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A NOTE ON SOME WEAKLY MODULAR 
SEMIMODULATED LATTICES 

by 

Shigeru FUJIWARA* 

hatroduction 

D. Sachs [4] has introduced the notion of a modulated lattice which has 

enough modular elements and given a characterization of partition lattices. In 

the previous paper [1], we showed that in some non-atomic modulated lattices, 

modular elements play a role instead of points 

In the present paper2 we introduce the notion of a semimodulated lattice 

(Definition (3. 7)) and agive a characterlzation of some semimodulated Wilcox 

lattice (Theorem (3. 10)). And moreover we show that some modulated lattice 

L an. d ~Dt which is the set of all modular elements in L have analogous 

properties (Theorem (4. 7) ). By the above considerations, it seems that in 

some non-modular semimodulated lattice L, ~Jt plays a role in the same way 

as a Wilcox lattice L A -S does in A and that we obtain a generalization 

of modulated lattices. 

S 1. Preliminary statenuents. 

In this section, we give some known definitions and lemmas which will be 

used without explicit mention throughout of this paper. 

DEFlNITION (1. 1). In a lattice L, (a, b)M means (cVa)/¥b = c V(a/¥b) 

for every c<b and (a, b)M* means (c/¥a) V b - c /¥(aVb) for every c>b. 

A Iattice L is called an M-symmetric lattice when (a, b) M implies (b, a) M. And 

a lattice L is called a weakly modular lattice when a A b ~ O implies (a, b) M. 

Sometimes an M-symmetric lattice is called a semi-modular lattice. (Cf. [2], 

[4] .) 

DEFlNITION (1. 2). Let L be a lattice with O. When a covers b, we write 

a > b. An elerD.ent p E L is called an atoZ't or a point when p > o. An 
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2 . ON SOME SEMIMODULATED LATTICES 
element a is called a modulal~ element when (x, a) M for every x E L. The 

elements O, I and every points, if they exist, are modular elements. The set 

of all modular elements of L is denoted by ~Dt. 

LEMMA (1. 3]. Let a, b alid c be elements of a lattice L. If (a, Z7) M and 

(a A b, c) M, then (a, b A c) M. 

PROOF. Cf. [3] p. 2. , 
LEMMA (1. 4). . Let a alid b be /7rodulal- elements of a lal,t.ice L, then a A b is 

a modular element of L. 

PROOF. Cf. [4] p. 326. 

LEMMA (1. 5). Let a be an elelnent of a lattice L. Then (a, x) M for eve7~v 

x E L if and only if (a, x)1~f;,< for every x E L. 

PROOF. Cf. [3] p. l. 

When a < b in a lattice L, then the interval {x E L ; a <x<b} is denoted 

by L [a, b]. 

LEMMA (1. 6). If L is an M-syfnlnetric lattice, a E ~J~ and b E L, then the 

sublattices L [a A b, a] and L [b, a /¥ b] are ison'zorphic by the following mutually 

inverse Inappings : x~>x V b and y ~y A a. 

PROOF. Cf. L3] p. 2. 

DEFlNITION (1. 7). A Iattice L is called a 7-elatively complemented lattice 

when a < x < b implies the existence y such that x V y ~ b, x. /¥ y ~ a. Let 

L be a lattice with O, then L is called a left complemented lattice when a, 

b E L implies the existence of bl such that a V bl ~ a V b, bl /¥ a ~ O,, bl <,b 

and (bl' a)M. (Cf. [6] p. 453.) 

LEMMA (1. 8). A Ieft complemented lattice is a 1~elatively co'lnplemented M-

symmetric lattice. 

P~OOF. Cf. [6] p. 454 and [3] p. 12. 

bEFINITION (1. 9). Let {a~ , o* E D} be an increasingly directed set of a 

complet~ .lattice L. When V (a6 ; o* E D) a implies V (a6 /¥ b ; 0+ E D) '- ~~ l¥ 

b. L' is called' ~n' z:tpp.ef continuov4s lattice. ~ _ 
' LEMMA (1. 10). . Let {ma ; ~ E D} be an increasingly dil'ected set of Inodula7' 

elemeltts of an ~zif-syrm7~etl~ic uppe/~ continuous lattice L, then V (17~~ , o* F D) - 1l~ 

is a 17rodular elelnent. 

PROOF. Cf. L4] p. 332. 
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S 2. Modular elelnents of some weakly modular lattices. 

DEFINITION. (2. l). Let L be a lattice with partially ordered by a relation 

a < b and having the operations a V b, a /¥ b. Let ,~f~ be the set of all modular 

elements of L. If ~t is a lattice with partially ordered a < b, then it is a 

lattice with operations a U b, a n b such that a U b>aVb, a n b - a V q' 

And the du~l of ~~ is denoted by ~J~. 

LEMMA (2. 2). Let L be a lattice and ~ be the set of all Inodular elements 

of L. If ~: is a lattice and a, b E ~~~ implies (a, b)JI41*' in ~:. 

PROOF. Suppose a, b E ~Ut and a V b E ~Jt, then a U b aV b. Let c>b 

and c h'~.__ ~Jt, then c n (a U b) = c /¥ (a V b) (c A a) V b < (c n a) U b. The 

reverse inequality is obvious, aTld so c n (a U b) (c n a) U b. Hence (a, b)M* 

in ~7:. 

DEFlNITION (2. 3). Let L be a lattice with O. L is called semicomplemented 

when for any element a E L (with a ~ I if I exists) there exists a non-zero 

element b E L such that a /¥ b O. (Cf. [3] p. 20.) 

LEMMA (2. 4). Let L be a weakly Inodulal~ se/7~icomplemented M-symmetric 

lattice. Then a E ~: and a ~ I il7rply L [O, a] (1 ~Jt. 

PROOF. Let a E ~Jt and a ~ l. Since L is semicomplemented, there exis~ts 

a non-zero element b E L such that a /¥ b - O. Since L is M-symmetric, the 

intervals L [O, a] and L [b, a V b] are isomorphic by (1. 6). Since b ~ O and L 

is weakly modular, L[b, a V b] is a modular lattice and hence L [O, a] is a 

modular lattice. Let al EL[O, a] and x E L, then (x, a)M and (x A' a, ~l)M in 

L. By (1. 3) (x, a /¥ al)M and hence (x, 'al)M. , 

REMARK (2. 5). By (2. 4) in a weakly modular semic,omplemented M-symmetric 

lattice, modular elements are modular in the sense of [2]. 

THEOREM (2. 6). . Let L be' a semicol7rplemented M-sylmnetl~ic lattice. If L 

is a ~)eakly Inodulal- col7rplete lattice, then "JJ*C is a weakly 171.0dular complete 

l attice. 

PROOF. We shall first show that if a. E ~: for every oc E 1, then the meet 

a ~ A (a. , c~ E I) m L belongs to "~Jt This rs evident when I is empty or when 

a. I L0r every C~ E I. When a. ~ I for some C~ E I, it follows from (2. 4) 

that a ~ A (a. ; c~ EI) belongs to ~Jt. Hence a is the meet n (a. ; c~ E I) in 

~Jt and hence ~t is complete and so is "~~~t. Next we shall show that ~Jt is 

weakly modular. Let a, b E ~Jt and a n b ~ O in ~^~t. If a V b ~E ~t, then by 

(2. 4) a V b -~- x < I implies x ~E ~~.,Dt. Hence a U b I in ~Jt and h~nce a n 
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b O in ~f~. This contradicts a n b ~ O. Hence by a V b E ~t and (2 2) 

(a, b)M* in ~Jt and hence (a, b)M in ~Jt. 

S 3. Weakly nuodular semimodulated lattices. 

DEFlNITION (3. 1¥ Let L be a lattice and ~t be the set of all modular 

elements of L. We introduce the following four conditions on L. 

(c~) If a E ~Jt, b E L ~t and a < b, then there exists a non-zero c E ~Ut 

such that b A c a and a < c < b. 

(~) If a, b E ~~J+C, c E: L ~Jt and a < c < b, then there exists d E ~: such 

that c A c/ a and a < d < b. 

(T) If a, b E "~J~, c E L-~Jt and a < c < b, then there exists c' E ~Jt such 

that c V d - b and c /¥ d a. 

(~) In a lattice L with 1, if a E ~Jt, b E L-~_Tt and a < b, then there exists 

c E ~Jt such that b V c I and h A c a. 

EXAMPLE. Let A be a relatively complem*-nted modular lattice with O 

and the operations V. A, of length ~~ 3 which contains a point p. We define 

L A {p} . 

If L is partially ordered in the natural manner, then L is a weakly modular 

M-symmetric lattice with operations U , n which satisfies the L0110wing 

conditions : 

aU b a V b, 

anb a/¥b if a/¥b ~ p, 

anb - O if a/¥b p. 

And for a, b E L 

(a, b) M in L if and only if a I or a ~> p. 

It is easy to show that 

(1) L satisfies (c~) and if L has no unit l, then (~) and (T) are trivial propo-

sitions, and 

(2) If L has unit l, then it satisfies (~). (Cf. [4] p. 327.) 

LEMMA (3. 2). (i) In any lattice, (T) :> (~). (ii) In any lattice with 1, (~) :> (oc) 

and (T) <~ (~). 

PROOF. (i) It is evident. (ii) Let L be a lattice with 1. Since I E ~Jt, 
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1β）⇒＞（α）and（γ）二＞（δ）are　e▽ident．（δ）⇒（γ工　Letαフみ∈Σ肌，o∈L一卿a．nd．α＜

o＜み．By（δ）thereex1sts　o1∈㎜such　thato〈o1＝αandoV61＝1．Let

∂＝・1〈6フthen6∈肌by（1乞4）and・〈∂＝・〈（・1〈ろ）＝（・〈〆）〈ろ＝

α〈み＝αフoV♂・・oV（o1〈み）＝（6V61）〈ろ＝1〈み＝氏

　LEMMA（3．3）。ム勿ムみθαZα肋66ωカん（β）”〃αフろ∈肌、丁加〃α＜み加㎜

ゲ伽♂0〃Zツゲα＜6加L

’PR00F．　Letα，み∈肌、　Assum．eα＜みm肌and．there　ex1sts”∈工＿肌

such　thatα＜”＜汰　By（β）there　ex1・ts”1⊂卿とsuch　th・tα＜〆くみwhi・h

contrad－1cts　the　hypothesis．　Con▽erse1y1fα＜ろin　エフthenα＜61n則亡by

肌⊂ム。

　THE0REM（3．41．工功ムろ8αZα肋6θ舳硯（β）伽3肌みθαZα肋oθフ硯θπ（αフみ）一M＊

加肌ゲ伽601吻ゲαVみ∈肌、
　PR00F．SupPoseα，ろE肌and（α，6）〃＊in肌。IfαV6隼卿1フthenみ＜α

Vみ＜α∪6・nL　By（β），ther・ex・sts・∈肌suchthat（αVろ）〈・＝5フ6＜

o＜αUみ。Then6∩α＝6〈α＝6〈（（ろVα）〈α）＝（6〈（みVα））〈α＝6〈α，

whence（6∩α）∪み＝（みくα）Vみ＝み＜o＝o∩（αU6）。Therefore（α，み）〃＊

（M＊being　the　negation　of　the　re1ation　M＊）。　This　contradicts（α。6）〃＊in肌、

Sufficiency　fo11ows　from。（2．2）．

　C0R0LLARY（3．5）。　1アムz3αZα肋oθ　ωz砺（β）α1z∂Σ肌ωα　Zα肋6θ，肋θπ　庇θ

グ・肋ω加9クブ0ク03肋0〃3ん0Z4．

　（i）肌づ3α〃〃一5ツ肌脇か三0Zα肋肱

　（ii）卿と加ωθα尾伽　〃z0♂〃Zαブえブα〃♂0〃伽　くブαフ6∈肌　and　α／＼6隼肌カπクみα∩

　　み＝O加肌．

　THE0RE1〉［（3．6）。　L功ムみ6αωω是1ツ〃zo励Zαブ3θ〃加oo〃ψZθ〃κ〃加♂〃一3ツク〃〃θ勿づo

Z励〃6θ．　びL　ゐ　”Z　〃妙6r　601Zガ〃〃0㈱　Z励ガ0θ，　肋θ〃　（α），　（β），（γ）　α〃∂（δ）α陀

6αz加αzθ〃，

　PR00F．Letα∈卿㌧ろ∈五一㎜andα＜反　Def1ne8＝｛o∈肌，α＜6and。

みくo＝α｝。By（α）8キφ。Letxbe乱chamof島then　o1＝V（”；”∈X）1s

modu1ar　by（1．10）andα＜二61．　s1nceム1s　upPer　cont1nuous　ana　the　set｛”／＼

み，”∈x｝1sanmcreas1ng1yd1rectedset．V（”〈み，”∈x）＝o1〈瓦Therefore

o1〈6二αsmce”〈み二αfor　e▽ery”∈X　and．hence　o1∈＆　Accord－mg　to

zomヲs1em．mathereex1stsa＝maxma1e1emento。∈＆If6．Vみキ1フtheno。＜

o．Vみ＜1．By（2，4）みV6。∈五一肌andby（α）thereex1sts6。∈肌suchthat

（みV6。）〈6。＝o．and6。＜o。。Thenみく6。＝ろく（ろV6。）〈6、＝ろく6。二α

and－hence61∈8wh1ch　contrad1cts　the　def1n1t1on　of　oo．Therefore　we　ha▽e

みVo。＝1and　hence（α）⇒（δ）．Consequent1y　by（3．2）and（α）⇒（δ）フ1n　a
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weakly modular semicomplemented M-symmetric lattice, all four conditions (a), 

(~), (T) and (o*) are equivalent, if it is an upper continuous lattice. 

D,EFlNITION (3. 7). ~, Let L be an M-symmetric lattice with I and ~t. L is 

called a semim.odulated lattice when , it satisfies (~). (Cf. [l] p. 112.) 

THEOREM Let A be a complemented modular lattice having the lattice operations 

a V b, a A b. Let S be a f'ixed subset of A - {O, 1} with the ' foll07ving two 

properties : 

(i) a E S and O < b < a imply b E S. 

(2) a, b '~ S implies a V b ~. S. 

If in the set L A -S we give the salne order as A, then L is a w,eakly 

Inodular ' M-symmetl-ic lattice where ~he ' Iattice operations a U b and a n b satisfy 

the fol"lowin*" conditions : 

(3) a U b - a V b 

anb aAb if aAbEL 
anb O if,a/¥ b E S. 

Moreover for a, b E L 

(4) (a, b) M if a7id bnly if a A b E L. 

(5) a < b il~ L if and only if a'< b in A. 

PROOF. Cf. [5] pp. 497-498. 

DEFlNITION (3. 8). When a weakly modular M-symmetric lattice L arises 

from a complemented modular lattice jl in the manner describes the above 

theorem, L is called a Wilcox lattice. An element of S is called an ima*"ynary 

element for L, and when S has a greatest element i it is called the imagynary 

unit for L. A non-zero element a of L is called a regitlar element when 

a /¥ u ~ O fof all u E S. (Cf. [3] pp. 12-14.) 

LEMMA (3. 9). Let L A S be a Wilcox lattice. Any 1-egttlar elenient of 

L is 1'nodular and alry Inodular element In of L with O < m < I is regular if 

'L is sen~icomplemelrted. 

PROOF.' Cf. [3] p. Il. 

" THEOREM (3. lO)J Let L jl - S be a semicomplemented Wilcox lat~ice with 

ilnagynary unit i. L is semilnodulated if and only if S is a set consisting of a 

point. 

PROOF. Suppose L A-S be a semimodulated lattice. Let a be a compl-

ement of i E S, then a V i - l, a A i O in A. Since i is the greatest 

element 'of ' S, a /¥ u = O for every u E S and hence a is a regular element: 

Then by (3. 9) a is a modular element of L. Let b be a modular element of 

L such that a < b < l. Then b is a regular - element by (3. 9). Hence b /¥ i 
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, O. Let ~ E A, b.e a complement 0L a in A [O, b], then b - a V ~, a /¥ ~ = O. 

Since L is. ~ m6dular lattice, ~ /¥ a O and (~ ¥/ a) /¥ i O implies (a ¥./ i.) 

/¥~ ' .O. 'Sinde aVi l, ~ O and hence a , Z~,. Thus a /¥1 in 's^~_~t. By 
(.3. 3), a '< I in' L and hence' a < I in A. Therei'ore i > O in J1 and hehcb i 

is a poi_nt of A. Sufficiency is evid_ e~t.~* (Cf: [4] p. 327.) 

' S 4. M:odulated lattices. 

' DEFlNITION (4. l). ' Let L be a lattice with ~~. We iritroduce the following 

three conditions : 

(c~"" ) IL a E ~t, b E L (with b ~ I if I exists) and a ----~1 b, thexl there exists a 

non-zero c E~ ~D~ such that b /¥ c a and a < c. 

(T*) If a, b E ~t, c E L and a < c < b, then there exists d ~ ~: such that 

cVc! = b and cl¥cf ~ . a 
(o**),. I-n a lattice L with 1, if a E ~Jt, b E L and a < b then there exlsts 

c E ~: such that' b V c ~ I and b A c ~ a. 

REMARK (4. 2). If a lattice with O satisfies (c~*) then rt 1* semrcomplemented 

and if a lattice with O, I satisfies (O**), then it is a' complemented lattice:' ' In 

the example in S 3, it is easy to show that if every intervalsublattice ' of A is 

irreduci,ble, then L satisfies (c~*) and moreover if L has 1, then it satisfies (o**). 

LEMMA (4-. 3). (i) Il~ 'a/ry lattice wit7･1 1, (T*)-.~+.. (c~*) and. (T*) ~> (~*). , ,-

(ii) In a71 M. syl7zl7~etric upper colttinuous l_attice, ' (c~*) I> (o**).- And therefore 

the th7-ee coliditions (ce*,), (T*) and (~*) are equivalen_t. 

PROOF (1) (T~<):>(a*) and (T*):>(b*~~' ) are evident since I E ~t (o~*) !> (T*) 

It rs sunilar to the proof of (O~) :> (7 ) m (3 2) (n) It rs sunilar to the proof 

of (3.'6). 

DEFlNITION (4. 4). An M-symmetric lattice L 'with O and I rs called a 

modu.lated lattice when it satisfies (o**). (Cf. [4] p. 326.) 

REMARK (4. 5). A modulated lattice L is a complemented semimodulated 

lattice. 

LEMMA (4. 6). If L is a se'nimodulated lattice alid ~~ is a lattice, then the 

following coliditions al~e equivalent. 

(i) L is 77aodulated. 

(ii) ~y~ is 1~elatively complemented. 

(iii ) '~~Jt is left col"'rplemented. , 
PROOF. (i) :> (ii). This follows from (4. 3) (i) and (T*). (ii) :> (iiil. Let a, b E ~, 

** This proof is indebted to Dr. S. Maeda'for help 
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then a V b > b in L. Since L satisfies (~) and ~~~ is relatively complemented, 

it is easy to show that there exists b/ E ~U~ such that (a V b) V b/ _ I and 

(a V b) /¥ b/) b. Hence b/ > b and a n b/ _ a /¥ b/ _ a /¥ (a V b) /¥ b/ _ 

a A b = a n b, a U b/ > a V b/ a V b V b/ _ 1. Hence a U b/ _ a V b/ 1 

and hence (a, b)M* in ~~ by (2. 2). Consequentry ~J~ is left complemented. 

(iii) :> (i). Since L is semimodulated, it is sufficient to show that if a, b E 

~J~ and a < b, then there exists c E ~Jt such that b V c I and b /¥ c - a. 

Assume that ~J~ is left complemented and a, b ~ ~t and a < b in L. Since ~; 

is left complemented, there exists c E ~~ such that b n c a, b U c - I and 

(b,c)M* in ~:. By (3. 4) bVc ~ bUc~ I and b /¥c - bnc = a. 

THEOREM (4. 7). Let L be a weakly ,mod'ular modulated lattice. L is complete 

if and only if ~: is complete. 

PROOF. (1) If L is complete, then so is ~ by (2. 6). (II) Assume that ~Jt 

is complete. (i) Let m. E ~~ for every c~ E I. It is easy to show that the meet 

n (m. ; c~ E I) in ~D~ is the meet /¥ (m. , (~ E I) m L (u) Let u (c L ~~~ for 

every a E I. When {u.} has no lower bound except O, we have /¥. u. O in 

L. When {u.} has lower bound h with h > o, we can take m E ~Jt such that 

h V m = I and h /¥ m - O in L since L is modulated. u. A m E ~y~ for every 

c~ E I by (2. 4) and hence there exists a meet b n (u. /¥ m ; oc E I) in ~:. 

By (1. 5) (m, x) M* for every x E L whence (u. A m) V h = u. A (m V h) u. 

and hence u. > b V h for every a E I. Therefore b V h is an lower bound 

of {u.} in L. If h is an arbitrary lower bound of {u.} in L, then putting c 

(h V h) /¥ m, we have c E ~~ and c < u. /¥ In for every c~ E I, whence b > c. 

By (1. 5) ~m, x)M* for every x E L whence 

b V h > c V h ((h V h) A m:)) V h (h V h)/¥ (m V h) hV h > h. The~ 

refore b V h is the meet A (u. ; c~ E I) in L. (iii) By (i) and (ii), it is easy to 

show that any subset of I. has its meet in L. Hence L is complete. (CL. [3] 

p. 93.) 
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