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Let [{S;, S;}; U] be a [left, right] generalized inverse semigroup amalgam. In [4], the
author has shown that the amalgam is embedded in a [left, right] generalized inverse semjgi'oup
if S, is isomorphic to S;. In this paper, we shall give a sufficient condition for the amalgam
to be embedded in a [left, right] generalized inverse semigroup. Further, we shall consider the
embedding of [left, right] normal band amalgams. The notation and terminologies are those
of [1] and [5], unless otherwise stated.

Let o be a class of algebras. We define that an «/-amalgam [{S;: iel};U]
consists of an algebra U in & and a family of algebras {S;e«/: S;oU, ieI}. This
definition is slightly different to Howie’s [3]. An «7-amalgam [{S;: ieI}; U] is said
to be embedded in an algebra in «7 if there exist an algebra T in « and monomorphisms
¢;: S;— T, iel, such that

(i) ¢|U=9¢;|U forall i,jel,
(ii) Si¢i n S1¢j = U¢‘ fOI‘ all i, j € I With l:,éj.
We now state an extension of [left, right] normal bands which we need later.

LeEMMA 1. Let A be a subsemilattice of a semilattice I'. Let E=X{E,: o€ 4}
be a [left, right] normal band. Then there exist a [left, right] normal band B=
2{B,: a€I'} and a monomorphism ¢: E—B such that E,<B, for all a € 4.

Proor. Let E be a normal band. Since each E, is a rectangular band, it is the
direct product of a left zero semigroup L, and a right zero semigroup R,, ac 4. We
denote an element of E, by (I, r,), l,e L, r,e R. Let F={(e, f,): x€I'} be a semi-
lattice whose multiplication is defined by

(em fa) (eﬁa fﬂ) =(eaﬁ’ faﬁ) fOl’ all o, ﬁ erl.

Then F’' ={(e,, f,) « € 4} is a subsemilattice of F. Let E'’=E U F’ and its multiplication
is defined as follows:

(xalaﬁ’ raﬁwﬁ) lf (xa’ ya), (Zﬁ, Wﬂ) EE,

(xas ya) (zﬂ’ Wﬁ)= J (xalaﬁ9 faﬁ) if (xw yaz) €E, (Zﬂs wﬂ)=(eﬁ9 fﬁ) s
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(eaﬂs raﬁwﬁ) if (xa’ ya)=(eaz’ fa) s (Zﬁ’ Wﬁ) €E,
(eaﬁ’ Ji aﬂ) if (X Vo) =(€s fo)s (zﬂ’ Wﬁ) = (eﬁa /i ﬂ) .

It is clear that E’ is a normal band whose structure decomposition is E'=X{E,U
{(es f)}: a€4}. Since E' n F=F', it follows from [4] that there exists the free procuct
B of E' and F amalgamating F’ in the class of normal bands, and that the structure
semilattice of B is I'.

Now we give a sufficient condition for a [left, right] generalized inverse semigroup
amalgam to be embedded in a [left, right] generalized inverse semigroup. Simpli-
fying the proof, we consider the case of left generalized inverse semigroups. In the
other cases, we can similarly obtain the analogous results.

Let I be an inverse semigroup whose basic semilattice is 4, that is, E(I)=4.
Hereafter, we denote it by I'(4). Let S; and S, be left generalized inverse semigroups
with a common orthodox semigrup U. We can assume without loss of generality
that §;nS,=U. By [6], there exist inverse semigroups I'y(4,), I',(4,) and E(A)
and left normal bands L,=2{L¢: aed;}, i=1,2, and U=Z{U,: ae A} such that
S;i=QL;®I';; 4y, i=1,2, U=QURE; A), LynL,=V,I''nI',=E and 4, n4,=A.
It is well-known [2] that the inverse semigroup amalgam [{I',, I',}; &] is em-
bedded in an inverse semigroup I', that is, there exist monomorphisms ¢;: I')— T, i=
1, 2, such that ¢,|E=¢,|E, ', NT,p,=E¢,. Let 4 be the basic semilattice of
I' and let X be the subsemilattice of generated by 4,¢, U A,¢,.

THEOREM 2. We use the notations above. Let Q be a subsemilattice of 4
containing X. Assume that the amalgam [{L,, L,}; V] is embedded in a left
normal band B=ZX{B,; o.€ Q}, that is, there exist monomorphisms y;: L,~B, i=1, 2,
satisfying Y|V =y,|V and Ly nLy,=V,. Under each i, L¥Y; is contained
in some By. Let 2;; A;—Q be a mapping such that ak;=p. If A=a¢4,, i=1, 2,
the amalgam [{Sy, S,}; U] is embedded in a left generalized -inverse semigroup.

Proor. It follows from Lemma 1 that there exist a left normal band N=
Z{N,: ae 4} and a monomorphism p: B—N such that B,pcN, for all e Q. Let T
be the left quasi-direct product Q(N®I'; 4), and define mappings y;: S;—T, i=1, 2,
as follows:

(a;, ;= (agh;p, 0;0;) forall (a;, &) €S,

Let y=o0;7'. Then ailﬁ,.peL,?zp,.ch,”ipc'NﬂFNyd,;: Ami(m,)—l, and we have
(a;, a);€ T. Since p, Y, and ¢; are all monomorphisms, we can easily show that each
4; is a monomorphism, i=1, 2. Since Y,p|V=y,p|V and ¢,|E=¢,|Z, it is clear that
pi|lU=p,|U. Let (a, o) and (b, f) be elements of S; and S,, respectively, such that
(a, Opy=(b, P)u,. It follows from the definition of the y; that ay,p=by,p and
oy =p¢,. Since p is a monomorphism, we have ay, =by,. By the definitions of
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the ; and the ¢,, we have a=beV and a=fe€Z. Then S,u; N S,u,=Upn,. There-
fore, the amalgam [{S,, S,}; U] is embedded in T, and hence we have the theorem.
Let N, and N, be [left, right] normal bands with a common [left, right] normal
band V. Let 4,, 4, and A be the structure semilattices of N;, N, and ¥, respectively.
Let Q be a semilattice in which the amalgam [{4,, 4,}; A] is embedded. However,
there does not always exist a [lift, right] normal band B in which the amalgam
[{N;, N,}; V] is embedded and whose structure semilattice is Q. For example,
let N;={u, v, a}, Ny={u, v, b, ¢} and U={u, v} be left normal bands whose mul-
tiplications are defined as follows: - '

u v a u v b ¢
u|lu u a u |l u u b b
v|iv v a v|iv v ¢ ¢
al|la a a b |b b b b

clec ¢ ¢ c

Let 4,={6, a:6>a}, 4,={6, p: 6>p} and A={6}. Then N,=Z{N,:ped},
N,=2{N,: ped,} and V={N;} where Ns={u, v}, N,={a} and Ny={b, c}. Itis
obvious that the amalgam [{4,, 4,}; A] is embedded in Q={6, «, f: §>a>f}.
Assume that the amalgam [{N,, N,}: V] is embedded in a left normal band B=
Z{B,: peQ}. It follows from [6] that there exists an element f in B, such that
ax= f for all x in B;. Then

b=ub=(ub)a=uab=ab=f.

Similarly, we have c= f, and hence b=, contradiction.

In [4], we have seen that the amalgam [{N,, N,}; V] is embedded in a [left, right]
normal band whose structure semilattice is the free product of 4, and 4, amalgamating
A in the class of semilattices. Then we have the following corollary of Theorem 2.

CoROLLARY 3. Let S, and S, be [left, right] generalized inverse semigroups
with a common orthodox subsemigroup U. Let I'y(4,), I',(4,) and E(A) be the
structure inverse semigroups of S,, S, and U, respectively. Let I'[A] together
with monomorphisms ¢;: I't=I'[Y;: 4,— 4], i=1, 2, be the free product of I'{[4,]
and T',[4,] amalgamating E[A] in the class of inverse semigroups [semilattices].
If there exists a monomorphism pu: A—I such that Y,u=¢;|4;, i=1, 2, then the
amalgam [{S,, S,}, U] is embedded in a [left, right] generalized inverse semigroup.
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