MOD p EQUIVALENCE CLASSES OF LINEAR RECURRENCE SEQUENCES OF
DEGREE TWO

MIHO AOKI AND YUHO SAKAI

ABSTRACT. Laxton introduced a group structure on the set of equivalence classes of linear
recurrence sequences of degree two. This result yields much information on the divisibilities of
such sequences. In this paper, we introduce other equivalence relations for the set of linear
recurrence sequences (Gy) which are defined by Go,G1 € Z and G, = TGyp—1 — NGy_2o for
fixed integers T and N = =£1. The relations are given by certain congruences modulo p for a
fixed prime number p which are different from Laxton’s without modulo p equivalence relations.

We determine the initial terms G, G1 of all the representatives of the equivalence classes (Gr)
satisfying p { G5, for any integer n, and give the number of the equivalence classes. Furthermore,
we determine the representatives of Laxton’s without modulo p classes from our modulo p classes.

1. Introduction. Let f(X) = X2 -TX + N € Z[X], N = £1 be a polynomial whose roots #; and
0 are not roots of unity. Then 6; and 6 are units of a certain real quadratic field. Let d := T2 — 4N
be the discriminant of f(X). We consider linear recurrence sequences G = (G, )nez defined by

(1.1) Go, Gy € 7, G,=TG,,-1 — NG, _s.

If Go = a,G; = b, then we denote it by G = (G(a,b)). We call F = (F,) = (G(0,1)) and
L = (L£,) = (G(2,T)) the Lucas sequence and the companion Lucas sequence, respectively. We
fix a prime number p. It is well-known that the sequence (G, mod p) is periodic for any G = (G,)
defined by (1.1). Let r(p) be the rank of the Lucas sequence F = (F,). Namely, it is the smallest
positive integer n satisfying p|F,,. We can easily check r(2) = 2 if T is even, and r(2) = 3 if T' is odd.

If p # 2, then E. Lucas ([7, §24, 25] or [5, Lemma 2, Theorem 12]) showed that r(p) divides p — (%)
where (Z) is the Legendre symbol.

We define two relations ~ and ~* for the set of linear recurrence sequences.
p P

Definition. Let G = (G,,) and G’ = (G),) be linear recurrence sequences defined by (1.1).
(1) If the congruence G1Gj = G}Gy (mod p) holds, then we write G ~ g

(2) If there are some integers m and n satisfying G,,411G), = GGy, (mod p), then we write

Gg~*g'.
p

Define a set 2Z,(f) of linear recurrence sequences by
Zo(f) :={G | linear recurrence sequences defined by (1.1) with pt Gp or p{ G1}.

We can easily show that the first relation ~ is an equivalence relation for the set 2, (f). Furthermore,
P

we can show that the second relation ~* is also an equivalence relation for the set 2,(f) (cf. [2,

P
Lemma 9]) by using the following lemmas.

Lemma 1. Let G = (G,) and G' = (G),) be linear recurrence sequences defined by (1.1). If
Gm1G,, =G, G (mod p), then we have the following congruences.

Gmt2Gri1 =G sGmgr (mod p) and GnGl_| =G,Gp_1 (mod p).
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Lemma 2. Assume G = (G,,) € Zp(f). If p|Gp, then we have pt Gp—1 and pt Gpy1.

These two lemmas follow from the recurrence formula in (1.1). Now, we consider the quotient sets
using these relations. We put

X, = 2P Y(f) = 1{
X, (f) = %’(ﬁ/?*’ Yy (f) == {(Gn) € X;(f) | p1 Gy, for any n € Z},

(Gn) € X,(f) | pt Gy, for any n € Z},

where (G,) is the equivalence class which includes (G.,). The sets Y}, and Y, are well-defined, that is,
we will show in §2, Lemma 4 that if (G,) ~ (G),) (or (G,)~*(G))) and p 1 G,, for any n € Z, then
P P

we have p { G}, for any n € Z. For any G = (G,,) € Z,(f) satistying p|G, for some v € Z, we have
Fi1Gy, = 0 = G411 Fo (mod p). Therefore, we have G~*F = (G(0,1)) (the Lucas sequence) and get
P

the following lemma.

Lemma 3. We have X,,(f) = {(G(a,1)) | a=0,...,p— 1} U{(G(1,0))} and X} (f) = FUY,(f).

For any integer G that is not divisible by p, we denote an inverse element modulo p by G=! (€ Z)
(ie., GG71 =1 (mod p)).

Definition. Assume G = (G,,) € Z,(f). We define the sequence (g, )nez (0 < g, <p—1or g, = c0)
by
g { GnG, 1, (modp) if ptGni,

= 00 otherwise.

We call the sequence (g,,) the second sequence of G. In particular, we denote the second sequence of
the Lucas sequence F by (fn).

We will show in §2, the second sequences (g,,) have the periods which divide r(p) (Proposition 1).
In §3, we will show the following theorems by using Proposition 1. These theorems are generalizations
of our previous results in the case T'= 1, N = —1 ([1], [2]).

Theorem 1. We have

() ={Ga) | 1<a<p-Tla#f, - frp-2}

and

Yo(£)l=p+1—r(p).

Theorem 2. Assume p # 2 and put s(p) := There exist integers «; (i = 1,...,s(p) +
(d/p), 1 < a; <p—1) satisfying the following conditions.

(1) For the sequence (Gy) = (G(w, 1)), we have pt G, for any n € Z.
(2) Let A; be the second sequence of (G(w,1)). Then we have

s(p)+(d/p)
{acZ|1<a<p—1, a#f1, - frp—2t = H A; (disjoint union).
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Theorem 3. Assume p #2. Let a; (i =1,...,5(p) + (d/p)) be the integers in Theorem 2. We have

and

In the case p = 2, we have

1] if T is odd
(G(1,1)) otherwise ,

XQ(f) = {(G(O, 1))(: ?)7 (G(17 1))7 (G(1>0))}7 YZ(f) = {

G(0,1)) if Tis odd ,

, 0 if T'is odd |
(G(0,1)),(G(1,1)) otherwise ,

(G(1,1)) otherwise .

—~

Xé‘(f)={

In §4, we will explain the relation between our “modulo p” equivalence classes and Laxton’s “without
modulo p” equivalence classes [6]. He introduced a commutative group structure on certain sets of
equivalence classes G(f) and G*(f). We will show that the certain subsets of X,(f) and X (f) have
the same group structures and isomorphic to finite quotient groups of G(f) and G*(f) (Theorem 4).
From these facts, by using our theorems, we can give the representatives of Laxton’s quotient groups.
In §5, we give some examples.

2. Mod p Equivalence Classes.

Lemma 4. Assume G = (G,,),G" = (G),) € Zp(f). If G ~ G (or G~*G') and p t Gy, for any n € Z.
P P
Then we have pt G), for any n € Z.

Proof. It G ~ G’, then we have G1G, = GGy (mod p). Assume that there exists an integer ¢ such

that p | . Using Lemma 1, we have G,41G} = G, ;G (mod p). Since p divides G and does not

divide G/ 41 by Lemma 2, we get p | G¢. This contradicts the assumption. We can show similarly the

assertion for the case G~*G’. O
P

From the above lemma, we know that the set ¥, and Y," in §1 are well-defined. Next, we will show
that any second sequence has the period dividing 7(p). Let G = (G,,) be a linear recurrence sequence
defined by (1.1). Then we have

(G1 — Gpb1)0y — (G1 — Gob2)07
Oy — 61

(2.1) Gn = (n€12).

Put
A(g) = (Gl — Goel)(Gl — G092) = G% —TGyGy + NG%

From (2.1), we can show the following lemma.

Lemma 5. Let G = (G,,) be a linear recurrence sequence defined by (1.1). For any n,m € Z, we have

Gner = fmGnqu - meflGn'
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Proof. Put B =G1 — Gp#y and A = G; — Gpbh. Then, we have
]:mGn-f—l - N‘Fm—lGn
(05" — 07)(BO5 T — AGYHY) — N (051 — 07"~ 1) (BOy — A6Y)
(02 — 61)?
1

= G B - N £ Ao + Ny

+ B(—07" 05 + NOT 05 ) + A7 — Noptr ).

Since N = 0,0y, we have A(—077105" + NO307~) = 0. In the same way, we get B(—0705 " +
NO77105) = 0. Furthermore, the equalities B(#5' "t — N7~ 1) = BOF (0, — NO; ') =
BOTH"(0y — 1) and A0 — NOTTTL) = AGTT(9, — NOTY) = AOTT (6, — 6) hold. Therefore,
we have

m—+n o m-n _
]:mGn-{-l - N‘Fm—lGn — B92 (02 01) + A01 (01 02)

(62 — 61)?
_ Bogb-i—n _ Aa;n-i—n
B b2 — 61
= Gm+n~

We can show the following lemma by induction on n.

Lemma 6. Let G = (Gy,) be a linear recurrence sequence defined by (1.1). For any n € Z, we have

G2 —TGp_1Gp+ NG2 | = N(G2,, — TGpGry1 + NG2).

Assume that G = (G,,) € Z,(f) satisfies p|G, for some v € Z. Since the sequence (G,, mod p)
is periodic, there exists the integer (G, p) such that p|G, if and only if r(G,p)|n — v. We have the
following lemma easily.

Lemma 7. Let G = (G,) € Z,(f) which satisfies p|G, for some v € Z. Then we have r(G,p) = r(p).

Lemma 8. Let G = (G,,) € Z,(f) and assume that A(G) =0 (mod p). Then we have p{ G,, for any
n € Z.

Proof. The assertion follows from the fact that pt Go or pt G; and Lemma 2, Lemma 6. O
The next proposition asserts that the second sequences (g,) have the periods which divide r(p).

Proposition 1. Let G = (G,,) € Z,(f) and (gn) be the second sequence of G.

(1) If A(G) # 0 (mod p), then we have g, = g, if and only if m =n (mod r(p)).
(2) If A(G) =0 (mod p), then we have g, = go for any n € Z.

Proof. (1) We will show the assertion for two cases. First, we assume that p { G,, for any n € Z. By
the definition of the second sequence, we have g, = gy, if and only if G,,Gry1 = Giy1Gr (mod p).
Since Gp+1 = Frnem+1Gm+1 — NFp—mGn, and G, = FromnnGing1 — NFp—m—1Gy, from Lemma 5, we
have g,, = g, if and only if

(22) ngJrl]:nfm - GmeJrl(]:nferl + N]:nfmfl) + NG?n]:nfm =0 (mOd p)
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By the recurrence formula (1.1) and Lemma 6, we have

G$n+1fn—m - Gme+1(Fn—m+1 + N-Fn—m—l) + NGEn‘Fn—m

= Foem(Gry — TGmGrg1 + NG2,)

= Fa-mN™A(G) (mod p).
By the assumption A(G) #Z 0 (mod p), we conclude that g, = g, if and only if m =n (mod r(p)). We
get the proof of the case.

Secondly, we consider the case that p|G, for some v € Z. We assume that g,, = co (that is, p|Gpm+1).
Then we have g, = oo if and only if m = n (mod r(G,p)). From now on, we assume that g,, # oo
(that is, pt G+1). We consider two subsequences of (G,, mod p):

Gm+1a Gm = gme+17 Gmfl = (Tgm - 1)NGm+17 Gm72 = (T2gm - T - gm)NgGerlv e
(23) Gn+1a G, = gnGn-i-lv Gn1 = (Tgn - l)NGn+17 Gno = (TZQn -T - gn)NQGn+17

Assume that g, = g,,. Since g, # oo, we have p { G, 1. Therefore, from (2.3), we have G,,— =0
(mod p) if and only if G,,_r =0 (mod p). We conclude that m =n (mod r(G,p)).

Conversely, we assume that m = n (mod r(G,p)). Since pt Gpi1, we have pt Gpy1. Let T = (1)
and J = (J,) be the linear recurrence sequences defined by (1.1) with Iy = gm, Jo = gn and
I; = J; = 1. We can denote the above two subsequences (2.3) by

LGy, G = 10Grmg1, Ge1 = 11Gg1, G2 = 192Gy, - -
(2.4) J1Gry1, Gn = JoGry1, Gno1 = J-1Gpg1, Groo = J_2Gry1, -

For an integer k > 0, by the assumption m =n (mod (G, p)), we have p|G,,—i if and only if p|G,, k.
Hence the subsequences (2.4) imply p|I_j if and only if p|J_k. By Lemma 5, we have

Iy =F_ )y —NF_p_1lo=F_p — NF_p_1gm (mod p)

and
J_p=F_kJ1 — NF_p_1Jo=F_ — NF_p_1gn (mod p).

Hence we get
(2.5) Fk—19m = F—p—19n (mod p)

for any integer k > 0 such that I_, = J_p = 0 (mod p). Let v be an integer satisfying p|G,. Since
G-t =I_;Gpy1 =0 (mod p), we have m — k = v (mod r(G,p)). On the other hand, we know that
m+1# v (mod r(G,p)) since p{ Gpy1. Therefore, we get k # —1 (mod (G, p)), and hence k # —1
(mod r(p)) since r(G,p) = r(p). The congruence (2.5) implies g, = g, (mod p), and hence g, = gn
since 0 < g, gn < p — 1. By using lemma 7, we can prove the case.

(2) In this case, we have p{ G, for any n € Z from Lemma 8. Due to the periodicity of (G,, mod p),
it is sufficient to consider n > 0. First, we will show that g1 = go (mod p). We have

g1 = G1G2_1
= Gl(TGl - NG0)71
= (T — NGoGy )™
= (T —Ngo)™' (mod p).
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On the other hand, since A(G) =0 (mod p), we have
0=G?-TG,Gy+ NG?
=G3(1 - TGyG7' + NG2G?)
=Gi(1-Tgo+ Ng3) (mod p),

and hence go = (T — Ngo)~* (mod p). We get g1 = go (mod p). Next, we assume that g, = go holds
for any positive integers k less than n + 1. Then we have

gnt1 = Gn1Giy
= (TG, — NG, 1)(TGny1 — NG,)!
=(T - NG, 1GNTG,1G;' —N)™*
= (T — Ngn1)(Tg,' = N)™!
=(T —Ngo)(Tgy ' = N)™*
=go (mod p).

Since 1 < go, gn+1 < p — 1, we have g,11 = go. O

Definition. Let G € Z,(f) and (g,,) be the second sequence of G. We call the period 7(G) of (g,) the
second period of G.

By Proposition 1, we have the following corollary.

Corollary 1. For G € Z,(f), let 7(G) be the second period of G. Then we have

gy = {"P) YOG £ (modp),
1 if A(G) =0 (mod p).

3. Proofs of theorems. In this section, we prove theorems in §1. First, the following lemma follows
from Lemma 5.

Lemma 9. Let G = (G,,) € Zp(f) with p 1 Go,G1. We have p|G,, for some n € Z if and only if
NG1Gy' =, (mod p) for some m € Z satisfying 1 < m < r(p) — 2.

‘We put

X, (f) = {(Gn) € X,(f) | p1 Go, G1}.
This set is well-defined, that is, if (G,) ~ (G!)) and p 1 Go,G1, then we have p 1 G, G}. Clearly,
Y, (f) € X, (f) C Xp(f) and

le,(f):{(G(a,l)) la=1,...,p—1}.

Proof of Theorem 1. By Lemma 5, we have

0= ]:r(p) = ]:nJr(r(p)fn) = ]:r(p)fn]:nJrl - N]:r(p)fnflj:n (mOd p)
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Therefore, we have f,, = N f;é))infl (mod p). From this congruence and Lemma 9, we have

{(Gn) € X,(f) | pIGy, for some n € Z}

{
{(G(a,1)) |1 <a<p—1, a=fr(p)-n-1 (mod p) for some n (1 <n <r(p)—2)}
{(G(CL, 1)) | a= fla R fr(p)72}

Hence we conclude that

YP(f) = X;Q(f) - {(G(a> 1)) | a=fi,... 7fT(p)72} = {(G(a’ 1)) | 1<a<p-1l,a# 1005 fr(p)72}'
The equality |Y,(f)| =p+1— r(p) follows from the first assertion and Proposition 1. O

G(a,1))|1<a<p—1, Na~' =1, (mod p) for some n (1 <n <r(p) —2)}

(
(

Next, we will give the proof of Theorem 2. We get the following lemma by the definition of the
Legendre symbol.

Lemma 10. Let f(X) = X2 ~TX + N € Z[X], and d = T?> — 4N. For any prime number p (# 2),
we have

(BEZ|1<B<p—1,f(8)=0 (mod p)}| = (;l>+1.

Lemma 11. Let G = (G,,), G = (G),) € Z,(f), and (gn), (g),) be the second sequences respectively.
Assume that pt Gy, G), for any n € Z, and let 7(G) be the second period of G. Then we have G~*G' if
P

and only if g4 = gn for some n € Z satisfying 1 < n <7(G).

Proof. By the definition of the second sequence, the equality ¢{, = g, for some n € Z implies G~*G’.
P
Conversely, if gf;*g’, then there exist integers m and n such that Gp,11G), = G}, G (mod p). By

Lemma 1, we have Gp—pnt+1Gh = G1Gr—rpy (mod p). Therefore, we have g} = gm—n (mod p) and
hence g, = gm—n- Since the second period of G is 7(G), there exists an integer ¢ satisfying g, = g¢ and
1< <7(G). O

Proof of Theorem 2. Let a be an integer such that 1 < o < p—1and a # fi,...,f.(p)—2. We consider
the linear recurrence sequence G = (G,,) = (G(w, 1)) and its second sequence A = (g,). Assume that
G~*F. Then by Lemma 1, there exists an integer n such that F,, = G1F, = Fp11Go = Fpr1a

P

(mod p). Since p { a, we have n Z —1,0 (mod r(p)), hence the congruence implies a = gy = f,, for

some m € Z satisfying 1 < m < r(p) — 2. This is a contradiction. We conclude that G£*F and hence
P

p1 Gy, for any n € Z from Lemma 3.

Now, we choose another integer o satisfying 1 <o’ <p—1, o/ #f1,...,fr(p)—2 and o/ € A = (gn).
For ¢’ = (G]) = (G(¢/, 1)), and its second sequence A" = (g),), if g, = g}, for some n,m € Z then we
have o = g{, = gn—m from Lemma 1. This contradicts the assumption o’ ¢ A = (g,,). Hence we have
AN A" = 0. By continuing this procedure, we can choose integers o; (i =1,...,s) satisfying

(3.1) {facZ|1<a<p—1,a#f, " frpp-2} = HAZ- (disjoint union).
i=1

where A; is the second sequence of (G(«;,1)). Finally, we will prove that

e ()2 2)
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If 71 (1 < B < p—1) be a solution of f(X) = X2 —TX + N = 0 (mod p), then the sequence
G = (gn) = (G(B,1)) satisfies A(G) = 0 (mod p). On the other hand, for the sequence G’ = (g/,) =
(G(fi,1)) i = 1,...,7(p) — 2), we have A(G') = iFiflA(]:) # 0 (mod p) from Lemma 6. Hence
we conclude that 8 # fi,...,fp)—2. The cardinality of the second sequence of (G(j3,1)) is 1 from
Proposition 1. On the other hand, for any integer o sucn that 1 <a <p—1, a # f1,...,frp)—2 and
f(a™!) # 0 (mod p), the cardinality of the second sequence of (G(c,1)) is r(p). Then the equality

(3.1) and Lemma 10 yields

o-0- 00 -9=(2) 1 {s= ((5) +1) } i

From this equality, we get

Finally, we will give the proof of Theorem 3.

Proof of Theorem 3. Let G = (G(a,1)), G’ = (G(a/,1)) € Y(f) 1 < a,d <p—1, a,a # 1, ,

fr(p)—2), and A be the second sequence of G. By Lemma 11, we have G~*G’ if and only if o’ € A.
p

By Theorem 2 and its proof, since the set {«; | i = 1,...,s(p) + (d/p)} is the representatives of
Ai (i=1,...,5(p)+(d/p)), we get the first assertion of the theorem. The equality |V, (f)| = s(p)+(d/p)
follows from the first assertion. g

4. Relation to Laxton’s Equivalence Classes. In this section, we will explain the relation
between our modulo p equivalence classes and Laxton’s one [6]. We also recommend the book [3]
written by Ballot. We consider two relations ~ and ~* (without modulo p). Let G = (G,) and
G’ = (G},) be linear recurrence sequences defined by (1.1).

Definition. (1) If there are some non-zero integers A and p satisfying AG,, = pG,, for any n € Z,
then we write G ~ G'.
(2) If there are some non-zero integers \, u and an integer v satisfying AG,,+, = puG., for any n € Z,
then we write G ~* G'.

These two relations are equivalence relations for the set
F(f) :={G | linear recurrence sequences defined by (1.1) with Gy # 0 or Gy # 0}.

Note that the assumption Go # 0 or Gy # 0 is equivalent to A(G) # 0 by our assumptions of f(X).
Consider the quotient sets using the relations.

G(f)=F(f)] ~, G*(f):= F(f)] ~*.

Laxton introduced a commutative group structure on G*(f). For any G = (G,),H = (H,) € F(f),
with

_ BOy — Af7

G, = H, = 7D93 — ¢or

Oy —6; 0, — 6
where B = G1 — Goby, A = G1 — Gob, D = Hy — Hpfy and C = Hy — Hyb>, he defined the product
GxH=W=(W,) € F(f) by

_ BD6y — ACH?

(4.1) W= ==y (n€ ).
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He showed that this product yields commutative group structures on G*(f) with the identity F (the
class of Lucas sequence). Namely, for G, H € G*(f) their product is given by W. We consider not only
G*(f) but also G(f) to correspond to our set X,,(f). Put
I(f,p) ={& € G(f) | A(G) £ 0 (mod p) for some G € &},

I*(f,p) :=={& € G*(f) | A(G) #0 (mod p) for some G € &},

G(f.p) :={® € G(f) | p|Go for all G = (Gy) € B},

G*(f,p) ={6 € G*(f) | p|G,, for all G = (G},) € & and some n € Z}.
The sets I(f,p) and G(f,p) (resp. I*(f,p) and G*(f,p)) are subgroups of G(f) (resp. G*(f)) [6,
Lemma 2.3 and Proposition 3.1].

For the exact sequence of groups
if p # 2, then Laxton [6, Theorem 3.7] showed the following.

I(f.0)/G"(f.p) = {OZ/S(p)Z ¥ E% “o
and
7 (d/p) = £1
G*(f)/T"(f,p) ~ {Z/QZ if (d/p) =0,

where s(p) = p—((d/p) On the other hand, let Z,(f) be the set in §1. For any G = (G,),H =
rp

(H,) € Z,(f), the product W = G x H (4.1) is not always in Z,(f) (for example, in the case
1—|— N —-T =0 (mod p), if Go = G1 # 0 (mod p) and Hy = NHy # 0 (mod p), then we have

= (Gn),H = (H,) € Z,(f) but the product sequence W = (W,,) &€ Z,(f) since Wy = W7 =0
(mod p) (see [3, p15 (2. 6)]) However, we will prove that certain subsets Z,(f) and Z(f) of X,(f)
and X (f) respectively have group structures defined by (4.1).

Lemma 12. Let G = (G,),G = (G)) € Z,(f) and assume that A(G) # 0 (mod p).

(1) Ifg ~ G, then we have A(G') #0 (mod p).
(2) If g~*g , then we have A(G') # 0 (mod p).

Proof. We only give the proof for (2). Since G~*G’, there exist integers m and n satisfying
P

GG, = G, 1Gy, (mod p). If p|GY, or p|G),,,, then we have A(G') # 0 (mod p) from Lemma
8. If pt G}, Gy, 41, then we have p{ G, Giy1. By Lemma 6 and the congruence G, 11G), = G, Gy
(mod p), we have A(G') = £G'2,,G,,% 1 A(G) # 0 (mod p). 0

From Lemma 12, the following sets
Zy(f) =1{G € X, (f) | A(G) #0 (mod p)},  Z;(f) :=={G € X;(f) | A(G) #0 (mod p)}

are well-defined. The next lemmas show that the product (4.1) on Z,(f), Z,(f) are well-defined.

Lemma 13. Let G = (G,),H = (H,) € Z,(f). For fized integer v, let Z = (Z,) € Z,(f) be the
sequence defined by Z, = Hp4,, (n € Z). Then we have G x H~*G x Z.
P



10 MIHO AOKI AND YUHO SAKAI

Proof. Put
BOy — A9} Doy — CO} E0y — Foy
G,=—"2 "1 H,=—"2 "1 Zpy=—2 "1
92—91 92—91 02—91
then we have E = D05, F = C6Y. Hence the nth term of G x Z is the (n + v)th term of G x H, and
we get G X H~*G x Z. O
P

Lemma 14. Let G = (G,,),G¢' = (G)),H = (H,),H = (H}) € Z,(f).
(1) If G~ G and H ~ H’, then we have G x H ~ G x H'.
P P P
(2) If G~*G' and H~*H', then we have G x H~*G' x H'.
P P p

Proof. We only give the proof for (2). It is enough to show G x H~*G’ x H since the product (4.1) is
P
commutative and ~* is an equivalence relation. By the assumption G~*G’, using Lemma 1, there exists

p P
an integer v satisfying G1G;, = GoG,; (mod p). Let Z = (Z,) € Z,(f) be the sequence defined by
Zy, = G4, (n € Z), then we have G1Zy = GoZ; (mod p). By Lemma 13, it is enough to show that
GXH~ZXH. Put G x H=(W,) and Z x H = (Y,,), then we have

P
(4.2) Wo = Gi1Ho+ GoH1 — T'GoHo, Yo =Z1Ho+ ZoH1 —TZoHo,
. W1 =GiH; — NGoHy, Y1 =Z1H, — NZyH,,

(see [3, p15 (2.6)]). Assume that p|Go, then we have p|Zy since G1Zy = GpZ1 (mod p). From (4.2),
we have YiWy = G1HoZ1H, = W1Yy (mod p), and hence we have G x H~*Z x H. Next, assume

P
that p 1 G, then we have p 1 Zy. From (4.2) and the congruence G1Zy = GoZ; (mod p), we have

Wy = GOZleO (mod p) and W, = GOZ(;lYl (mod p), and we conclude that WyY; = YoW; (mod p),
and hence G x H~*Z x H. O
p

By Lemma 14, we know that the products (4.1) on Z,(f) and Z;(f) are well-defined. The sets
Zy(f) and Z} are commutative groups with identity 7. For G € Z,(f) (or Z;(f)), ¢ = (G,) with
By — Aoy A6y — BOp

Gp = , the inverse element of G is given by G’ € Z,(f),G’' = (G),) with G}, =
02 — 01 02 — 01

Theorem 4. There exist natural group homomorphisms

I(f,p)/G(f,p) = Zp(f) and I"(f,p)/G*(f,p) = Z,;(f)-

Proof. Consider the following maps.

wp I(fvp) _>Zp(f)7 ’l/}p(Qﬁ) :®p7
by I(f0) = Z5(f), 4p(8) = &y,

where &, :={G = (G,) € & | p1 Gy or p{ G1}. By the definitions of relations ~, ~*, ~ and ~*, these
P

P
maps ¢ and 1" are well-defined group homomorphisms. Furthermore, both v, and 1, are surjective
with kernels Ker(¢,) = G(f,p) and Ker(¢y) = G*(f,p) by Lemma 3. O

Put F = Q(01) and let Op be the ring of integers of F. For any prime ideal p of F' which is above
p, let Ky := Op/p and Ky := Z/pZ be the residue fields. Assume p # 2. From the isomorphisms 1,
and 1, and the group strctures given by Laxton [6, Theorem 3.7 and its proof], we get the following
commutative diagrams. Note that (G(fo,1)) = (G(0,1)) = F.
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(I) In the case (Z) =

0 —— Ker(:) —— I(f,p)/G(f,p) —— I*(f,p)/G*(f.p) —— 0
n Yy R v
0 —— {GG,1)|i=0,..., — Zp(f) — Z(f) — 0
r(p) — 2} U{(G(1,0))}
N o i
0 —— (02/61) R Kf —  Ki/{6/0,) —— 0

where ¢ is the natural surjection, the map ¢} is given by ¢ (G) = (G1—Gob)/(G1—Gob2), (G = (Gn)),
and each row is an exact sequence.

d
(IT) In the case <> =—1.
p

0 — Ker(:) —— I(f,p)/G(f;p) —— I"(f;p)/G*(f.p)) —— 0
n Yy R v
0——  {(GGD)|i=0,.... ——  ZJ(f) —— Zx(f) —— 0
r(p) -2y U{(G(1,0))}
n w5 N n
0 —— K;{61)/K;  — K} /K3 — K;/K3#)) —— 0

where ¢+ is the natural surjection, the map ¢, is given by ¢, (G) = G1 — Gobs, (G = (Gr)), and each
row is an exact sequence.

(I1I) In the case (d) =0.
p
¥y
I*(f,p)/G*(f,p) =~ Zi(f)~0

and [

Zp(f) = (GG, 1)) [i=0,...,r(p) =2} U{(G(1,0))}

{(G(Fi, Fira)) i=0,...,r(p) =1} = Z/pZ
#

where the map ¢ is given by ©)((G(Fi, Fiy1))) = i. We can know that the map ¢ is a group
homomorphism since for G; = (G(F;, Fi+1)), G; = (G(F;, Fj+1)), the product G; x G; =W = (W,,) is
given by

Wy = fi+1fj + fi(fj+1 — Tf]) = .Fi+1.7:j — N}—i/—'.jfl = fiJrj,

Wi = FiniFjr — NFFj = Figjea,
by using Lemma 5 and explicit formulas for Wy and W1 ([3, pl5 (2.6)]).

From the diagrams, Lemma 3, Theorem 1 and Theorem 3, we get the following corollary.
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Corollary 2. (1) All the classes of Z,(f) and I(f,p)/G(f,p) are given by

{(Gla,1) [0<a<p—1, f(a™') #0 (mod p)} U{(G(1,0))}.
(2) Let o (i =1,...,s(p) + (d/p)) be the integers in Theorem 2, then all the classes of Z;(f) and
I*(f, )/G*(f,p) are given by

{(Glai ) [i=1,....5(p) + (d/p), fla;!) #0 (mod p)} U{F}.

5. Examples. We give examples for the case T = 1,N = =1l and T =6,N = 1. If T =1 and
N = —1, then (G(0,1)) is the original Fibonacci numbers and (G(2,1)) is the original Lucas numbers.
If T =6 and N = 1, then (G(0,1)) is the balancing numbers and (G(1,3)) is the Lucas balancing
numbers ([4]). The numbers a* with an asterisk in the tables means that a satisfies f(a™!) = 0
(mod p).

p [rp) ] sk) ] (2 A Y (f) Zy(f)
(i=1,...,50p) + (%)) (I*(f,p)/G*(f.p))

3| 4 1 | =110 0 F

51 5 1| 0 | {2} (G(2,1)) F

71 8 1 | =11]0 0 T

(G(3,1)). B

1110 | 1 | 1 |{3}{r} (G(7,1)) F

13 7 2 | —111{2,3,4,6,8,9,10} (G(2,1)) F,(G(2,1))

171 9 2 | —11{2,3,5,6,8,10,11,13,14} (G(2,1)) F,(G(2,1))

(G(4,1)), B

19| 18 1 1| {4}, {14%} (G(14,1)) F

23| 24 1 | =110 0 T

(G(3,1)),
{5*},{23*},{3,4,6,7,9,11, | (G(5,1)),

29| 14 | 2 1 |12,16,17,19,21,22,24,25} | (G(23,1)) F,(G(3,1))
(G(12,1)),

31| 30 1 1| {12*}, {18*} (G(18,1)) F
{2,4,5,7,9,10,11, 14, 15,
18,21,22,25,26,27, 29, 31,

37019 | 2 | —1132,34} (G(2,1)) F,(G(2,1)
{6*},{34*},{3,4,5,7,8,9, | (G(3,1)),
10,13,15,18,22,25,27,30, | (G(6,1)),

411 20 | 2 1 |31,32,33,35,36,37} (G(34,1)) F,(G(3,1))

43 | 44 1 | =110 0 F
{3,4,5,8,9,11,12,15, 18,

19, 20,21, 29, 33,39, 40},
{6,7,13,17,25,26,27, 28, (G(3,1)), F,(G(3,1)),

471 16 | 3 | —1|31,34,35,37,38,41,42,43} | (G(6,1)) (G(6,1))

TABLE 1. T=1, N=-1
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p @) |s) | (D) A Y, (f) Zy(f)
(i=1...s(p)+ () (I*(f.p)/G*(f.p))
3] 2 2 | —11{1,2} (G(1,1)) F,(G(1,1))
5] 3 2 | -1]1{2,3,4} (G(2,1)) F,(G(2,1))
(G(1,1)),
(G(2,1)), o
71 3 2 | 1 | {2°},{4*},{1,3,5} (G(4,1)) F,(G(1,1))
1] 6 2 | -11{1,5,7,8,9,10} (G(1,1)) F,(G(1,1))
3] 7 2 | —111{2,3,4,7,9,10,12} (G(2,1)) F,(G(2,1))
(G, 1)),
(G(2,1))
(G(4,1)), o
{8*},{15*},{1,5,7,16} (G(8,1)), F,(G(1,1))
17| 4 4 |1 |{2,12,13,14},{4,9,10,11} (G(15,1)) | (G(2,1)),(G(4,1))
19010 [ 2 | -1[{1,2,4,57,10,11,14,15,18} | (G(1,1)) F,(G(1,1))
(G(1,1)),
{13*},{16*},{1,3,5,8,9, (G(13,1)),
23| 11 | 2 | 1 |11,14,15,18,20,21} (G(16,1)) F,(G(1,1))
(G(2,1)),
{2,9,19,20,22},{3,7, 10, (G(3,1)),
25,28}, {4,13,15,16,26}, (G(4,1)), F,(G(2,1)),
{8,12,14,18,24}, {11,17, (G(8,1)), | (G(3,1)),(G(4,1))
29| 5 6 | —1|21,23,27} (G(11,1)) | (G(8,1)),(G(11,1))
{18*},{19*},{1,2,3,4,5, (G(1,1)),
8,12,13,15,16,21, 22, 24, (G(18,1)),
31 15 | 2 | 1 |2529} (G(19,1)) F,(G(1,1))
13,7,8,11, 13, 14,16, 18,
20,21, 22,23, 25,27,29,
370 19 | 2 | —1|30,32,35,36} (G(3,1)) F,(G(3,1))
(G(1,1)),
(G(2,1)),
(G(4,1)),
(G(8,1)),
{10}, {37*},{1,3,5,14,33}, | (G(9,1)),
{2,17,18,26,31},{4,16,21, | (G(10,1)), F,(G(1,1)),
29,30}, {8, 11, 20, 32, 38}, (G(12,1)), | (G(2,1)),(G(4,1)),
{12,19,22,23,34},{9,15,27, | (G(13,1)), | (G(8,1)),(G(9,1)),
41| 5 8 | 1 |36,39},{13,24,25,28,35} (G(37,1)) | (G(12,1)),(G(13,1))
{1,5,7,9,12,14, 15, 16, 18,
19,23, 24, 25, 26, 30, 31, 33,
43| 22 | 2 | —1|34,35,37,40,42} (G(1,1)) F,(G(1,1))
{173, {36"},{1,2,3,4,5,10, | (G(1,1)),
12,13,14,16,18,19,20, 24,29, | (G(17,1)),
47| 23 | 2 | 1 |33,34,35,37,39,40,41,43} G(36,1)) F,(G(1,1))

TABLE 2. T=6, N=1

13
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