c Xif and only if 337, x(K) =
0; namely,x e ImL. For anyx € ImL,

Y = XK~ > x(K) = xK)

k=1

forallke Z*. Hencex =y e Im(l — Q). Conversely, for any € Im(l — Q), there exists an
x € X such that

x(K)

Me

Y =X~ -

T
'_\

for all ke Z*. Hence, we have

Zy(k) > [x(k) -2 > x(k)] =W - O
k=1 k=1 k=1 k=1 k=1
= Z X(K) = > x(K) =
k=1 k=1

This means thag € ImL. Thus, we see thater Q = ImL = Im(l — Q).
From the relations have shown in the immediately preceding paragraph, the restriction
Lp: DomLNKerP — ImL has the invers&p: ImL — DomLNKerP. The inverseKp is

given by
KpX = Z X(s) - = Z Z X(r)
for xe ImL. In fact, since R
Kpx(k+w) - Kpx(K) = kilx(s) -= Z Z X(r) - Z X(9)+= Z Z X(r)
S e
_ ;‘: X(S) = ;)x(s) -
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for all k e 2™, it follows thatx € ImL implies Kpx € DomL. It also turns out that

PKpX = Z Kpx(K) = = i [Z X(9) - = Z Z x(r)]

k 1 s-Or 0
w k-1 w k-1 w k-1
[ZZx(s)——ZZx(r)] (ZZx(s) ZZx(r)]:
k=1 s=0 s=0r=0 k=1 s=0 k=1r=0

Hencex e ImL impliesKpx € Ker P. For anyx € ImL, we have

LpKpXx = KPX(k-I- 1)- KpX(k)

_ZX(S)__ZZX(r) Zx(s)+ ZZX(V)

s=0r=0 s=0r=0
_x(k)_lx.

In addition, for anyx e DomL N Ker P, we have

KpLpXx = Kp(X(k+ 1) - X(k))

- Z (X(s+1)-x(8) - = Z Z (X(r +1) = (1))
s:Or 0

= X(K) - x(0)~ = ;) (X(s+2)=x(0)) = x(k) - = Z X(9).

s=1

Sincex € KerP=KerQ=ImL, we see thal'¢ ; x(s) = 0. Hence KpLpx = x(K) = Ix. We
therefore conclude thatp = L5t
We next show the mappiny defined above i&-compact o2, where

Q={xeX: A< x(Kk) < B}.
To this end, we will check that
(a) QN(Q) is bounded,
(b) Kp(l —Q)N: Q — X is compact.

By a straightforward calculation, we obtain

e I by (K)x(k — 7 (K))
QM= 2 7| -0+ 3. T o)

and

14



k-1

Kp(l - Q)Nx = Z[—a(S)X(S) +Z bi(S)X(S—Ti(S))]

pord ~ 1+ X(s-7i(9))
Kk w+l) ™ bi(9)x(s—7i(9))
_(Z_ 2w );(‘a(S)X(S”; 1+x”(s—ri(s))]

> bi (r)x(r —7i(r))
¥ [_ arxr) + Z T+ X(r - Ti(r))]

for x e X. Since

w bi (K)x(k — 7i (K)) '
Z [— a(k)x(k) + Z 14 X;((k p (k))] Z (Z bi (k)] w; bi

k=1 k=1 \i

for x € Q, the mappingdN is bounded oM. Hence, the above sentence (a) is true.

To show that the sentence (b) is also true, from the definition of the compactness
of mappings, we have only to prove thidb(l — Q)N(E) is relatively compact for any
bounded subsdi c Q c X. As a matter of fact, we can even show that it is compact.

SinceE is a subspace of a finite dimensional Banach spaeee see thakE is closed.
Hence,E is compact. Note that a metric space is compact if and only if it is sequentially
compact. Hence: is sequentially compact; namely, every infinite sequen&egontains
a convergent subsequenfog}jcan whose limitx, belongs toE. Lety, = Kp(l — Q)NX,.
Sincelimj_. Xj = X € E, it turns out that

k-1 m (S—T:
I|m Kp(l Q)NX;j = I|m Z a(S)x,(s) m ZZ bi(s)xj(s—i(s))

1+ x?(s— 7i(9)

K w+l
(w )Imz a(s)x,(s))

w+1 bi(9)xj(s—7i(9))
_(w 20 ) J'L”;ZZ 1+xTJ(s 7(9)

- J|Lr2 ;);) —a(r)xj(r))
S G b0 = 7i(r))
_EJ'LWZZZ 1+ x'f‘](r—ri(r))

s=0r=0 i=1

k=1 m

bi(9) limj_ . Xj(s—Ti(9))
:Z( a(s)llm XJ(S)) ZZ 1+|imjj—>ooX?J(S—Ti(S))

k 1 .
-5 s

s=1

15



K w+l\o bi () limj_ e Xj(S—T7i(9))
(__;)ZZ joooo X]

w 1+1imjoe x?(s 7i(9)

19 1s
_ZZZ( a(r)llmxj(r))
s=0r=0
1995 S & bi(n) 1m0 X (r = 7i(r))
‘“;‘)Z‘Z L+1limje XN = 7i(1))

= Kp(I = Q)N |m nxj = Kp(I = Q)NX, = ..

Hence Ky(l — Q)N(E) is compact.

Next, we check that the assumption (i) of Lemma 3 is satisfied. From the definitions
of L and N, we see that anw-periodic solution of (2.1) corresponds one-to-one to a
solution ofLx = ANx with A € (0,1). Proposition 2 shows that every positive solution of
Lx = ANX stays in the open bounded seb&etLety be an element afQ2. Suppose that
y is a solution ofLx = ANx. Of coursey € X. Then, we can find & € {1,2,...,w} SO
thaty(k*) = mini<k<., Y(K). There are three cases to be consideregi(kif) > A, theny is
a positive solution oL.x = ANXx. Hence, we see th# <y(k) < Bfork=12,...,w. It
turns out from the fact that there exists a neighborhood whose all elements belong
to Q. This contradicts the fact thgte Q. If 0 < y(k*) < A, theny is a positive solution
of Lx = ANx. However, this contradicts the conclusion of Proposition 2y(kf) < O,
then there exists a neighborhoodyoivhose all elements do not belong@ This also
contradicts the fact thate 0Q. Hence, ify € 0Q, theny is never any solution dfx = ANX.
This means that the assumption (i) holds.

Finally, we check that the assumption (ii) of Lemma 3 is also satisfiea.cl6Q N
KerL, thenx(k) = A or x(k) = B for all ke Z*. Let x; and X, be sequences satisfying
x1(K) = A andxz(k) = B, respectively. Then, by (1.13) we have

AR OX!

w

QNxg = %Z

k=1

~Aa(k) + 7 AnZ bi(K) | >

SinceA < 4y —1, we see thaQNx; > 0. Recall that
_ 13
b = max bi(k) and B= éZ‘ bi.
Then we obtain

QNxp = li[ Ba(k) +

wia

B w B m _
n Ban.(k)]<—akZ;a(k)+ & ;bi
B

—ak 1a(k)+IZ;b. <-aB+aB=0.
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We therefore conclude th@Nx # 0 for eachx € 9QNKer L. To seek the degreteg{QN,
QnKerL, 0}, we define a continuous mappibty QN KerLx[0,1] — X by

+B
2

A
Fﬂxu):—yOX— )+U:10QNX
It is clear thatH connects two continuous mappin@¥, —1 + (A+B)/2: QnKerL — X.
Recall that the elements 6£2 N Ker L are only two sequencesg andxy satisfyingx (k) =
A andxz(K) = B, respectively. We have

+B A-B

2

fori=1,2andu €[0,1]. SinceA < B andQNx; < 0 < QNx;, we see thatH(xo,u) <

0 < H(x1,u). Hence,H(x,u) # O for all (x,u) € 0Q N KerL x[0,1], and thereforeH is a
homotopic mapping. Since the mappir@N and—1 + (A+ B)/2 are homotopy equivalent,
it turns out that

HOk) = =1 - A J+ (@=)QNX = (-1 ( =5 + (2 - H)QNX

A+B

deg{QN,QmKerL,O}:deg{—l+ ,QnKerL,O}:lio.

Hence, the assumption (ii) holds.

Since all assumptions of Lemma 3 are satisfied, the equatoa Nx has at least
one solution lying inXN Q. In other words, equation (1.11) has at least one positive
w-periodic solution located in the regi¢A, B]. The proof is now complete. ]

5. How to apply Theorem 1

We first give a concrete example to illustrate Theorem 1.

Example 1. Consider the equation

by (k) x(k—71(K)) | ba(K)x(k - 72(K))

Ax(K) = — a(k)x(K 1
XK = —al)X0+ T ) T 1t e k—ra(K) (1)
where
12 if k=0
5/6 if k=1,
K) = 5.2
=114 it k=2 (5-2)
1/5 if k=3
3/2 if k=0, 1 if k=0,
12 if k=1, 7/6 if k=1,
by(K) = by(k) = 53
=1, if k=2, 2(K) 5/8 if k=2, (5:3)
1/4 if k=3, 3/4 if k=3,
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8 if k=0, 5 if k=0,
oy |6 if k=1 oy |8 if k=1
K)=6 Zcos(—k): * (k) =5 33in(—k): (5.4
k) =6+2008(ZK) =1, g oo TAREDIEISNGKI=N S, G4
6 if k=3, 2 if k=3,

anda(k) = a(k+4), bij(k) = bj(k+4), 7i(K) = 7i(k+ 4) for ke Z andi = 1,2. Then equation
(5.1) has at least one positideperiodic solution.

Itis clear thatw = 4, anda, b; andr; (i = 1,2) arew-periodic discrete functions satis-
fying 0 < a(k) < 1, bj(k) > O andri(k) > 0 for ke Z andi = 1,2. Let

. [by(K) + ba(K)
1+1I‘SnkI£l4{ a(k) } 3 1

7= 2 ~2
Then it is easy to check that condition (1.13) is satisfied. Hence, from Theorem 1 it turns
out that equation (5.1) has at least one posdigeriodic solution under the assumptions
(5.2)—(5.4).
The advantage of Theorem 1 is that we can evaluate the existence range of the positive
w-periodic solutions of (1.11). In this example, simoe-n=2, y = 3/2,

. - - 7
glg&d@—ﬂa M—ﬂgyMb—ZamiM—EEyM@—g

we can calculate as follows:

Nk - 6 §”+(Zir2 bn) 511
Hence, Theorem 1 shows that positd#periodic solutions locate in the region
45 95
[A.B] = [5—11 3] :

In fact, we can find a positivéd-periodic solution by using hand calculations. As
mentioned in Section 1, to seek a concrete solution of (5.1), we need to choose a set of
initial points¢(-7), (-7 + 1), ...,¢(0), where

T= max{ max Ti(k)} =8

1<i<2 \1<k<4
Let .
12 if k=-8, 2 1Mhk=-4,
1/2 if k=-7 2 1Mk=-3
ol)=1"" o __o and oR)=11 if k=-2 (5.5)
ko 2 if k=-1,
21 ’ 2 if k=0,
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wherex can be any positive real number. Then we have

b1(0)x(0—71(0)) N b2(0)x(0 - 72(0))
142(0-71(0) * 1+32(0—12(0))
[, 1 § X(-8) X(-5)
- (l 2)X2+ 2 Trve(-8) T 15 ~ 2
b1 (1)x(1-71(1)) N b2(1)x(1-72(1))
192(1-11(D)  1+22(1-12(D)
B 5 1 X(=5) 7 X(=7)
B (1_ 6)X2+ 2 Tes T8 Tely) &
o D1(2)X(2-71(2)) = b2(2)x(2—-72(2))
X3 = A=@MA T e @) T ToeE—A2)
X(—2) N 5 o X(=3)
1+x2(-2) 87 1+x3(-3)
b1 (3)X(3-71(3)) N b2(3)X(3 - 72(3))
1923B-1103) | 1+2(3-0))
B 1 1 X(-3) 3 X(1)
B (1_§)X2+Zx 1+ x2(=3) 271 x2(1)
_ b1 (4)x(4—-711(4)) | ba(4)x(4—712(4))
XO) = =X e —n@) T TreE—rad)
_ (1_ }) 3 X(—4) X(-1)

x(1) = (1-a(0))x(0) +

X(2) = (1-a(1)x(1) +

1
=(1--]x1+2
( 4)>< +2X

x(4) = (1-a(3))x(3) +

X2+ =X +1x =2,
2 2 1+x2(-4) 1+x3(-1)

b1(B)X(5-71(5)) b2A(5)X(5-712(5))
1+x2(5-711(5) 1+x3(5-12(5)
(1.2 10 x(=1) 7 x=3 _
= (1 6)X2+ 25 Tx(-1) "6 1+ x2(=3)
o b1(6)X(6—71(6)) b2(6)X(6—72(6))
X(1) = (= aOXO)+ T a6 6 T 1+ 26— 12(6)
X(2) N 5 o X1
1+x2(2) 8 1+x2(1)
b1(7)X(7—71(7))  ba(7)X(7—72(7))
1+ x2(7T-11(7))  1+x3(7T—12(7))
(1)l XD 3 xE)
B (1 5)><2+4>< 1+2(1) 4" 1+ ©

x(6) = (1-a(5))x(5) +

1
=(1--]x1+2
( 4)>< +2x

X(8) = (1-a(?n)x(7) +

and so on (see Figure 1). Certainly, the solutkaa positive andi-periodic satisfying
45 95
A—E<1§X(k)éz<€—8
for all ke Z*. Note that the initial points(k) (-8 < k < 0) have no periodicity.
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-8 -6 —-4-2 2 4 6 8 10 12k

Figure 1: A graph of the solution of (5.1) with (5.2)—(5.4) satisfying the initial condition (5.5)

In Example 1, for the given positive numbersn, the coefficients, b; and the time
delaysri (i =1,2,...,m), we estimated the existence rarjgeB] of the positive periodic
solutions of (1.11). Conversely, for the given vall@ndB, we can choose the positive
numbersm, n, the coefficients, b; and the time delays; so that the positive periodic
solutions of (1.11) exist in the ran@d, B]. We will explain this situation below.

Itis reported that the number of red blood cells per microliter is different depending on
sex and race, even for healthy humans. The lower and upper limits of the measured value
are slightly different depending on health agencies. For example, according to the guide-
lines for clinical examination (JSLM2012) by Japanese Society of Laboratory Medicine,
the standard value of red blood cells44 x 106 to 5.3x 106 per 1u¢ for adult males,
3.8x 10° to 4.8 x 108 per 1u¢ for adult females. LeA be the lower limit and leB be
the upper limit. In the case of Japanese people, evAraiid B are regarded a36 x 10°
and6.0x 10° per 1u¢ respectively, there would be no big difference from the reality. Of
course, it is also possible to change the valesdB.

It is known that red blood cells start as immature cells in the bone marrow and after
about 7 days of maturation they are released into the bloodstream (see [38, Sect. 1]). For
this reason, we assume that time lag is 7 days; namgk),= 7 fori = 1,2,...,mand
k=12,...,w. To simplify hand calculations, we set= 2 andw = 7.

Example 2. Let A= 3.6x 108 andB = 6.0x 10°. If

0.60 if k=0,
066 if k=1,
0.60 if k=2,
ak)=40.72 if k=3, (5.6)
0.66 if k=4,
0.60 if k=5,
0.66 if k=6,
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0.8x 108 if k=0, 2.2x10% if k=0,
0.5x10°% if k=1, 2.8x10° if k=1,
0.6x10°% if k=2, 24%x10° if k=2,
b1(K) ={0.8x10° if k=3, bo(K) ={2.8x10% if k=3, (5.7)
0.7x10°% if k=4, 2.6x10° if k=4,
0.2x 108 if k=5, 2.8x10% if k=5,
0.6x10°% if k=86, 2.7%x10° if k=86,

anda(k) = a(k+7), by(k) = by(k+7), bao(k) = bo(k+7) for k € Z. Then the equation

br(x(k=7)  ba(k)x(k—7)
1+ x02(k=7) " 1+ xE02(k—7)

has at least one positivieperiodic solutionx satisfying

AX(K) = —a(k)x(K) + (5.8)

A<xKk) <B for keZ".

In the case that > 1, the production functiori, given by

fn(u) =

o0 for u>0

has the maximum value
(n—1n-1\*""
—
atu* = V1/(n-1). Asnapproaches 1, the maximum valfggu*) increases and converges

to 1, and the valug® diverges tao. Hence, we can find > 1 so thatf,(B) > A/B, because
A/B< 1. In the case thah = 3.6 x 106 andB = 6.0x 106, we can choose as1.02. In fact,

6.0x 108 A
f102(6.0x 10%) = =0.7318---> 06 = —.
o2( )= I 6o 10012 B
Next, we choose & satisfying
A
> max , AN+ 1}.
’ { G

Sincen =1.02, A = 3.6x 10°% andB = 6.0x 10°, we see thaf/ f,(B) = 4,918,872--- and
A" +1 = 4,868,875---. Hence, we can chooseas4.95 x 10°.

It is clear thata, by andb, are 7-periodic discrete functions satisfyirih< a(k) < 1,
by (k) > 0 andb,(k) > O for k e Z. Sincea = 0.60, by = 0.8x 108 andb, = 2.8x 105, it turns
out that

1 1, —
_ 6 _ 6 6\ _
B=6.0x10°= ~(0.8x10°+2.8x10 )_5(b1+b2).

From (5.6) and (5.7), we see that condition (1.13) holdsyfer4.95, m=2 andw = 7.
Hence, Theorem 1 ensures that equation (5.8) has at least one pogi@viedic solution
located in the regiopA, B] under the assumptions (5.6) and (5.7).
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6. Conclusions

Needless to say, red blood cells that carry nutrients and oxygen to whole body cells
and carry out carbon dioxide and waste products, leucocytes that are responsible for im-
munity related to biological defense, and platelets that work to stop bleeding are extremely
important in vivo tissues. It is well known that abnormality in the number of such blood
cells causes disease and leads to death. However, it is not enough only to know that the
number of blood cells in a healthy organism is within the normal range. It is necessary
to know how the number of blood cells repeats increase and decrease within the normal
range. Hence, it is important not only in mathematics but also in medicine to analyze
periodic dynamic behavior of the number of blood cells.

In general, mathematical hematopoiesis models consists of an extinction part and a
production part concerning blood cells. Mackey and Glass [2] incorporated a time delay
into the production part and proposed two kind of hematopoiesis models according to the
property of the production functions. For convenience, we decided to call these two kind
of hematopoiesis models given by Mackey and Glass as D-type and U-type, respectively,

In this paper, we focused on a hematopoietic model considering periodic seasonal
changes. As Saéet al. [4], Maeset al. [5] and Fortin and Mackey [6] point out, periodic
seasonal changes greatly affect the hematopoietic process of horses and humans. It is
also well known that in clinical studies, a certain time (time delay) is required for the
process in which hematopoietic stem cells change to mature cells and are released into
the bloodstream (for example, see [33, 34, 35]). According to their clinical studies, time
lags are different depending on the type of blood cell. Since the regulatory mechanism of
the hematopoietic process is thus complicated, it seems difficult to elucidate the dynamics
of blood cells using a single production function. Moreover, it can be said that discrete
models are more suitable than continuous models to investigate the increase and decrease
of the number of blood cells, which are separate entities even if the number is enormous.

Based on these facts and ideas, in order to analyze the dynamics of the hematopoi-
etic process more properly and accurately, the hematopoietic model discussed in this pa-
per was described by a first-order nonlinear difference equation with multiple production
functions having coefficients and time delays being periodic discrete functions. We clar-
ified periodic behavior of the number of mature blood cells by using the continuation
theorem of coincidence degree theory. Our main conclusions can be summarized as fol-
lows:

(i) We obtained a straightforward sufficient condition which guarantees the existence
of positive periodic solutions. It is easy to check whether this sufficient condition
holds or not. In order to confirm that this sufficient condition holds, we have only
to show that the ratio of a variable coefficient of the extinction part to the sum of
variable coefficients of the production part is less than 1.

(i) A significant advantage of the continuation theorem of coincidence degree theory
that we utilized in this paper is that it is able to determine the region where periodic
solutions located in. For that reason, we were also able to present the existence
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region of positive periodic solutions. As a result, appropriate variable coefficients
of our model can be determined from clinical data.

(i) From the obtained result, we found that the lower lirAiand the upper limiB of
blood cell counts change depending on the selection of the positive numpeys
v and the variable coefficients b; (i = 1,2,...,m). To be exact, the upper limit
B becomes larger if any of the following holds: (a) the minimum value()
(k=1,2,...,w) becomes smaller becomes smaller; (b) the maximum valbglgf
(i=1,2,...,mandk=1,2,...,w) becomes larger; (c) the numbatbecomes larger.
The lower limit A becomes smaller if any of the following holds: (d) the numper
becomes smaller; (e) the numlyeapproaches 2.

It may be necessary to explain only (e) of (iii). As already mentioned, the production
function f, has the maximum value

(w)””,

nn

Since

—1)(x=1)/x — 1)(x=1)/x
o OB

:dx X

the functiong has the minimum vable 1/2 at= 2.

Although the standard value of white blood cell counts of human vary depending on
age and gender and there is a slight discrepancy depending on each clinical laboratory, it
can be considered that both adult male and female are in the range of 3000 t&y4000
Outside this range, there is a suspected case of blood disease. For example, in leukemia,
which is a cancer of white blood cells, it is not uncommon for white blood cell counts
to become from several times to ten times than the standard value. Leukemia is divided
into many types. In any leukemia, suddenly or after a certain stage of progression, the im-
mature hematopoietic stem cells stop maturing on the way of differentiation and growth,
leukemia cells having no function continue to increase rapidly. For this reason,the mech-
anism for making normal white blood cells is impaired, and in many cases, the number
of red blood cells and platelets also decrease. Conversely, the reduction of white blood
cell counts have been reported in systemic lupus erythematosus (SLE) and mixed connec-
tive tissue disease (MCTD) which are types of collagen disease, agdegjs syndrome
(SjS).

The above clinical facts can be explained by changing the positive numbers and
the coefficients, b; (i = 1,2,...,m) of our hematopoiesis model (1.11), that is, the fact
that genes in blood cells are scratched by some cause in the middle of the hematopoietic
process and it becomes impossible to adjust normal differentiation and maturation can be
interpreted that the positive numbemnsn, y and the variable coefficients b; have been
changed.

d
&g(x)
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Appendix

When0 < n < 1, the production functiobu/(1+ u") is monotonically increasing. This
means that as blood cells increase, the rate of increase of blood cells also increases. Since
it fails to apply the brakes to increase of blood cells, it seems not suitable as a mathematical
model describing the hematopoietic process. Hence, in our main result, we have only dealt
with the case thab > 1, in which equation (1.11) has unimodal production functions.
However, from pure mathematical side, it is worth considering the case that< 1.

Theorem 4. Suppose thaa, b; and 7j (1 <i < m) are positivew-periodic. If condition
(1.13) holds then equation(1.11) with 0 < n < 1 has at least one positive-periodic
solution located in the regiofC, D], where

n wzinzllbi* _

a

1,

C=+y-1 and D=

in whichy anda are constants given in Theorehandb; = (Zﬁ’zl b; (k)) Jwforl<i<m

By using Lemma 3, we can show that Theorem 4 holds in the same way as the proof
of Theorem 1. To apply Lemma 3 to the proof of Theorem 4, it is only necessary to show
the following proposition (leave the details to the reader).

Proposition 5. Suppose thad, bj and; (1 <i < m) are positivew-periodic If condition
(1.13)holds then every positive-periodic solutionx of (2.1) with 0 < n < 1 satisfies

C<x<D,
whereC and D are constants given in Theorem

PROOF As in the proof of Proposition 2, we can show that the inequalities (2.3) and (2.6)
hold. Sinced < n < 1, the functionf,, defined byf,(u) = u/(1+ u") is increasing fou > 0.
Hence, it follows from (2.3) that




Arranging this inequality, we obtain

w¥YM b
X < ,”/%—lzD.

From (1.13) and (2.6) it turns out that

k1+w—1 k1+a) 1
x=——~ 3 Zb.(s)fn<x<s a9 ] a- Aa(r»]
1- [T (1-1a(r)) sk r=s+l
r=0
fn k1+u)—1 k1+u) 1
S ¥y Zb.(s) [] @- Aa(r)))
1- [T (1-2a(r)) sk r=s+l
r=0

fn k1+a)—1 k1+a)—l
- ® D (ﬁa(s) [ (1—/1a(r)))
1- [1(1-A1a(r)) sk r=st+l
r=0

w-1
> w_ylf”(l() [1 |- /la(r))] — 5 fn(X).

1-T1(2-aar)* =0
r=0

Hence, we can estimate that
X>4Jy-1=C.

We therefore conclude that
C<x<xk)<x<D

for all ke Z*. This completes the proof of Proposition 5. O
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