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In §1 it is proved that each member of the complex analytic family of K3-surfaces in [S]-1
admits a canonical involution. The structure of the group of C*-line bundles over some Hopf
surfaces is analyzed in § 2, and some principal C-bundles over the projective line are treated.

§1. Some K3-surfaces

At first we refer some basic results from [5]-I. A K3-surface is a regular surface
of which the first Chern class vanishes. By Noeter’s formula and Hirzebruch. sigra-
ture theorem, the first Betti number is zero. Let C*! be the 21-dimensional complex
number space. For each 1=(tg, T1,..., Tg} Op,.-:5 O12) € G2, set

g, D=1 [=1(u—7,), h(u, D=T1%:,(u-0,),
J.=g(u, ©)3/(g(u, ©)3=27h(u, 1)%, u is a complex number,
C*'oN={reC?'; 1) 19#0, 10#27, 2) g(6,)=0 = 0,#0,;

A for v#21, 3) J, has no multiple pole} .

Let P2 bea projective plane with homogeneous coordinates (x, y, z) and C be the com-
plex number space. We define an identification in the union W=P2xC,U P?xC,
of two copies of the product space P2 x C by

x, y, z, W=(x1, V1, 21, Uy) < uu; =1, u*x;=x, uby; =y, z,=z.
Define a submanifold B of W x N by
y2z—4x3 +g(u, t)xz%2 + h(u, 1)z3=0,
viz —4xi+ ui’g(%l, 1:>xlz% + u}%(%, ‘L')z:ix =0.
The restriction ¥: B—N of the projection W x N—N is a complex analytic family of

algebraic elliptic K3-surfaces. By 9, [6], for any Kihler manifold with vanishing first
Betti number, the group of automorphisms is discrete. Each member B,=¥~1(7)



16 Hiromichi MATSUNAGA

admits a non trivial involution g: y——y, y;— —y,. The involution leaves invariant
the global section defined by x=z=x, =2z, =0.

PROPOSITION 1. Any elliptic K3-surface whose singular fibres are of type I,
or of type II admits a non trivial involution.

Proor. By Theorem 16, [5]-I, such a surface can be represented in the form S
=B"®, se H(4, Q(f)), where 4 is the projective line, f is the normal bundle of 4
in B and h*: HY(4, Q(f))—H'(4, QB§)—0. (B* and B§ are the ones in [4]-IIL.)
The involution induces an automorphism of the sheaf Q(B¥). Referring to the construc-
tion in 14, [4]-I1, let p;: V|E;—B|E; be a biholomorphic fibre map. Then

L(n;0): BIE; 0 B, V|E, 0 E, - BIE, N Ey,

where (1) =ne€ H'(4, Q(B*)) and V=B". In the present case E,;;=¢ 'E;=E;. We
have

gv=ui'L(A(g)gy; on VI|E;
Then gy is an automorphism of V and it defines an automorphism of B by
9’ =L(—=A(gy)u;gvui.
Since L*(—A4(gy))L*(A;(g)) =the identity of B¥|E;, by theorem 9.2, [4]-11,
9'=L(=2gv)L(A}(9)g =9
Thus the involution gy is non trivial.
CoROLLARY. The equivariant Picard number of a member B, is greater than one.

Proor. For any member B,, two divisors consisting of the global section x=z
=x;=2z;=0 and C(0): yiz;—4x}+7ox,22+2}=0 are g-invariant. Then they
determine g-equivariant line bundles.

ReMARK. We consider the local triviality of a family of line bundles over B.
We have L(G)=2Z,=0, and since h®!=¢=0, H!(B, E,)=H(B,, 0)=0. Then by
Theorem 7.3, [3], any family of line bundles over B is locally trivial.

§2. On surfaces of class VII,

Any surface of class VII, has numerical invariants g=b, =1, h!-=0 by Theorem
3, [5]-1. Let O(O%) be the sheaf of germs of (nowhere vanishing) holomorphic func-
tions respectively. By (102), [5],

B =H(S, O)/H\(S, Z)= H'(S, C)/H\(S, Z)=C*=C—{0}.
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Let SI™1 be the surface defined by the union C* x C U C* x C,, where (w, u)=(w, u)«>
uu, =1 and w, =u"w, (p. 75, [5]-11I). We define a complex analytic automorphism

S A" x Stml —— A’ x Sm]
by
F'@ w, w)=(t, (yu+0y"w, (awt + B)/(yu +9)),

where o, 8, 9, 6 are small and A4’ is the punctured unit disk {te C, 0<|t|<1}, (p. 75,
[5]). The family p: 4’ x St"1/{f'}— 4’ is a complex analytic family and each member
p~1(¢) is a Hopf surface, further it admits a C*-action. Since any C*-action on a
surface induces the identity automorphism of H(S, C), each element of B is C*-
invariant. Thus we have

PrOPOSITION 2. For each member of the above family, any line bundle with
degree zero is C*-equivariant.

Next we consider principal torus bundles of class VI, (9, [5]-II). Let w be a
complex number with Imw>0, Z be the additive group of integers and G=Z[1]
+Z[w] generated by 1 and . Denote by C the torus C/G. Let Q(C) be the sheaf
over the projective line 4 of germs of holomorphic functions with value in C. We
have the exact sequence

0—G— 00— QC)—0.

Since H!(4, O)=0, we have an isomorphism H!(d, Q(C)) 2= H*(4, G)=G. For
a point a € 4, a# oo, take a unit disk E,: |u—a|<s. Define a surface S by

L(4xC)=E,xCU(4d—a)xC, where
E,xC 3 (u, [{])=(u, [{De(@—a)x C+— [{I=[L,+n12(w)], n;; € H'(4, QC)).

The surface S is the total space of a principal C-bundle over 4. By Theorem 1, [1],
we have the extension of the tangent bundle T'(4),

a(8): 0 — 1 — Q(S) — T(4) — 0, (1 is the trivial line bundle),

where each point of Q(S) is a field of tangent vectors to S along one of its fibres are
invariant under C. The extension a(S) determines an element of H(4, T*)=H!(4,
®)=C, where x is the canonical bundle of 4 and T* is the cotangent bundle of 4.
Since A4 is simply connected, any complex analytic connection is integrable. Thus
we have

ProrosiTioN 3. a(S)=0 if and only if S=4xC.
T(4)=detQ(S) and c¢,(T(4))=2. By Theorem 2.1, [2], Q(S) is decomposable:
0(S)=F ®F,, and ¢,(F,)+c¢,(F;)=2.
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ProposiTiON 4. Q(S)=F®F and c,(F)=1.

Proor. The surface S admits another representation: S=Cx CU C x C, where
(uy, £ =(up, o) <> uguy=1, {,={, +‘2%1°8 u; mod G for y={ny,} €G.

Set W=CxC* U C*x C=C?—{0} and define a holomorphic map f: W—S by
(ZI/ZZ’ %‘ 10g22> fOl‘ 22#0,
f(zy, 25)=
(Zz/zl, % log Zl) fOI‘ Zq #0.

Then the map f induces a biholomorphic map f: W/H—S, if y#0, where H denotes
an infinite cyclic group generated by exp2niw/y. We have equalities

W/H|C*|H=W|C*=4

and
C*/H >~ Cby z — 57 log z,

where the C*/H-action is diagonal. Q(S)=W x o.C? is a plahe bundle associated
with the principal bundle W—4. Thus we have proved the proposition.

RemaRrk. Since the surface is non algebraic ([5]-I), ¢3=0 and so b,=0. Then
any line bundle over S is of degree zero. Further the surface S admits C-action. Since
C=C*/{t}, where w=(1/2ni)logt, the action comes from the C*-action. Thus any
line bundle over S is C-equivariant.
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