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1. Introduction. In [1] Bernfeld investigated the continuability
of every solution x(¢; t,, x,) of a non-unique system
1.1 =F(,x)
where F': R* X R*—R? is continuous. He used a Liapunov function
which is radially unbounded for fixed ¢{. In [2] the authors used two
Liapunov functions which are not radially unbounded for fixed t to
investigate the continuability of solutions on [#, o) (existence in the
future) under the assumption that solutions are unique. In this paper
we combine the results in [1], [2] and extend our results in [2] to non-
unique systems.

2. Main results. We consider a system

x’:f(t, X, y)

@D Y=g, x,v)
where z,y are n and m-vectors respectively, and f(¢, x,¥), 9, x, ¥)
are continuous on [0, o) X R* X R™. For K>0let S,={ye R™:|y|| =K}
and 2,={(z,y):||z|=K, ye R"}.

Let V(t, x,y) be a continuous scalar function satisfying a local
Lipschitz condition. We define

Ve, z, y):lit;ljup /R V(E+h, x+hf(t, x, V),

y+hgt, z, y)—-V{E, z, 9}

We say that a continuous scalar function ¢: [0, o0) X R*—>R" is of
class G if, for every real {,=0 and u,, the maximal solution wu(t; %,, u,)
of the equation u'=¢(, u) exists in the future.

We now state our main results.

Theorem 2.1. Let V:[0, c0o) X R"X R™—R' be locally Lipschitzion,
satisfying
2.2) Vi, x,y)—>oo as ||y ||—oo uniformly in x for each fixed t,
and there exists ¢ of class G such that
2.3) Ve, =g, V(t, 2, v)).
Moreover, suppose that for each K>0 and T >0, there exists W : [0, T]
X R*X Sx—R, locally Lipschitzian, satisfying
2.4) W(t, x, y)— oo as ||x||—occ for each fixed (t,y),
and there exists  of class G such that



154 J. SuGIiE [Vol. 60(A),

(2.5) Wen(t, z, ) lt, Wk, x, y)).
Then every solution of (2.1) exists in the future.
Let Dy,={(x,y): V(T, z, y) <M} for each M >0 and T >0.

Theorem 2.2, Let V:[0, o)X R" X R™"—R"'be locally Lipschitzian,
satisfying

(2.6) V(t, z, y)—oo as ||y ||~ for each fixed (t, x),
and there exists ¢ of class G such that
(27) V(z. 1)(ty xy ’!/)§¢(t, V(t, x, y))~

Moreover, assume that D, is unbounded for each T >0 and sufficiently
large M >0, and there exists W : [0, T1x D, ,— R, locally Lipschitzian,
satisfying

2.8) W, x,y)—>oo as ||x||—>oc0 uniformly in y for each fixed t,
and there exists +» of class G such that

2.9) W, 2, P <9t W(E, x, ).

Then every solution of (2.1) exists in the future.

Remark. If D, is bounded, then
(2.10) V(t, x, y)—>oo as ||z||+||y||—>oo for each fixed t.

In this case (2.7) and (2.10) assure the global existence of every solu-
tion of (2.1) ({11, [8]). Thus we consider the case that D,,, is unbounded
for each T >0 and sufficiently large M >0.

We give the following lemmas (Lemmas 3.1 and 3.2 in [2]) which
are used in the proof of main results.

Let B, ,={(x,y): W(T, z,y)<M} for each M >0 and T >0.

Lemma 2.1. Let W:[0, T1 X R* X S— R be a continuous function,
satisfying (2.4) in Theorem 2.1. Then for any M >0 the set K, is
bounded.

Lemma 2.2. Let V:[0, c0)X R"X R"—R' be a continuous func-
tion, satisfying (2.6) in Theorem 2.2. Then for any M >0, T>0 and
K>0, the set D,,,N 2 is bounded.

3. Proof. The following lemma is a generalized continuous
dependence result for non-unique systems ([4], Theorems 3.6 and 5.1).

Lemma 3.1. Let F be continuous on an open set DCR' X R*. Let
(0, &) € D and suppose all solutions of (1.1) through (z,, &) exist on
la, bl, z,e[a,bl. Then for each ¢ >0, there exists 6(c) >0, such that if
d((z, &), (z,, £)) <5, then for each solution z(- ;, &) of (1.1), there exists
a solution of (1.1) through (o, &), 2(-; 70, &), such that |x(t;z, &)
—x(t ; 74, &) ||<e for all t € [a, b].

Let S,.(t,, 2,) be the intersection of the solution funnel through
(ty, 2,) and the hyperplane t=a.

Proof of Theorem 2.1. Suppose that there exist (¢, &) € [0, o)

X R™™ @>7 and a solution z(- ; 7, )= (x(- ; 7, 0), y(- ; 7, ©)) of (2.1) such
that

257, Oll=llz®; 7 Dl+Iy; 0, D> ast—o7,



No. 5] Continuation Results for Differential Equations 155

and z(- ; 7, ©) is defined on [z, w). There exists (¢, z,) such that <t,
<w and all solutions through (¢, z,) exist on [¢, w] by an application
of local existence.

Define z,=2(%,; 7, {) and L={z,=22,+(1—2)z,: 0<2<1}, and let 2,
=sup {1: 2(w; t, 2,) is finite for all p: 0=< <2 and for all solutions z(-)
through (¢, 2,)}. By an application of Lemma 3.1, we see that 0<2a,
<.

We first claim that not all solutions through (¢, z,) exist up to
t=w. If they do, then by Lemma 3.1, there would exist a neighbor-
hood of z,, such that all solutions passing through that neighborhood
exist at t=w, contradicting the definition of 1,. This establishes the
claim. Define w,=sup {T': all solutions through (¢, z,) exist on [¢,, T)}.

We next claim that B=j,<,, S.,(t, 22 is unbounded. In fact, if
Wosiagi, So by 2,) is bounded, S, (¢, 2,,) is unbounded by the same argu-
ment in [1].

Hence we can choose a sequence of solutions {z,(w, ; ¢, 2;,)} such
that
B.1) [z lwy; toy 22 ) =T l@y ;s By 22) [ Yul@y 5 &, 25,) |00 a8 n— 00,
where 054,52, 4,4,

By the continuity of V, there exists v,>0 such that

V(ty, z)<v, for all 021,
Using the comparison theorem, we have from (2.3) that
Viwy, 2.(0x; T, 22,), Yooy 5 T, 22,)) S0y 5 Toy Vo)
for all n, where v(t ; t,, v,) is the maximal solution of v'= ¢(¢, v) through
(t,, v,). Hence it follows from (2.2) that there exists K>0 such that
1Y@y 5t 2, ) [SK  for all m.
Choose w,>0 such that
W(t, z)<w, for all 0<2<1.
Let w(t ; t,, w,) be the maximal solution of w’= (¢, w) through (t,, w,).
Then from the differential inequality (2.5) we conclude that
Wwy, €, (04 ; to, 21,)s Ynl®y ;5 Loy 2,V SN for all n
where N=|w(w, ; t, w,)|, that is,
(@, (g ;5 Loy 22,)) Yl s Loy 22,)) € By, for all n.
While E,,, is bounded by Lemma 2.1. Hence |x,(w4; %, 2:,)|| are
bounded for all n. This contradicts (3.1) and the proof is completed.

The proof of Theorem 2.2 is similar to that of Theorem 2.1, and
is omitted (cf. [2]).

4. Application. Consider the forced generalized Liénard equa-
tion
4.1) '+ f(t, x, o)+ g(@)h(x) = e(t)
or an equivalent system
4.2) t'=y, Y'=—f{ x,y)—g@h(y)+e®)



156 J. SUGIE [Vol. 60(A),

where f:[0, co) X R*—R', g: R*—R', h: R'—(0, o0) and e: [0, o)—>R"' are
continuous. We assume the following conditions:

(i) yf@, x,y)=0  for (¢, x,y) [0, o) X R,
(ii) there exist M >0 and m =0 such that
Yyl ~ I 1
m+M\| -7 _d for y e R'.
hep) — hGp

Under these conditions, we have

Theorem 4.1. Suppose that there exists a positive number P
such that

4.3) [[9@az=—P joraer,
0
Y
4.4) —7 __dp—oo as |y|—oo.
h(ﬂ) n—> Y|
Then every solution of (4.2) exists in the future.
Proof. Let

V=] 1 dyt [ o@de+P

and W(x, y)=|x|, then these satisfy (2.2) and (2.4) in Theorem 2.1, and
we obtain

Vot 2, 9)=—yf, z, y)/ h(y)+e®)y/ h(y)
(m—i—MJ e dﬁ)le(t)\

éMle(t)lV+mle(t)l,
therefore (2.3) holds. Let (¢, z, y) € [0, T1X R'X Sk, then
W(LZ)(t’ X, y)é‘?/léK,
thus (2.5) is satisfied. Hence every solution of (4.2) exists in the
future.
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