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Introduction

Mathematical programming is a method to find the minimum value or a point
which gives the minimum value under certain condition. A function to minimize
is said to be an objective function, and a given condition is said to be a constraint.
In this paper, we treat the following mathematical programming problem:

(P) minimize  f(z)
subject to g;(z) <0,Vi=1,---,m,

where f,g: R" - R U {4+00}. Functions g; are said to be constraint functions.
Mathematical programming problem is said to be a linear programming problem,
a convex programming problem when the objective function and the constraint
functions are affine functions, convex functions, respectively.

In order to calculate the minimum value of mathematical programming prob-
lems, we usually use duality problems. Especially in a convex programming
problem, the following Lagrange duality problem is famous:

Ai>0 xeR”

max inf {f(z)+ Z Aigi(T)}.

In the duality problem, irg {f(x)+>_ A\igi(x)} is a convex programming problem
zeRn i=1

which has no constraint. Therefore it is comparatively easy to solve the problem
by using subdifferential. Moreover, under some assumption, the optimal value of
the primal convex programming problem is equal to the optimal value of its La-
grange duality problem. This assumption is said to be a constraint qualification.
The Slater constraint qualification is the most famous. In 2008, M. A. Goberna,
V. Jeyakumar and M. A. Lopez show that the Farkas Minkowski property (FM,
in short) is a necessary and sufficient constraint qualification that the optimal
value of the primal convex programming problem is equal to its Lagrange duality
problem([4]).

The main content of this paper is to consider Lagrange-type duality in DC
programming problems. The function which is represented difference of two con-
vex functions is said to be a difference of convex functions (DC function, in
short). A mathematical programming problem whose the objective function and



the constraint functions are DC function is said to be a DC programming prob-
lem. Every function whose second partial derivatives are continuous everywhere
is a DC function. This fact shows every function in C? is a DC function. There-
fore the class of DC functions is quite wide. DC programming problems are
represented as the following form:

(P) minimize  fo(x) — go(z)
subject to  fi(z) — gi(x) <0, Vi=1,--- m.

J. E. Martinez-Legaz and M. Volle give constraint qualifications that the optimal
value of primal DC programming problem is equal to the optimal value of its
Lagrange-type duality problem([8]). However, these constraint qualifications are
not necessary and sufficient constraint qualifications. In this paper, we provide
new constraint qualifications for Lagrange-type duality.

The outline of the paper is as follows: In Section 1, we introduce definitions
and preliminary results of convex analysis, convex programming problems and
DC functions. In Section 2, we introduce previous constraint qualifications for
Lagrange-type duality in DC programming problem and canonical DC program-
ming problems. Moreover, we give a new constraint qualification for a Lagrange-
type duality theorem in a DC programming problem. In section 3, we give
another Lagrange-type duality theorem by using the following fact: Mazimum
function of finitely many DC functions is also DC' function. Finally, we compare
two Lagrange-type duality theorems which we provided.
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Chapter 1

Preliminaries

In this chapter, we introduce some notation and preliminaries.

1.1 Convex analysis

The n-dimensional real Fuclidean space will be denoted by R™. The inner product
of two vectors « and y in R” will be denoted by (z,y).

Definition 1.1. Let A is a subset of R™.

(i) A is said to be a convex set if (1 —a)r + ay € A for all z,y € A and
a € (0,1).

(ii) A issaid to be a cone if A is nonempty and Az € A for all x € A and A > 0.
For a set A C R", we define the closure, convex hull and conical hull of A by

cdA={xeR" | IH{ar} C Ast. xp = 2 (k= 0)},
IJmeN, Jx; € A, Jay; >0 =1,...,m)

cod={z R s.t. x =) a;x; and f:aizl and
i=1 i=1
coneA={ze€R"|JyecA Ja>0st z=ay}U{0},
respectively.
Theorem 1.1. For zy,...,z, € R" coneco{zy,...,z,} is a closed set.

The following separation theorem is a very important theorem in convex anal-
ysis.

Theorem 1.2. (separation theorem) For a nonempty convex set A C R™ and
x ¢ cl A, the following holds:

Jda € R*"\ {0}, Ja € Rs.t. Yy € A, (a,z) < o < {a,y) .

1
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In this article, we consider the extended real RU {400, —oo}, where +o00 and
—oo satisfy the following conditions:

(i) For all z € R, z 4+ (+00) = (+00) + 2 = +00.
(ii) For all z € R, z + (—00) = (—00) + = = —00.
(iii) For all t > 0, t - (+00) = +00.
(iv) Forallt <0, t- (+00) = —00.

(vi) Forall z € R, —o0 < x < +00.

)
)
)
(v) (+00) + (+00) = 400 and (—00) + (—o0) = —o0.
)
(vii) (+00) — (+00) = +o0.

(viil) 0 - (+00) =0 (—00) = 0.

Definition 1.2. Let {a;} be a sequence of R U {+00,—00} and @, a € RU
{+00, —00}. @ is said to be the limit superior if the following condition holds:

(i) For each o € R, where satisfy a > @, the cardinality of {k € N | ay > o}
is finite.

(ii) For each o € R, where satisfy a@ < @, the cardinality of {k € N | ay > «a}
is infinite.

Then we denote @ = lim sup ay. In the same way, « is said to be the limit inferior
k—o00

if the following condition holds:

(i) For each o € R, where satisfy o < a, the cardinality of {k € N | ay < a}
is finite.

(ii) For each av € R, where satisfy a > a, the cardinality of {k € N | ay < a}
is infinite.

Then we denote o« = lim inf ay.
k—o0
Let f:R" - RU{+o0, —o0}. We say that f is upper semi continuous if

f(x) > limsup f(xy)

k—o0

for each z € R™ and {x;} C R" converges to . In the same way, we say that f
is lower semi continuous if

f(x) < liminf f(zy)



DC programming and its Lagrange-type duality 3

for each x € R"™ and {x;} C R" converges to x. For o € R,

{f<a}={zeR"| f(z) <o}

is said to be the level set of f at a. It is well-known that f is lower semi continuous
if and only if {f < a} are closed sets for all & € R. For an extended real-valued
function f : R" — RU{+4o00, —00}, the domain and the epigraph of f are defined
by

dom f = {z € R" | f(z) < +o0},

epi f ={(x,r) e R" xR | z € dom f, f(z) < r}.
Definition 1.3. Let f: R" — R U {400, —o0}.
(i) f is said to be a convex function if epi f is a convex set.

(ii) f is said to be a closed function if epi f is a closed set.

(iii) f is said to be a proper function if dom f # () and f(z) > —oo for each
x e R™

Remark 1.1. Tt is well known that a function f: R”™ — R U {400} is a convex
function if and only if

f(l—a)z+ay) <(1—a)f(x)+af(y), Vr,y € R, Va € (0,1).

Definition 1.4. A function f : R" — R U {+o00, —o0} is said to be a concave
function if —f is a convex function.

Theorem 1.3. Let f, f; : R” — R be convex functions for each ¢ = 1,...,m and
a > 0. Then the following functions are convex functions:

Q) 3
(il) af.

(ii)) max f;.

=1,...,

Theorem 1.4. ([12]) Let f; : R* — R be real-valued convex functions for each
i =1,...,m. Then,

epi(iqu,?f}?m fi) = CO(O epi f:‘) (1.1)

i=1
Definition 1.5. Let f : R" — RU{+4o00} be a proper convex function. Then the
conjugate function of f is defined by

f*(y) = sup {{(x,y) — f(x)}, Vy € R"™.

r€ER™
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It is well-known that f* is a lower semi continuous proper convex function if f is
a proper convex function. Moreover f** = f if f is lower semi continuous. The
indicator function of A C R™ is denoted by d4, i.e.

[0 (x € A)
5A(”“")_{ too (¢ A).

Next, we view the relationship between a convex function and its gradient.

Definition 1.6. Let f: R” - RU {400} and x € dom f.

of (z) = lim f(z +te;) — f(z)
oz, 150 t

(it=1,...,m)

is said to be a partial differential coefficient of f at x, where ¢; is the ¢th unit

vector, and
0 0
VK@ZG%@~Q%@>

is said to be the gradient of f at x. Moreover, f is said to be differentiable at x

if
SR @) - (VS
Il A a

Theorem 1.5. Let f: R" — RU {400} be a function, where dom f is an open
convex set. If f is differentiable on dom f, then the following statements are
equivalent:

(i) f is a convex function.
(ii)) (Vf(x),y —z) < f(y) — f(x) for each z,y € dom f with x # y.

Definition 1.7. For each z € dom f, the subdifferential of the function f at x
is defined by

Of () ={x" e R" | (2", y —x) + f(z) < f(y), Yy € R"}.

The function f is said to be subdifferentiable at z if df(z) # (). Moreover, We
say that f is subdifferentiable if Of(x) # () for each x € dom f.

Theorem 1.6. Let f : R® — R U {+o00} be a proper convex function, = €
int dom f. Then the following statements are equivalent:

(i) f is differentiable at x.

(ii) Ja € R" s.t. Of(x) = {a}.
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Remark 1.2. In (ii) of Theorem 1.6, if f is differentiable at z, then df(z) =
{V f(x)}. From this fact, the subdifferential of a convex function is an extension
of its gradient.

The following theorem shows that the minimum value of a convex function
can be characterized by its subdifferential.

Theorem 1.7. Let f : R" — R U {400} be a proper convex function and
x € dom f. Then the following statements are equivalent:

(i) f(z) = min f(x).

(ii) 0 € Of(x).

About the subdifferential of the sum of two convex functions, the following
results hold:

Theorem 1.8. Let f,g : R* - R U {400} be a lower semi continuous convex
functions with dom f N dom g # (). Then the following statements hold:

(i) Of(x) + dg(z) C I(f + g)(x) for each x € dom f N dom g.
(ii) If epi f* + epig* is a closed set, then
f +9)(x) = 0f(x) + dg(x)
for all x € dom f Ndom g.
In the proof of Theorem 1.8, the following Fenchel duality is used.

Theorem 1.9. (Fenchel duality) Let f,¢g : R* — R U {400} be lower semi
continuous proper convex functions with dom f Ndom g # (. If epi f* + epi g* is
a closed set, then

inf {f(@) +g(x)} = max {—f*(z") - g"(~")}.

If z € dom f, then f(z)+ f*(y) > (y, x) (the Young-Fenchel inequality) holds
for each y € R™ and

f@)+ 1 (y) =y, z) < yedf(z)
Next, we define the tangent cone and the normal cone.

Definition 1.8. For a set A C R",
A*={yeR" | (y,x) <0, Vz € A}

is said to be the polar cone of A.
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Definition 1.9. Let SCR" and z € S.

FHay} C[0,+00), H{ap} C S }

Ts(7) = {y €eR" | ¢t lim ag(ry —2) =y, im z, =7
k——+o00 k—4o00

is said to be the tangent cone of S at z. Moreover,
Ns(z) = (Ts(7))"
is said to be the normal cone of S at Z, i.e.
Ns(z) = {2* € R | (a%,y) <0, Vy € Ts(2)}.

Theorem 1.10. Let S C R" be a convex set and £ € S. Then the following
statements hold:

(i) Ng(z) ={z* € R" | (z*,2 —2) <0,Vz € S}.
(i) 90s(z) = Ns().
(iii) Ng(z) = {z* € R" | 05(z") = (27, 7)}.
Theorem 1.11. Let f: R® — RU {400} be a proper convex function, S C R"

be a nonempty set and € S. If epi f* + epidg is a closed set, then the following
statements are equivalent:

(i) f(7) = min f(2).

€S
(ii) 0 € Of(Z) + Ng(T).
Definition 1.10. For two extended real-valued functions f, g : R" — RU{+o0},
the infimal convolution of f and g is defined by

(f@o)) =it {f(m)+g(z)}, Vo €R"

r1+a2=

From Theorem 1.8, for extended real-valued convex functions f; : R" —
RU{+o0},i=1,...,m, if () dom f; # 0, then
i=1

Ofi+ -+ fu)(@) = 0fs(x) + -+ Ofm(2) (1.2)

for all z € [ dom f;. Moreover the following statements hold:
i=1

Theorem 1.12. ([9]) Let f; : R* — R U {400} for each i = 1,...,m. If

() dom f; # ), then the following statements holds:
i=1
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(i) For each y € O(f1 + -+ + fm)(x), there exists y; € df;i(x) (i = 1,...,m)

such that
(fit-+ )W) = fily) + -+ fr(ym). (1.3)
(ii) For each y € O(f1 + - + fm)(2),
(it fa) () =T ®--a )W) (1.4)

and the infimal convolution is attained for all y.
(iii) If (1.4) hold, then

epi(fi+ -+ fm) =epiff +---+epif:. (1.5)

1.2 Convex programming problem
In this section, we consider the following convex programming problem:

minimize f(x)
s.t. gi(x) <0,i €,

where [ is an index set and f,g; : R" — R U {+o0} are convex functions for
each ¢ € I. In order to calculate the minimum value of this convex programming
problem, Lagrange duality is effective:

max inf {f(z) + > _ Nigi()}.

(I) xeR™
AERL iel

In this duality problem, i%f {f(x) + > Nigi(z)} is a convex programming prob-
zeR™ icl
lem which has no constraint. For example, we use Theorem 1.7, ian {f(z) +
TzER™
> Nigi(x)} is comparatively easy to solve. Moreover, under some assumption,

i€l
the following statement holds:

inf f(r) = max inf {f(z)+ Z)\Zg,(x)}

(2)<0 () z€R"
9i()< AR iel

This assumption is said to be a constraint qualification. The following condition
is a well-known constraint qualification, called the Slater constraint qualification.

Definition 1.11. Let g; : R® — R be convex function for all + = 1,...,m and
C C R". The system {g; < 0,7 =1,...,m} is said to satisfy Slater constraint
qualification on C' if

Jxg € C st gi(zo) <0 (Vi=1,...,m).
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Theorem 1.13. Let g; : R™ — R be convex function forall: =1,...,m, C C R",
S={xeC|glx)<0,¥i=1,...,m} and the system {g; < 0,7 =1,...,m}
satisfies the Slater constraint qualification on C'. Then the following condition
holds for all lower semi continuous proper convex function f : R" — R U {4o00}:

inf f(x) = max inf { f(v) + ; Aigi(r)}.

The Slater constraint qualification is easy to check. However, the Slater con-
straint qualification is not a necessary condition that the optimal value of primal
convex programming problem is equal to the optimal value of Lagrange duality
problem. The following Farkas-minkowski is a necessary and sufficient constraint
qualification that the optimal value of primal convex programming problem is
equal to its Lagrange duality problem.

Definition 1.12. ([4]) Let I be a inedex set, g; : R” — RU {400} be lower semi
continuous convex function for all + € I, C' C R"™ be a closed convex set. We say
that the system {g; <0, i € I'} is Farkas-Minkowski (FM, in short) if

cone co U epig; + epids is closed set.

i€l
Theorem 1.14. Let g; : R” — R be a convex function for each i = 1,...,m and
C' be a closed convex set. If {g; < 0,7 =1,...,m} satisfies the Slater constraint

qualification on C, then {g; <0, ¢ € I} is FM, i.e.

cone co U epig; + epids is closed set.
i=1
Theorem 1.15. (Goberna M. A.; Jeyakumar V., Lppez M. A.,[4]) Let I be a
index set, g; : R™ = RU{+o00} be lower semi continuous convex functions for all
1 € I and C be a closed convex set. Moreover, each g; is continuous at least at
one point of S = {z € C' | gi(x) <0, € I}. Then the following statements are
equivalent:

(i) The system {g; <0, i € I'} is FM.

(ii) For every lower semi continuous proper convex function f : R” — RU{+oc0}
with A Ndom f # () and epi f* + epi &% is a closed set,

inf f(x) = max inf{f(z) + Z Aigi(z)}.

€S AERS{) zeC icl

(iii) For every v € R",

inf (v, 2) = max inf {{v, z) + Z Nigi(x)}.

€S AERiLD zeC -
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Theorem 1.15 shows that FM is a necessary and sufficient condition that the
optimal value of the primal convex programming problem is equal to the optimal
value of the Lagrange duality problem.

1.3 DC function

In this section, we examine a DC function and its property.

Definition 1.13. A function h : R” — R U {+o0} is said to be a difference
of convex function (DC function, in short) if there exists two convex functions
f:R" = RU{+o0} and g : R" — R such that h = f — ¢.

Theorem 1.16. ([7]) The following statements hold:

(i) Every function f : R"™ — R whose second partial derivatives are continuous
everywhere is a DC function, that is, every function in C? is a DC function.

(ii) Let C' be a compact convex subset of C'. Then, every continuous function
on (' is the limit of a sequence of DC functions which converges uniformly
on C| i.e., for all continuous function ¢ : C' — R and for all €, there exists
a DC function f : C' — R such that |¢(z) — f(x)| < e for all z € C.

Theorem 1.16 inspires us that the class of DC functions is quite wide. To prove
(i) of Theorem 1.16, we provide the following definition and theorem without
proof.

Definition 1.14. We say that a function f: R™ — R is a locally DC function if
Vr € R", 3¢ > 0 s.t. fis a DC function on B(z,¢).

Theorem 1.17. (Hartman, [13]) Every locally DC function f : R® — Ris a DC
function.

Proof of (i) of Theorem 1.16. The elements of the Hessian V2f of f are bounded
on every closed neighborhood B(xg,¢). Therefore, for sufficient large p > 0,
the function f(z) + pllz]|* is a convex function on B(xg,¢) since its Hessian
V2f(z) + 2uFE is positive semidefinite on B(zg,¢) for sufficiently large p. Then

f@) = (f(@) + pllzll*) — pll=|*
is obviously DC on B(zg,¢). From Theorem 1.17, f is a DC function. O

Theorem 1.18. Let h,h; : R” — R(i = 1,...,m) be DC functions. Then the
following functions are DC functions.

(i) > Aih;, where \; € R for each i = 1,...,m.
i=1
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(ii) max h; and min h;.

Proof. (i) For each i = 1,...,m, there exist convex functions f;,¢; : R" — R
such that h; = f; — g;. From this,

ZM” = Z)\i(f
= Z Aifi — Z Aigi — (Z Aigi — Z )\ifi> .

;>0 A <0 A:i>0 <0

Bothof Y Nifi— Y. Nigiand > Ngi— > A\ f; are convex functions. Therefore

Ai>0 ;<0 Ai>0 Ai<0

> Aihi is a DC function.

S
I
—

ii) For each i = 1,...,m, there exist convex functions f;, g; : R” — R such that
— g;. From this,

—e

Fﬁ
I
=

_Imax hi: max {fl gl}— max {fl+zg] ZQJ

J#i J=1

,,,,,

J#i

Both of _max { fi+ > g} and Z g; are convex functions. Therefore max hi

..... j;é’b ] =1 yeeey M
is a DC functlon. min h; is same.
i=1,....m

(iii) There exist convex functions f, g : R" — R such that h = f — g. From this,

|h| = 2max{f, g} — (f +9).

Both of 2max{f,g} and f + g are convex functions. Therefore |h| is a DC
function.

(iv) We prove the case of m = 2. As noted Lemma 1.2 after this proof, for
each i = 1,2, there exist nonnegative convex functions f;, g; : R" — R such that
h; = fi — g;. From this,

ahs = (fy = 90)(fs = 92) = 5[0+ 12 (o1 + 920 = 31U+ 02 + (o + ).

As noted Lemma 1.3 after this proof, both of $[(fi + f2)? + (g1 + ¢2)%] and
$[(fi+92)*+ (fotg1)?] are convex functions. Therefore hyhy is a DC function. [
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Lemma 1.1. Let h : R® — R is a DC function. Then there exist a convex
function f : R” — R and a nonnegative convex function g : R” — R such that
h = f—g. Also, there exists nonnegative convex function f : R” — R and convex
function g : R — R such that h = f — g¢.

Proof. From h is a DC function, there exist convex functions hq, he : R” — R
such that h = hy — hy. Since hy is a convex function, there exist a € R"™ and
b € R such that (a,-) — b < hy. Moreover,

h:(h1_<a>'>_b)_(h2_<a>'>_b>'

From this, we put f = hy — (a,-) — b and g = hy — (a,-) — b, then f and g are
convex functions and ¢ is nonnegative. [

Lemma 1.2. Let h : R” — R is a DC function. Then there exist two nonnegative
convex functions f,g: R™ — R such that h = f — g¢.

Proof. 1t is clear that
h = max{h,0} + min{h, 0}.

From (ii) of Theorem 1.18, both of max{h,0} and min{h,0} are DC functions.
Moreover, max{h,0} is nonnegative and min{h,0} is nonpositive. Therefore
there exist convex functions fi, fs, 91,92 : R" — R such that max{h,0} = f; —
g1 > 0 and min{h,0} = fo — go < 0. Without loss of generality, ¢g; and f, are
nonnegative, from Lemma 1.1. Moreover,

h = max{h,0} + min{h,0} = (fi —q1) + (fo —92) = (f1 —g1) — (g2 — fo).

Since f1 — g1, go — f2, g1 and fo are nonnegative, f; and g, are nonnegative.
Therefore

h=(fi+ f2) — (91 + g2),

and f; + fo and g1 + g» are nonnegative convex functions. O]

Lemma 1.3. Let f : R® — R be a nonnegative convex function. Then ¢ is a
convex function.



Chapter 2

DC programming problem

In this chapter, we study the following DC programming problem (P):

(P) minimize fo(z) — go(x)
subject to  fi(x) — ¢;(x) <0,Vi=1,2,...,m,

where f;,g; : R* — R U {400} are lower semi continuous proper convex func-
tion for each ¢ = 0,1,...,m, and assume that the set of all feasible solutions
S ={x € R"| fi(r) — gi(zx) < 0,¥i = 1,2,...,m} is nonempty. At first,
we introduce previous Lagrange-type duality results for DC programming and
canonical programming. Secondly, we show a Lagrange-type duality theorem for
a DC programming problem, which is a generalization of previous ones when
all constraint functions are real-valued. Finally, we apply this result to a DC
programming problem with reverse convex constraints.

2.1 Lagrange-type duality theorem in DC pro-
gramming problem

In this section, we give previous Lagrange-type duality results for (P). At first,
we give a duality theorem with no constraint DC programming.

Theorem 2.1. (Toland duality) Let f : R* — R U {400} be a lower semi
continuous proper convex function, g : R" — R be a convex function. Then

inf {(z) — g(0)} = inf {g"(x") — f*(a")}.

zeR™ r*eR”

Theorem 2.2 and Theorem 2.3 give duality for the DC programming problem
(P). We adopt the conventions 0 - (4+-00) = +o00 and 0+ (—o0) = 0 in Theorem 2.2
and Theorem 2.3.

Theorem 2.2. (J.-E. Martinez-Legaz, M. Volle, [8]) Let f; : R* — R, be a
convex for each i = 0,1,,...,m, let go : R" — R U {+00, —o0} satisfies gy = ¢~

12
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and let g; : R™ — RU{+00, —00} be subdifferentiable on S for each i = 1,...,m.
If
for each (z7,... € l_I{gZ — f7 <0}, there exists € domf
i=1
such that f;(Z) — (Z,z]) + g/ (z7) <O foreachi=1,--- ,m,

? m

then
inf  {fo(zr)—go(z)} = inf inf max

fi(®)=gi(2)<0 v+ edomgy gf (x})— f7 () <0 \ERT:

{gg(x*) + Z)\lgf(x;‘) — <fo + ZAJZ) (:c* + Z)xﬂ;f) } )

Theorem 2.3. (J.-E. Martinez-Legaz, M. Volle, [8]) Let f; : R* — R, be a
convex for each i = 0,1,...,m, let gy : R* — R U {+00, —oo} satisfies gy = g¢*,
and let g; : R™ — RU{+00, —00} be subdifferentiable on S for each i = 1,...,m
If

for each (27, 25,) € 2 = {(z},...,,) € R™ | Ogi() M-+ N g, (21,) O},
there exists z¢ € domfy such that f;(xg) — (xo,2]) + g; (x}) <0
foreachi=1,...,m,

then
1nf { fo(zx)—go(x)} = inf max

fi(z)—g:i(x) (x*,x] - x5, )Edomgh X Q AERT

{gg(x*) + Z)\lgf(x;‘) — <fo + Z)\iﬁ) (x* + Z)\ll’:> } )

Remark 2.1. The right-hand side of Theorem 2.2 and Theorem 2.3 can trans-
form to a formulation of Lagrange-type duality. Indeed,

(z%) + Z Aigi (7)) — (fo + Z Aifi) (36* + Z Aﬂf)

i=1

= gi(x +Z)‘192 r}) — sup {<x,x* +Z/\ix:> - (foJrZ)\ifz’) (95)}

Next, we consider the following canonical DC programming problem (Q):

minimize (a,z)

(Q) subject to f(z) <0, g(z) > 0,



DC programming and its Lagrange-type duality 14

where f,g : R — R are convex functions and a € R". It is well-known that the
DC programming problem (P), where primal function and constraint functions
are real-valued functions, can be transformed into canonical DC programming as
follows.

The optimal value of (P) is

inf{ fo(z) — go(x) | fi(z) — gi(x) <0, Vi=1,...,m}.

By using an additional variable x,,.1, this optimal value is rewritten as follows:
inf{xn1 | fo(z) — go(x) — xpni1 <0, fi(zx) —gi(x) <, Vi=1,...,m}.

We define a function h : R**1 — R by

Wz, xpe1) = max{ fo(x) — go(x) — Tpy1, fi(r) —gi(x) (i=1,...,m)}.

From Theorem 1.18, h is a DC function, therefore there exists convex functions
f,g: R"™ — R such that h = f — g. It is clear that

fo(z) —go(z) — xpe1 <0 and fi(z) —gi(x) <0, Vi=1,...,m
if and only if
h(x,x,11) < 0.

Therefore

inf{mn—i-l | fo([[’) - gO(x) — Tp+1 S 07 fz(x> - gz(x> S Oa Vi = ]-7 s 7m}

= inf{x,41 | h(z, 2pq1) <0}

= inf{z, 1 | f(z,2011) — 9(2, 20 y1) <0}

- inf{l‘n-‘,—l | f(l‘yl'n—i—l) S Tn+2; Tp+2 S g(% xn—&-l)v Tp+2 S R}

= inf{anrl | f(x7xn+1) — Tnp42 S 07 0 S g($7$n+1) — Tn+42, Tn42 € R}
Using another additional variable x, o, we put functions F,G : R"*? — R and
a € R"*2 by

F(ZL’, mn+17xn+2) = f(xu In-{—l) — Tn42,

G (2, Tpi1, Tny2) = 9(T, Tny1) — Tpyo and
(0,...,0,1,0).

a
Then

inf{xn—o—l | f($7 In—l—l) — Tpt2 S 07 0 S g($7$n+1) — Tp42, Tni2 € R}
= inf{{a,7) | z € R"" F(2) <0, G(z) > 0}.

Theorem 2.4 and Theorem 2.5 give duality in the canonical DC programming
problem (Q).
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Theorem 2.4. (Y. Fujiwara, D. Kuroiwa, [3]) Let f,g : R® — R be convex

functions, and let @ € R™, let S = {z € R" | f(z) <0, g(x) > 0} be nonempty

and let |J 0g(z) C A. If for each z € ANdom g*, {f < 0}N{(—=2,-)+¢*(z) <0}
zes

is nonempty and cone co(epi f*U{—z} x [—¢*(z), +o0) U{0} x [0, +00)) is closed,

then

inf a,r) = inf sup inf {{a,z) + \f(z) + pu({—y,z) + ¢*
Bt a.) = int sup inf {{0,3) 4 Af(x) 4 u((-2.2) + ")

holds and the supremum on A, u > 0 being attained for all y € A.

Theorem 2.5. (Y. Fujiwara, D. Kuroiwa, [3]) Let f,g : R" — R be convex
functions, and let a € R", § = {x € R" | f(z) < 0, g(z) > 0} is nonempty,

Y ={yeR"|{f <0}n{{y,") > g*(y)} # 0} and Usé?g(a:) CACY' If
TE
coneepi f* 4+ {0} x [0, +00) is closed, then

inf a,x) = inf sup inf {{(a,x) + \f(x) + —y,z) + g*
syl o (o = Inf sup inf {{a,2) + Af(@) + (=g, ) + ")}

holds and the supremum on A, u > 0 being attained for all y € A.

In [3], Theorem 2.4 and Theorem 2.5 proved another way. In fact, Theorem 2.5
can prove by using Theorem 2.4.

Proof of Theorem 2.5. We assume the assumption of Theorem 2.5, i.e. assume
that

U dg(x) CACY'

z€eS

hold and
coneepi f* + {0} x [0, +00) is closed.

For each z € A,
Jdrg € {f <0} s.t. — (20, 2) +9"(2) < 0.

Therefore the system {— (x, z) + g*(2) < 0, x € R"} satisfy Slater condition on
{f <0}. From Theorem 1.14,

coneepi(— (-, z) + ¢*(2))* + epi 0{f<0}
is a closed set. For each v € R",

inf ) = inf ) +/\ - ) + *
roro- o0 &0 T, (@, 0) F A= {2 2) + 7))
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hold, from Theorem 1.15. From coneepi f* + {0} x [0,+00) is a closed set, by
using Theorem 1.14,

inf {(z,v) + A\(— (z,2) + ¢"(2))}

ze{f<0}
= of {{@0) + A= {@2) + 7))}
= max inf {(z,v) + A= (2, 2) + ¢7(2)) + uf ()}

for each A\ > 0. Therefore, for each v € R,

inf (x,v)
F(@)<0,~(,2)+9* (2)<0

= max max zei{r;go}{tv, v) + M= (z,2) + 9%(2)) + nf(x)}

= Dax inf @0} + A= (@ 2) +07()) + uf (@)}

From Theorem 1.15,
cone co(epi f* Uepi((— (-, 2) + ¢"(2))")) + {0} x [0, 4+00)
is a closed set. Moreover,

cone co(epi f* Uepi((— (-, 2) +g%(2))")) + {0} x [0, +00)
= coneco(epi f*U{—z} x [=¢"(2), +00) U{0} x [0, +00)).

Therefore the assumption of Theorem 2.4 hold, and we can use Theorem 2.4.
O

It is well-known that canonical DC programming problems are special cases
of DC programming problems, so Theorems 2.2 and 2.3 have broader application
areas than Theorems 2.4 and 2.5. However, the assumptions of Theorems 2.2
and 2.3 are stronger than Theorems 2.4 and 2.5 whenever the DC programming
problem is canonical. In this paper, we give a Lagrange-type duality result for
a general DC programming problem, which is a generalization of Theorems 2.2,
2.3, 2.4, and 2.5.

We consider the following subproblems (P(yo,(y;),)) of (P):

\m minimize  fo(x) — (x, y0) + 95 (yo)
(PQoW)20)  Ginject to filz) — (o 43) + g7 (i) < 0,¥i = 1, m,

where (yo, (¥:)™1) = (Yo, Y1, - -, Ym) € R?™+D Tt is clear that all subproblems
(P(yo,(yi)™,)) are convex programming. Let Val(P) and Val(P(yo,(y;)",)) be
the minimum values of (P) and (P(yo,(y;)",)), respectively.
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Lemma 2.1. Let f;, g; : R" — RU{+o00} be lower semi continuous proper convex
functions for each i =1,...,m, S = {x e R" | fi(z) — g;i(x) <0,Vi=1,...,m},
(yi)iry € RP™ and S(y;)7t = {z € R™ | fi(z)— (2, y:)+g; (y:) <0, Vi=1,...,m}.
Then

S(yi)?l1 C S,
furthermore if g; is subdifferentiable on S for each i = 1,...,m and

U (ﬁ 892-(3:)) C D CR"™, then

zeS \i=1

U S =s

(yi)2,€D
Proof. For each = € S(y;)™,,
02> filz) = (z,y:) + 97 (v:) = filz) — gi(x)

by using the Young-Fenchel duality for each i = 1,...,m. So S(y;)*, C S.
Let z € S. since Jg;(z) is a nonempty set for each i = 1,...,m, there exists
y; € 0gi(z) and

0> fi(2) — gi(2) = fi(2) = (2, 95) + 9 (i)

Therefore z € S(y;)™,. Also we have (y)*, € U (H 8gi(:v)>. So z €

zeS \i=1
U  S(y),. Therefore S € |J S(y;)™,. It is clear that the opposite
(yi)iz €D (y)iL,€D
inclusion holds. O

Lemma 2.2 needs to the proof of Theorem 2.6.

Lemma 2.2. Let h : R" — RU {400} be a function, let A be a nonempty set,
and let B(x) be nonempty subsets of R™ for all z € A. Then

inf inf A = inf A
inf if (y) e Ul (y)

Proof. For each x € A, since B(z) C |J B(x),

T€EA

inf h(y) > inf  h(y).

yeB(z) “ye U B@)
TzEA

Therefore we have

inf inf h(y) > inf h(y).
€A yeB(z) (y) T ye LGJAB(r) (y)
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Assume that inf inf A(y) > inf  A(y). Then there exists 8 such that
€A yeB(x) yeE gAB(x)

inf inf h(y) >8> inf h(y).
€A yeB(z) (y) ﬂ ye EAB@) (y)

From § > inf  h(y), there exists yo € |J B(z) such that h(yy) < 3, and

ye L€JAB($) zEA
T

there exist xo € A such that yy € B(xg). Therefore

inf inf h(y) < inf hA(y) < h(y) < 5.

€A yeB(z) " y€B(xz0)

Thi tradicts to inf inf h(y) > 8. So, inf inf h(y)= inf A(y). O
o contradicts 1o Jal 2j{o) M) = 050 08 ) M) = e §a) M)
TE
Theorem 2.6. (R. Harada, D. Kuroiwa, [2]) Let f;,g; : R* — R U {+o0} be
lower semi continuous proper convex functions for each i = 0,1,...,m, S = {z €
R™ | filx) — gi(x) < 0,Vi = 1,...,m}, let g; subdifferentiable on S for each

i=1,....,m, J 9go(x) C Dy CR" and {J <H agi(x)) C D CR"™. Then

zeS zesS \i=1

Val(P)= inf Val(P(yo,(y:)")).

(yo,(ys)7™1)€Dox D

Proof. For any x € R™ and yo € Dy, we have go(x) + g5(vo) > (x,yo), that is,
fo(@) = go(z) < fo(x) — (=, 90) + 95(%0). By using Lemma 2.1,

ilelg{fo(x) —go(7)} < glglelg{fo(x) — (@, y0) + go(2)}

< wGi?(f’;li){fO(x) —(,90) + go ()}

for any (y;)7*, € D. This shows Val(P)< inf Val(P(yo,(y:)™,)). Con-

(yo,(yi)T™,)€Dox D
versely, for each z € S, pick y; € Jg;(x) for each i = 1,...,m, then f;(x) —
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(x,y;) + g5 (y;) = fi(x) — gi(x). Therefore

(yo,(yi)?ilrgeDoxDval(P(yO’(yi)?;)) - yoi?z{;o (yi)i;(}l:feD zesi(rylf;ll{fo(z) — (2, 90) + 95(%0)}
= b gl 10l = (o) + g6 )}
(W)L, €D
= inf inf{fo(=) = (z.90) + 95 (50)}
= inf inf {fo() = (= 90) + 96 (40)}

<inf  inf ){fo(Z) —(2,%0) + 90(v0) }

z€Syoe U 9go(x

< ing igf {fo(2) = (z,90) + 90(%0) }
2€5 yo€dgo(2)

it L)~ 0}

— int{u(2) - ()}

= Val(P).

The second and third equalities hold from Lemma 2.1 and Lemma 2.2, respec-
tively. When S # (), this reverse inequality is clear since Val(P)= +oco. This
completes the proof. O

From this, we give the following theorem.

Theorem 2.7. (R. Harada, D. Kuroiwa, [2]) Let f;,g; : R" — R U {400} be
lower semi continuous convex functions for each i = 0,1,...,m, S = {z €

R™ | fi(x) — gi(z) < 0,Vi = 1,...,m} nonempty, |J dgo(z) € Dy C R™ and
z€eS

U (H (9g,»(x)> C D C R™. If each f; is continuous at least at one point of
zeS \i=1
Sty ={z e R" | filz) = {z,y:) + g7 (y:) <0, Vi=1,....,m} and

cone co 6 (epi f; — (v, 97 (:))) + {0} x [0, 400) is closed, (2.1)
i=1

for each (y;), € DN [] dom g}, then
=1

Val(P)

= inf max inf {fo(x) — (x,y0) + 95 (yo) + Z Ni(fi(z) — (@, u3) + 9:(1%))} :

(yo,(ys)™1)€DoxD XA;>0 zER™ P
Proof. For each (y;)*, € D,

epi (fi — (- 9i) + 9 (vi)" = epi (f (- +v:) — g7 (vi))
= epif; — (yi, g7 (vi))
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for each i = 1,...,m. Also it is easy to check that epidg, = {0} x [0, +00). From
the assumption of this theorem and Theorem 1.15, we have

inf ){fo(:):) — (z,y0) + 95 (v0)}

z€S(yi
= max inf {fo(fc) — (2, 0) + g5 (vo) + Zl Xi(fi(x) — (@, u) + g; (yi))} :
Therefore we conclude the final equality by using Theorem 2.6. m

2.2 Applications

We will prove Theorems 2.2, 2.3 and 2.4 by using Theorem 2.7 when all f;(i =
1,...,m) are real-valued functions.
[Theorem 2.7=-Theorem 2.2]

Assume the assumption of Theorem 2.2, that is,

for each (x7,...,2)) € 1_[{g;k — f7 <0}, there exists 7 € R"
i=1
such that f;(z) — (z,2]) + ¢/ (z]) <0,Vi=1,...,m.

Therefore {f; — (-,xf) + g7 (zf) < 0,4 = 1,...,m} holds the Slater constraint

qualification. From Theorem 1.14,

m m

cone co Uepi(fi — (,2f) + g (z}))* = coneco U(epi i —(z7, g7 (x}))) is closed.

i=1 =1

Let Dy = domgi and D = [[{gF — f# < 0}. It is clear that |J dgo(z) C Dy.
i=1 eSS
Now we show

U (ﬁ 8gi(x)) C D.

zeS \i=1

For each (y;)", € U (H agi(a:)), there exists zp € S such that

2€S5 \i=1
()i, € ﬁ 0gi(xg). Then, for each i = 1,...,m, gi(xo) + g (y;) = (w0, y;), that
is, =

9i(x0) + g; (yi) = fi(wo) + (o, ¥s) — [i(wo) < filwo) + [7(y2),
therefore we have g;(y;) — [ (y;) < fi(zo) — gi(xo) < 0. This shows (y;)™, € D,

that is, Z
U (H 8gi(x)) C D.

zeS \i=1
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Therefore the assumption of Theorem 2.7 is satisfied.
[Theorem 2.7=-Theorem 2.3]
Assume the assumption of Theorem 2.3, that is,

for each (,...,2,) € Q= {(a,...,2,) € R"™ [ () 0y (x]) # 0},
i=1
there exists xop € R" such that f;(zo) — (wo,z}) + g/ (z) <0, Vi=1,...,m.

1

Therefore {f; — (-,xf) + g7 (zf) < 0,4 = 1,...,m} holds the Slater constraint

qualification. From Theorem 1.14,

cone co Uepi(fl- — (- 2}) + g (z}))" = coneco U(epi fi—(xf, g7 (x7))) is closed.
i=1 =1

Let Dy = dom g§ and D = Q. It is clear that |J dgo(x) C Dy. Now we show
x€S

U (ﬁ 8gi(:1c)) C D.

zeS \i=1

For each (y;), € U (H 8gi(x)>, there exists zp € S such that
zesS \i=1
(yi)y € 11 9gi(xo). Since g; = ¢;*, xo € 0gi(y;) for each i = 1,...,m. Therefore
i=1

xo € () 99i(y;), and we have () dg;(y;) # 0, that is,
i=1 i=1

Consequently the assumption of Theorem 2.7 is satisfied.

Also, Theorem 2.7 is a strongly generalization of Theorem 2.2 and Theo-
rem 2.3 when all f;(i = 1,...,m) are real valued functions. For example, let
n=1 m=1,

—x—1 x< -1,
fi(z) = 0 xe[-1,1], and g¢gi(z)=0,VreR.
r—1 x>1,
Then
fi(@®) = [a%| + 6-1y(27) and  gi(z") = 6oy (z”).

Therefore coneepif; + {0} x [0, +00) is closed. In short, the assumption of The-
orem 2.7 holds. However, both the assumption of Theorem 2.2 and Theorem 2.3
do not hold because fi(z) — (z,x2*) + ¢gi(z*) > 0 for each z,2* € R.
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But, Theorem 2.7 is not a generalization of Theorem 2.2 and Theorem 2.3

when some f;(i = 1,...,m) is not a real-valued function. For example, let n = 1,
m=1,

I xe [_17 ]-]7 _
ha)=o, w0 =0, A ={ TSI md g =0veer

Then,
fi(@*) =|z"|+1 and gj(z*) = 6403, V2" € R.

Therefore fo, go f1 and g, satisfy the assumption of Theorem 2.2 and Theorem 2.3.
However, coneepi f; + {0} x [0,400) is not closed. In short f; and g; do not
satisfy the assumption of Theorem 2.7.
[Theorem 2.7=-Theorem 2.4]

Assume the assumption to Theorem 2.4. Let fo = (a,-), g0 = 0, f = [,
g1 =0, fo =0, and g» = g. Then 0go(x) = {0} for each x € S and gj = d403. Let
Dy = {0}, D = {0} x A, where A is the set satisfying |J dg(x) C A. Then

z€eS

U 0go(z) € Dy and U(@gl(:v) x 0go(z)) C D.

zeS z€S

Also S(y1,y2) is nonempty from Lemma 2.1 and

cone co(epi (f1 — (-, 1) + 91 (y1))" Uepi(fa — (-, 42) + g5 (y2))") + {0} x [0, 400)
= cone co(epif™ U {—ya} X [=g"(y2), +00) U {0} x [0, 400))
is closed for each (y1,y2) € D. By using Theorem 2.7, we have
inf a,r) = inf x) — go(x
framseys0 (BT T oy o Vol®) ~ (e}

= inf max inf
(yo,y1,y2)EDoxD X;>0 zER™

{Fol@) — (2. 00) + g50) + 3. Nlfile) — (z,9) +"(4))}

= inf inf A Ao(— * :
inf max inf {{a,2) + A f(2) + (= (2,9) + 9"(9)}
This completes the proof of Theorem 2.4.
Next, we examine the following DC programming problem with reverse convex
inequality system.

®) minimize fo(z) — go(z)
subject to g¢;(x) >0,Vi=1,2,...,m,

where g; : R" — R are convex function for each i = 1,...,m. In problem (P), if
fi = 0 for each i = 1,...,m, problem (P) becomes problem (R). From this, the
following theorem hold.
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Theorem 2.8. Let f; : R" — RU{+00} be lower semi continuous proper convex

function, g; : R™ — R be convex function for each i = 0,1,...,m, |J 9dgo(z) C
zeS

Do CR", | (ﬁ 891»(96)) C DCR™. If

zeS \i=1
for each (y;)i%, € DﬂH dom g7, fo is continuous at least at one point of S(y;)~,
i=1
then,
Val(R) = inf max inf

(yo,(y:)721)EDox D A; >0 zER™
{fo(x) — (@, 50) + g5(%0) + Z Ai(= (2, yi) + gz*(yl)>} :
i=1
Proof. Let f; =0 for each i =1,...,m, then
epif; = {0} x [0, +ox).
Therefore

coneco |_J(epi f; — (i, 7 (4:))) + {0} x [0, +00)

= cone co U({O} x [0, 400) = (yi, 9; (4:))) + {0} x [0, +00).

Moreover,

coneco|J({0} x [0, +00) = (31, 67 (i) + {0} x [0, +00)

= cone co{(0,1), = (y1, 91 (1)) - - -, = (Um, 1 (Ym)) }-

From Theorem 1.1, this set is closed set. Therefore,

Val(R) = inf max inf

(y0,(yi)2 1 )EDoxD X;>0 z€R™
{fo(x) — (@, 50) + g5 (yo) + Y Mil— (o, i) + g;(yi))}
i=1
]

Example 2.1. In this example, we calculate the optimal value of the following
DC programming problem by using Theorem 2.7:

(P) minimize z — |y|
subject to 2? +y* — 1 — |z| < 0.
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Let fo(x,y) =z, go(z,y) = |yl filz,y) =2+ =1, gi(z,y) = |z], Do = {0} x
[—1, 1], and D = [—1, 1] X {0} Then we have gé = (5{0}><[_1,1} and gik = (5[_171]><{0}.
For each y; € D, we can check that f; is continuous at least at one point of S(y;)
because S(y1) = {x € R" | fi(z) — (x, 1) + ¢i(y1) < 0} is nonempty, and

cone co (epi fi — (1, 41 (y1))) + {0} x [0, +00)
is closed. By using Theorem 3.1,

Val(P) = inf max inf
(tl,tQ)ED(), (t3,t4)€D A>0 (r,y)ERQ
{folz,y) — (2, y), (t1, t2)) + g (t1, t2) + A fi(z,y) — (2, 9), (t3,t4)) + g1 (t3,14)}

t27t31£[_171] Ig\lza())( (m,g)leRz{x oy + (l’ +y 33:)}

tg,t3lél[—1,1] %138( (x’IyI)leRQ{x 2y + (33 +vy 31:)}

= inf max inf
tg,t3€[—1,1] A>0 (:p,y)ERQ

M — 1) 2 £\ M —1)° £ty )
(-2 ) - ) - &) -
, Ms—1)2 £\
tg,tglél[il,l] rilf“é{ {)\ <_ ( 2)\ ) B (ﬁ) -1

2 +4 24+1 t
- inf —min{3+ A+ 2+ —53}

totse€[—1,1]  A>0 4 4\

244 t241 t
—  inf _2\/i Lt + 3
ta,ts€[—1,1] 4 4 2

t24+4 1241 ¢t
= inf —2\/ st Tl b
tze[—1,1] 4 4 2

1 V10

2 2

1341
1344

In the 7th equality, min is attained when \ =



Chapter 3

Another Lagrange-type duality

We observe the following DC programming problem with inequality constraints:

P) minimize fo(z) — go(x)
subject to  fi(x) — g;(x) <0,i=1,...,m,

where f;,g; : R — R are convex functions for each ¢ = 0,1,...,m. Clearly,
problem (P) is equivalent to the following problem (P’):

. minimize fo(z) — go(x)
(P') subject to _max {fi(z) — gi(x)} <0,

1,....m

where
m
:ii?,?.’fm{fﬁz%} G=D
i i=1
and F' and G are convex functions. To our surprise, we can observe that constraint
qualifications of two DC inequality systems {f; —¢; < 0,4 = 1,...,m} and
{F — G < 0} have a difference in spite of the two systems being equivalent. This

can be seen at the end of Section 3.2. Motivated by the observation, we study
other Lagrange-type duality results of the last chapter.

3.1 Maximum function of DC functions

At first, we give another duality result.

25
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Theorem 3.1. (R. Harada, D. Kuroiwa, [1]) Let f;,¢; : R® — R be convex
functions foreach i = 0,1,...,m, S = {x € R" | fi(x)—gi(x) <0, Vi=1,...,m},
U 9go(z) € Dy and D = |J > 0gi(x). If

zeS eSS i=1

cone co (0 <epj fi*+z epi gj*) —Zm: <yi, gl*(yl))> +{0} x[0, +00) is closed (3.1)

i=1 j#i i=1

for each (y;)™, € U ][ 9gi(x), then following Lagrange-type duality holds:
zeSi=1

([ fo(x) = (z,50) + 95 (wo)

, , + 2. Ailfi(@) — gi(x))
Val(P) =  inf max inf i=1 :
(¥0,9)€DoxD } \;>0 zER" [ m X X
35 =4 +A Zlgj(w) — (@, 9) + (. 1gj)*(y)
=1 Jj= )

L J

NIE

Also we give a unified result of Theorem 2.7 and Theorem 3.1, as follows:

Theorem 3.2. (R. Harada, D. Kuroiwa, [1]) Let f;,g; : R" — R be convex func-
tions for each i = 0,1,--- ;m, S = {zx € R" | fi(z) — g;(x) <0, Vi =1,...,m},

IC{1,....m}, U 9go(x) C Dy and D = | (H 0g;(z) x Zé’g&x}) If

€S 2€S \igI i€l
cone co <U ((epi f7+) epi gj) - Z(y g (yi)))
i€l i iel
jel (3.2)
UU(epi fr— (?JZag:(?/z)))) + {0} x [0, +00)
il
is closed for each (y;)™, € U [] 9¢g:i(x), then
zeSi=1
Val(P) = inf max inf
(yo,((yi)igr:9))€DoxD X, ;>0 TER™
¥ A=A
iel
fo(z) = (z,90) + g5 (y0) + ; Ni(fi(z) = (@, y:) + 97 (vi)
il
+ 2 Nilfilw) = gilx)) + A (Z g5(x) — (2, 9) + (X2 gj)*@)>
i€l jel jel

Remark 3.1. If I = (), then Theorem 3.2 becomes Theorem 2.7, and if I =
{1,---,m}, then Theorem 3.2 becomes Theorem 3.1. Also, the assumptions of
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Theorem 2.7 and Theorem 3.1 have a difference. This can be seen at the end
of Section 3. Therefore Theorem 3.2 is a generalization of Theorem 2.7 and
Theorem 3.1.

In order to prove Theorem 3.2, we provide the following Theorem 3.3, Lemma 3.1
and Lemma 3.2.
The following theorem will be used in the proof of the main theorem:

Theorem 3.3. (M. Sion, [14]) Let X be a convex set, ¥ be a compact convex
set, f: X XY — R, where f(x,-) is upper semi continuous concave on Y for each
x € X and f(-,y) is lower semi continuous convex on X for each y € Y. Then

inf max f(x,y) = max inf f(z,y).

zeX yeYy yeY zeX
Lemma 3.1. For any m € N and for any convex sets C; CR" (i =1,...,m),
i=1 A0 =1
S

i=1

Proof. Clearly, (3.3) holds when m = 1,2. Assume that (3.3) holds for some
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m € N. Let C; C R" be convex sets for all t = 1,...,m + 1. Then,

= CO( Cl U Cm+1>
i=1

= U ()\COU Ci+ (1 — )\)C’m+1> (. from the case when m = 2)

A€(0,1] i=1
= U (/\ U Z AiCi+ (1 — )\)C’m+1> (. from the assumption)
XE[0,1] A>0  i=1
o
= U <Z NGy 4 (1 — )\)CmH)
A€[0,1] A>0 \i=1
5 A=1
i=1
m+1
= U > e
A>0 =1
mil)\izl

i=1

Therefore (3.3) holds for m + 1. From mathematical induction, the proof is
completed. O

Lemma 3.2. For any m € N and for any convex sets A;, B; CR" (i =1,...,m),

co (N + (1= X)B) =co | J(4i+>_B)). (3.4)
Ai>0 =1 i=1 G
3 A=l

Il
—

K3

Proof. We may assume that all A; and B; are not empty. We show this lemma
by using mathematical induction. It is clear that (3.4) holds when m = 1. In
the case of m = 2, (3.4) holds from Lemma 3.1 by putting C; = A; + B, and
Cy = Ay + By. Assume that (3.4) holds for some m € N. Let A;, B; C R" be
convex sets for all + =1,...,m + 1. Then,
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m—+1
co |J D N4+ (1-N)B)
Ai>0 =1
m—+1
(Z(/\iAi +(1— )\Z>B’L))>

~o U (U
Am41>0  i=1

0<A1 <1 Mg,
m+1
> on=1
i=1

nil()\iAi +(1 - )\Z)Bl))>

~o(U (U
0<A1<1 Moy Amg1 >0 i=1

m—+1

> A=l
(3.5)

U(A+ng)>

= CO ( U ()\1141 + (1 - )\1)31
0<\i<1
m+1 m+1
+ <§:Qﬂf+ﬂ—AJ&0)U(Ay+§:BQ>.
A2y Ami1>0 =2 =2
m—+1
= CO ( U ()\11414‘(1 —)\1)Bl+(1—)\1) U
0<\i<1 A2,y Am+1>0
m—+1 s
2:2 173\1:
m-+1 m+1
by 1—\
LA “B)) ) u (4 B
<;;1—M TN ))U(1+;; ))
For all i = 2,...,m+1, since B; are convex sets, 1 —\; = (1 — Ay — \;) + \q, and

1—X —X; >0, we have
1—\ 11— =\ A

— B;
TN

1) 1— )\

A A
B=(1--2 \p i 2 p
( —AJ 1N
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and then

m+1

U (s =)

zgz 1731:
)\1 m+1 m+1 )\Z )\Z
= B; ( A+ (1— B))
2B U (Lo - Ty)B)
=2 A2, s Am4+1>0  1=2
K VN
i§2 =2
A m—+1 m—+1
1 ! /
- 2 S B+ | <Z(/\Z.AZ +(1- )\Z)Bz)>
2 NX 20 2
m—+1
S N=1
i=2
Hence,
(3.5)
m—+1
= CO ( U ()\1141 -+ (1 — )\1)31 + )\1 Z Bz
0< <1 =2
m+1 m+1
+(1-x) (Z(A;Ai +(1- A;)B,-))) U (A1 +y BZ))
Ay Al 1 20 1=2 =2
m—+1
igz Ai=1 (36)
m—+1
= CO ( U ()\1141 -+ (1 — )\1)81 + )\1 Z Bz
0<Ai<1 =2

m+1

+(1-Meo | (Z()\QAi +(1- AQ)BQ)) U <A1 + 213»

Ny Ny 20 i=2

> A=l

=2
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From the assumption,

(3.6) = co ( U <)\1A1 +(1=M\)Bi + A\ mi B;

0< <1 =2
m+1 m+1
= 2§jj§7ériz+1 =
m+1
= CO ( U ()\1141 + (1 - )\1)B1 + )\1 Z Bl
0< <1 =2
m+1 m+1
+(1 =) (AZ- + ) Bj)> U <A1 +> Bi)> (37)
= 2§jj§7é'ril+1 =

m+1

=co (0<L\'J<1 ()\1 <A1 + ZX_; Bl-)
F(1- )\1)(31 +”Ol<Ai + 3 Bj)>)>

i=2 i
2<j<m+1
m+1 m—+1
— o ( U <>\1<A1 + ZBi) +(1- )\1)<U (Ai+ZBj)))).
0<A1 <1 i=2 i=2 £

By using Lemma 3.1,

(3.7) = co <<A1 +§Bi) U (U(Ai + ZBJJ))

i=2 i
m—+1
= co U (A, + ZBJ')'
i=1 i
Consequently, (3.4) holds for m + 1. O
Proof of Theorem 3.2. Let F = nilealx{fi + > g;} and G =) g;. We can see the

i il
jer
problem (P) is converted to the following equivalent problem (P”):
minimize  fo(z) — go(x)
(P”)  subject to  fi(z) — gi(z) <0,Vi & I,
F(z) - G(z) <0.

From (1.2),

D=|]J (Hagi(x) x Z@gi(x)) = (H@gi(x) X 8Zgi(x)) .

zeS \igl icl zeS \i¢l icl
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For each ((vi)igr,9) € D N (]] domg; x dom G*), there exists £ € S such that
ig
y; € 0g;(2) for each i ¢ [ and § € 0 g;(Z), that is,
icl
0:@) + g () = (@) (¢ D (Xa)@+ (Do) @) =(e9).

el el

From (1.4), there exists y;(i € I) such that (> ¢;,)*(9) = >_ g/ (v;) and > y; = 9.

iel il il
Then
Z(Qz(@ +9; (i) = Z (T, i),
el el

and since g;(z) + g7 (y;) > (2, y;) for each ¢ € I, we have
9i(Z) + g; (y;) = (T, v:) , that is y; € 0g;(2)
for each 7 € I. Therefore

()i € [ ] 00i@) < U 1] 00:(). (3.8)

€S i=1

From g € 0> ¢;(z) and & € 5,

F(x) = (&,9) + G"(9) = max{fi(2) + Y _g;(1)} = (£.9) + (D_ 9:)"(9)
j;ﬁlz‘ iel
= nilealx{fi(i) + Zg](f)} - Zgz(@
gg i€l

= max{f;(%) - :(2)} < 0.

From y; € 0g;(2) foreach i ¢ I and & € S, fi(2)— (2, y:)+9; (i) = [:(2)—g:(2) <
0. Therefore & is an element of {x € R" | fi(z) — (v,v:) + g/ (v;)) < 0, Vi ¢
I, F(z) — (x,9) + G*(y) < 0} and this set is non-empty. For each i € I, let
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F, = fi+ > g;. Now we have
i

epi F* = CoUepi E’ (" from (1.1))

el
= U Z Aiepi F (. by using Lemma 3.1)
X>0 el
> A=l
i€l
= |J Do Ailepify +> epig]) (- from (15))
X0 el i
> A=l jer
il
- U Z()\iepi fi+ (1 —X\)epig))
\i>0 el
T A1
=1
= co U Z(/\Z-epi 54 (1= X)epig))
Ai>0 i€l
> A=l
= co U(epi fi+ Z epig;). (" from Lemma 2)
i€l #i
jel
Therefore
epi I — (3, G*(9)) = co (U(epi 14 epig) = > (i, gif(yz-))),
i€l jel iel
J#i
and hence
coneco(LJept 7 = (970D U (0 F* = (3,G°(3))) + (0} x [, +20)
igl
= cone co (U(epi 15 = (i, 97 () U <U(epi 14 epig) = > (v, gf(yz-))))
igl i€l jel iel

J#i
+ {0} x [0, +00),
because co(A U coB) = co(AU B) for any A, B C R". From (3.2), this set is
closed. By using Theorem 2.7,
Val(P) = inf max inf

(yo,((y:)igr,9))EDox D X, x;>0 TER"
{ fo(@) = (z,90) + 95(v0) + %/\Z(fz(:p) — A,y + g () }
FAE(z) = (2.9) + G ()
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holds. For any (4, (4:)igr.9)) € Do x D,

' { Jolw) = {x,yo) + 95(vo) + 22 Ml filw) = {z, ws) + 97 (w:)) }
max  inf ) i¢1
N e ANF (@)  {9) + G ()
fo(®) — (z,90) + 95(v0) + %/\z‘(fz‘(l‘) —(z,yi) + 9; (¥:))
= max inf ) Z
w0ign s |} (ma {fi(fv) + ¥ gj<x>} ~(2.9) + (X 9, (3))
Z e j#i, jeI jeI
= max inf
Xi>0(igl) veR™
A>0
fo(x) = (2, 90) + g5(v0) + % Ailfi(x) =z, yi) + 97 (1))
A max S M)+ g@) = @)+ (S 0)'(0)
Zli_el j\f:l j#i, jel Jel
= max iIinf max
X >0(igl) zER™ \;>0(i€])
>0 Dier Ni=1
fo(x) = (z,90) + g5(0) + %Ai(fi(a:) —(z,yi) + 97 (i)
AT A+ 3 g0) = (03) + (5 0)°(0)
VEalZVIS VIS

= max max inf
Ai>0(igI) \;>0(i€) z€R™
A>0 > =1
el

fo(@) = (@, 90) + 95(v0) + %)\i(fi(ﬂf) — (@, y:) + 97 (13))
{ A Y Ml fi(x) +#;jelgj<33)) — (z,9) + (j%gj)*(?))) }
= juax i,
{ fo(@) = (@, y0) + 95 (v0) + i%)\i(fz‘(x) — (@, y:) + 9; (i) }
FAQ s Nilfi(@) = giz) + ;Igj(x)) —(z,9) + (%gj)*@))
- e il |
a2
{ fo(@) = (@, 90) + 95 (v0) + %Ai(fi(x) — (@, y:) + 9; (i) }
FAD e Ailfi(@) — gil@)) + A(% 9i(x) = (z,9) + (j% 9;)"(9))
— max inf j
%ﬁi&xew
{ folx) = (2, y0) + 95 (yo) + % Xi(fi(w) = (i) + 97 (1i) }
+ 2 ier Ailfilz) — gi2)) + )\(]%gj(ﬂ?) — (z,9) + (j%gj)*(ﬂ))
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The fourth equality of the previous equalities follows from Theorem 3.3. Hence
we have

Val(P) = inf max inf
(40,((¥:)ig1:9))€DoXD }, x>0 zER"
> N=A
i€l
fo(z) = (x,90) + g5(v0) + % Ailfi(x) = (2, yi) + g7 (1))
i¢l
+ 2 Ailfi() = gi(@) + A2 gi(x) — (z,9) + (22 95)"(9))
i€l jel jel
This completes the proof. O

3.2 Comparison

Now we can apply Theorem 3.1 to DC programming problems.

Example 3.1. Consider the following DC programming problem:

(P) minimize  fo(z) — go(z)
subject to x = (71, 22) € R?, fi(x) — gi(x) < 0,1 =1,2,

where fo(r1,72) = x% — Tg, go(x1,22) = 0, fi(w1,22) = @3, G1(x1,22) = |21],
fo(1,9) = —x9, and go(x1,22) = |21]. This mathematical programming prob-
lem is neither convex nor differentiable, therefore the previous theorems concerned
with convex or differentiable programming problems can not be applied directly.

Let Dy = |J 9g0(z) = {(0,0)} and D = | (0g1(x) + 0g2(x)) = [—2,2] x {0}.
We can Chgglf that the assumption of Theofein 3.1 holds. Therefore,
VallP) = B s o B
{2} — 23+ M (|21] + 22) + Ao(|21] — 22) — (A1 + Ao) G }

= inf max inf
g1€[72,2] A1,A2>0 21,22€R

{o]+ (A1 + X)) (21| — §1m1) + (1 + A — X))

= inf inf {22+ (2)\y + 1 —
glel[r;’ﬂr;;gg;lg&{xﬁ( o+ 1)(|21] — gaz) }

= inf in{inf {22+ 2+ 1)(1 — 7
ey R, L (22 F D0 =g},

inf {27 — (202 + 1)(1 + gu)an }},
1>
and we can see that

inf {27+ (22X +1)(1 — g1)a1} =

x1>0

—1@Mn+ 121 —p)* if g€ [1,2)
0 if 1 € [-2,1)
) oy
. oy @120 0)? i€ (-2,
xllngfo {af = 2+ DA+ g} = { 0 if g1 € (—1,2],
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then we have

Val(P) = inf max {—;1(2)\2 +1)3(1 — |?)1|)2}

‘:’91 |€[172] )‘220

. 1 .2
= { 7 (1= 19]) }
1
=- 7

This example shows that Theorem 3.1 contributes to solving DC programming
problems.

Next, we provide an observation that Theorem 3.1 has no relevance to Theo-
rem 2.7. At first, we give a DC inequality system which holds the assumption of
Theorem 3.1 but does not hold the assumption of Theorem 2.7 in the following
example:

Example 3.2. Define fi, f2,91,92 : R = R as

-z +1 ifz>2, 1 1
fl(l'): 0 if —2<x<2, fg(l’)22—51’2—1,
iz 4+ x+1 otherwise,

1 z+1 x—l—l2
gl(x):5w2 and gg(x):{ 5 19&—{ 5 } ,

where [-] is the greatest integer function. Since gy(z) = kx — k* if © € [2k —
1,2k + 1) where k € Z, g, is also a convex function. Also we can see that

Fi() =5y + -

2 .
. +2y ify >0,
{58 !

y? — 2y otherwise,

9i(y) = Zyz and  g5(y) = 2yl + Dy — [v* — [y].

Put F = max{f; + g2, fo+ g1} and G = g1 + ¢go. For each y € D = |J (0g1(x) +
zEeS
0ga(x)), there exists & € S, y1 € 091(Z), y2 € 0g2(Z) such that g = y; + y» and

G*(9) = g5 (y1) + g5 (y2) from (1.4). Since epi F* = co((epi f; +epigs) U (epi f5 +
epigy)),

cone co(epi F* — (9, G*(9))) + {0} x [0, +00)

= coneco({(n,n*) | n € Z} — (1 + y2, 91 (1) + 95(y2))) + {0} x [0, +00).

The latter set is always closed. In general,

epih ifa¢Z, a<Bora€Z,a’>—b>0,
coneco({(n,n?) | n € Z}—(a,b)) = { R othe%wise
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Wherea,bER,a:min{%|n€Z,n>a},5:max{”2_b |n€Z,n>a},

ar if x>0,
and h(z) = { Bx  otherwise. )
always closed. Therefore {F — G < 0} holds condition (2.1). Also S(g) # 0
because F(z) — (z,9) + G*(y) < 0. Therefore {FF— G < 0} holds the assumption
of Theorem 3.1. However,

cone co((epi f; — (0, ¢7(0))) U (epi f5 — (0,95(0)))) + {0} x [0, 400)
={(z,a) | 2[z[ <o} U{(0,0)}
is not closed, that is, {fi — g1 <0, fo — go < 0} does not hold (2.1).

From this, coneco({(n,n?) | n € Z} — (a,b)) is

Next, we give a DC inequality system which holds the assumption of The-
orem 2.7 but does not hold the assumption of Theorem 3.1 in the following
example:

Example 3.3. Define fi, f2,91,92 : R — R as
z+1 z+1]° 2z + 1 1[22+1]
aw) = [T o= [ ae = [ 12

1 1
gi(x) = Z$2’ and  ga(z) = 5352-

We can see that

) =+ - -, fu) =+
gily) =y* and gi(z) = %yz,
and then
cone co((epi f — (y1, 97 (1)) U (epi f5 — (42, 95(y2)))) + {0} x [0, +00)
= coneco (({(n,n*) | n € Z} — (y1,9;(y1)))

o ({(ng2) 1wz} - tmasnn) ) + ) x[0.400),

for each (y1,v2) € U,eg(991(x) x Oga(x)). The latter set is always closed in the
similar way to Example 3.2. Also, for each (y1,12) € U,es(091(x) X 0g2(x)),
there exists z € R such that ¢y, = %z, Yo = 2, then

Sy y2) = {z € R | fi(x) — 2y + g7 (y:) < 0,0 =1,2}

2
| e et
- 2z+1 1224172 1.2
[2]1: 2[2 rz+ 527 <0
Slier 12— Jaz+ 322 <0,
= %xQ—xZ—l—%zQSO

>z,
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Then S(y1,y2) is non-empty. Therefore {f; — g1 < 0, fo — g2 < 0} holds the
assumption of Theorem 2.7. However,

cone co((epi fi + epigs) U (epi f3 + epigi) — (0 +0,47(0) + g5(0)))
+ {0} x [0, 400)
=R x (0,400) U{(0,0)}

is not a closed set, that is, (3.1) does not hold.



Conclusions

In this paper, we studied Lagrange-type duality for DC programming problems.
In Chapter 2, we introduced previous Lagrange-type duality theorems in previ-
ous research and we gave a Lagrange-type duality theorem, as Theorem 2.7. Also
we showed that Theorem 2.7 is a generalization of known previous Lagrange-
type duality results for DC programming problems in the real-valued case. In
Chapter 3, we used the fact that the maximum of DC functions is also a DC
function. Based on this idea, we presented Theorem 3.1, which is a Lagrange-
type duality theorem for the maximum DC inequality constraint of the original
DC inequality constraints. We observed that Theorem 3.1 has no relevance to
Theorem 2.7, more precisely, Theorem 3.1 does not imply Theorem 2.7 and The-
orem 2.7 does not imply Theorem 3.1. Also we proved Theorem 3.2, which is a
unified Lagrange-type duality result of Theorem 2.7 and Theorem 3.1. Conse-
quently, the class of DC programming problems to which Lagrange-type duality
theorems can be applied was broader than the class in previous research.

39
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