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ABSTRACT. In this paper we obtain some inequalities for isotonic functionals via
a reverse of Young’s inequality due to Tominaga.

1. INTRODUCTION

Let L be a linear class of real-valued functions ¢ : E — R having the properties

(L1) f,g € L imply (af + Bg) € L for all o, 8 € R;
(L2) 1 € L, ie., if fo(t) =1,t € E then fy € L.
An isotonic linear functional A : L — R is a functional satisfying

(Al) A(af +Bg) = aA(f) + BA(g) forall f,ge L and o, € R.
(A2) If f € Land f >0, then A(f) > 0.
The mapping A is said to be normalised if

(A3) A(1) =1.

Isotonic, that is, order-preserving, linear functionals are natural objects in analy-
sis which enjoy a number of convenient properties. Thus, they provide, for example,
Jessen’s inequality, which is a functional form of Jensen’s inequality (see [2], [12]
and [13]). For other inequalities for isotonic functionals see [1], [4]-[11] and [14]-[17].

We note that common examples of such isotonic linear functionals A are given
by

Alg) = / gd or A(g) = prg,
E kEE
where 4 is a positive measure on £ in the first case and F is a subset of the natural
numbers N, in the second (py > 0,k € E).

As is known to all, the famous Young inequality for scalars says that if a,b > 0

and v € [0, 1], then

(1) a7 < (1—v)a+uvb
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with equality if and only if @ = b. The inequality (1) is also called v-weighted
arithmetic-geometric mean inequality.

Tominaga [18] had proved a reverse Young inequality with the Specht’s ratio [16]
as follows:

2) (1-v)atvb< 8 (%) .

We recall that Specht’s ratio is defined by

1

< if h e (0,1) U (1, 00)
S(h) = e1n<hh—1)

lifth=1.

Let a,b € [m, M] C (0,00), then ¥+ < ¢
then S (%) <S (%) =9 (%) If ¢ € (1, %} then also
for any a,b € [m, M] we have

(3) (1-v)a+vb< S (%) a' 7.

In this paper we obtain some inequalities for isotonic functionals via a reverse of
Young’s inequality due to Tominaga. Reverses of Callebaut, Holder and Holder’s
related inequalities are also provided. Some examples for integrals and n-tuples of
real numbers are given as well.

2. A REVERSE OF CALLEBAUT’S INEQUALITY
We start with the following result:

Theorem 2.1. Let A,B : L — R be two normalised isotonic functionals. If
f.g: E— R aresuch that f >0, g >0, f2, g%, f20=g¥ fg20=v) c [ for some
v e [0,1] and

—

(4) O<m<=<M<ox

i)

for some constants m, M, then
(5) A (fZ(l—V)gZV) B (f2ug2(l—1/))
<(A=v)A(f) B(g*) +vA(s") B(S?)

<S8 <<%) > A (f?(l—V)QQV) B (fQVgZ(l—V)) .

m

Proof. For any x,y € E we have

‘(x) [2(y)
*(x)" 9% ()

S~
~~

2

m? < < M?2.

N}
Q
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If we use the inequalities (1) and (3) for

then we get

() Gy by
for any z,y € E.
Now, if we multlply (6) by ¢*(z) ¢* (y ) > 0 then we get

)
(7) (@) g* (2) £ () 1 ()
( —v) [ (@) g (y) +vg (%)f2 ()

<S ((%) ) £ (@) g™ () 7 (y) 9" ()

for any x,y € F.
Fix y € E. Then by (7) we have in the order of L that

) WP () e <1 -v) g (y) v (y) g

<S ((%) > 2 ) g2 (y) /Mg

If we take the functional A in (8) we get
7

(9) 2 ) g0 (y) A (™)
<(1-v) 92 W) A(f?) +vf*(y) A(g%)

2
< S ((%) > f21/ (y> g2(171/) (y> A <f2(171/)g21/) :
for any y € F.

This inequality can be written in the order of L as

(10) A (fZ(l—V)QQV) f2V92(1—V) S (1 o V) A (f2) 92 + VA (92) f2

<S8 <(M) 2> A (f2(1fu)g2u) fzugz(ky)_
m

Now, if we take the functional B in (10), then we get the desired result (5). O

The following reverse of Cauchy-Bunyakovsky-Schwarz inequality for isotonic
functionals holds:
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Corollary 2.2. Let A,B : L — R be two normalised isotonic functionals. If
f,9: E — R are such that f >0, g > 0, f% ¢* fg € L and the condition (/)
holds true, then

(11) A(fg)B(fg) <= [A(f*)B(s*) +A(s*) B(f)]

((%)) A(fo) B(f).
In particular,

(12) A*(fg) <A(f)A(P) <S ((%) ) A% (fg).

The following reverse Callebaut type inequality holds:

N —

IN
N

Corollary 2.3. Let A: L — R be a normalised isotonic functional. If f,g: E — R
are such that f >0, g > 0, f2, g%, f2g% f2¢*=¥) ¢ L for some v € [0,1]
and the condition (4) is valid, then
(13> A (f2(171/)g21/) A (f21/92(171/))

<A(f) A(g?)

_ s ((%)2) A (f2(]_—1/)g21/) A (f2ug2(171/)) )

Remark 2.4. If we replace v by with v € [0,1] in (13), then we get

—v)
(14> A (f1+1/g171/) A (fl*l/glﬁ’l/) (f
S ( > 1+l/gl—u) A (fl—ygl+u) 7

provided that f >0, g >0, f2, g% f'™g'™", f17V¢g'™ € L for some v € [0,1] and
the condition (4) is valid.
Also, if we take v = %7 with v € [0, 2], then we get

(15)  A(fF7g) A(fg"7) <A(fY) A(g%)

<s ((%)) A(P9) AP,

provided that f >0, g > 0, f2, ¢% f*7¢", f7¢*7 € L for some v € [0,1] and the
condition (4) is valid.

The inequality (15) is a reverse for the second inequality in the functional version
of Callebaut inequality

(16) A (fo) A(F79)A(Fg") < A(F) Alg?)

provided that f2, ¢%, f> g7, f7¢°77, fg € L for some v € [0,2]. For the discrete
and integral of one real variable versions see [3].

IN
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3. A REVERSE OF HOLDER’S AND RELATED INEQUALITIES

First, observe that if a,b > 0 and

(17) 0<L*1_%gL<oo,
for some L > 1, then by (2) we have
(18) (1—v)a+uvb<S(L)a'™"b"

for every v € [0,1].

Theorem 3.1. Let A : L — R be a normalised isotonic functional and p,q > 1
with ]l) + % =1.If f, g: E — R are such that fg, f?, g9 € L and

(19) 0<my < f<M <oo, 0<my<g< M < oo,
then
(20 A <s (30 (52)) aua).

Proof. Observe that, by (19) we have

mb < A(f7) < MY and m§ < A (g7) < M.
Also
p D p
(57) <20 = ()
M, A(fP) my
and

giving that

p g1 -1 f p q
) Gl == ()
my ma A‘?gq) my ma
P q p q
Using the inequality (18) for v = %, a = A{fp), b= 9— and L = (m) (ﬁ) ,
we get

et aren = () () )
)

If we take the functional A in (21) we get

=t i =5 () G2 ) i

which is equivalent with the desired result (20). O

A(fg)
)P LA (g

A(f7)] ”p A(gn)V*
A(f7)]

The following reverse of Cauchy-Bunyakovsky-Schwarz inequality for isotonic
functionals holds:
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Corollary 3.2. Let A : L — R be a normalised isotonic functional, f,g: E — R
such that fg, f?, g> € L and the condition (19) is valid, then

M \? [ My\°
@ e s ((3) (2) ).
Further, observe that if a,b > 0 and

(23) 0<I'<-<L<oo,

a
b
for some L,l > 0 with LI > 1,then

S (%) <max{S(I""),S (L)} = max{S (1), S (L)}
and by (2) we have
(24) (1—v)a+vb<max{S(l),S(L)}a""b
for every v € [0,1].

Theorem 3.3. Let A, B : L — R be two normalised isotonic functionals and p,
qg>1 with}%—i—ézl. If f, g, u,v : E— R are such that u, v > 0, u, v, uf, vg,
uf?, vg? € L and the conditions (19) hold, then

@) A@)B () < AW B+ AW B ()
< max{s (%) s (%) } Auf) B (vg).

In particular,

(26)  A(uf)A(vg) < ]§A<ufp> A(v) + gA (u) A (vg?)

<max{s (22) .5 (20) bacn ac).

Proof. Observe that, by (19) we have

p D p
m o /7 (z) < %é
M, g1 (y) my

for any x,y € F.
Now, if we write the inequality (24) for [ = %, L= %, a= fP(x),b=g¢%(y)
1 2

and v = %, and use Young’s inequality, then we get

@) F0a) < 5@+ ) <max{s () s () e

P q
q my my

for any x,y € F.
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If we multiply (27) by u (z)v (y) > 0 we get

(28) v(y)g(y) fu < }Jv (y) ffu + égq (y) v (y)u

<mac{s (22).5 (20) bt g pu

in the order of L, where y € F.
If we take the functional A in (28), then we get

L Pu)v 1 u) g?v
(29) ng(fU)Sj—jA(f ) +qA( ) g

M MP
< maX{S (—g) S (—;)}A(fu)’ug
in the order of L.

Finally, if we take the functional B in (29) then we get the desired result (25). O

Corollary 3.4. Let A : L — R be a normalised isotonic functionals and p, ¢ > 1
with % + é = 1. Let f, g : E — R be such that the conditions (19) hold.

(Z) [ff7 gv f27 927 fp+17 QQ+1 < L, th@’ﬂ
B0 A(P)AW) < AT A+ AN A

M MP
o () ()06
(i) If f, 9. fg, gf?, fg? € L, then
(31) A (19) < ZAgf) A(D) + L A(9) ATg")

<o (). ()}

The following result also holds:

Corollary 3.5. Let A: L — R be a normalised isotonic functionals and p,q > 1
with % —l—é =1. Let {,h : E — R, with £ > 0, h > 0 be such that the following
condition holds

(32) 0<m< <M< oo.

SRS

If h?, he, h*>7P(P h*~99 € L, then we have

(33) A% (hl) < BA (h*Per) + éA (hQ—‘wq)] A (h?)

o5 (1) 5 (M) L.

Proof. Follows by Theorem 3.3 for f =g = %, My = My = M, m; = my = m, and
u=v=h> U
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We observe that for p = ¢ = 2 we recapture from (33) the inequality (12).

4. APPLICATIONS FOR INTEGRALS

Let (2, A, 1) be a measurable space consisting of a set 2, a o -algebra A of parts
of  and a countably additive and positive measure p on A with values in RU{o0} .
For a p-measurable function w : 2 — R, with w (z) > 0 for p -a.e. (almost every)
x € Q and p > 1 consider the Lebesgue space

LP(Q,u) ={f:Q—R, fis p-measurable and /Q|f ()P w (x) du (x) < oo}

For simplicity of notation we write everywhere in the sequel [, wdpu instead of
Jow (z)dp(x). The same for other integrals involved below. We assume that

Jo wdp = 1.
Let f, g be u-measurable functions with the property that there exists the con-
stants M, m > 0 such that

f

0<m< =< M < oo p-almost everywhere (a.e.) on 2.
g

If 2, g* € Ly, (Q, i), then by (13) we have
(34) /wf (1-s) 2Sdu/wf2s 2(1—s)
/wad/L/wg du
M
SS((_) >/wf 1_8)928dﬂ/ f25 2(1— S)dﬂ
m Q

for any s € [0, 1] and, in particular,

o (foome) = oo fomes (2)) (oo

From (33) we also have

(36) ( /Q wfgdu> < B /Q wg“f”dwr% /Q wg“fqdu} /Q wgdp
a2 (O} )
mp m4 Q

Let f, g be pu-measurable functions with the property that there exists the con-
stants my, My, mo, Ms such that

(37) O0<m < f<M <oo, 0<my<g< My, < oo p-a.e on
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Let p, ¢ > 1 with % + % = 1, then by (20) we have the following reverse of Holder’s
inequality

oo ([ora)” ()55 () (2)) Lo

and, in particular, the reverse of Cauchy-Bunyakovsky-Schwarz inequality

o (fora)" ()5 (42)) Lo

From (30) and (31) we also have

1
(40) / w f2dp / wgldp < - / w P dp / wgdu+a / wfdp / wg™dp
Q Q Q
Mq Mp
< maX{S (_}2)) .S (—é) } / wad,u/ wgdp
my my Q Q
and

2
(41) ( /Q wfgdu) < /Q wa Py /Q whd+ /Q wodp /Q wfgidp
q vy 2
() GO )
my mo Q

5. APPLICATIONS FOR REAL NUMBERS

We consider the n-tuples of positive numbers a = (ay, ..., a,), b = (by, ..., b,) and
the probability distribution p = (p1, ..., pn), i.e. p; > 0 for any i € {1,...,n} with
Z?:1 pi = 1.

If there exist the constants m, M > 0 such that

a; .
0<m§b—§M<ooforanyz€{1,...,n},

then by (34) and (35) for the counting discrete measure, we have

(42) En pia?(l_s)bgs En piafsbf(l_s) < En pia; En pib?
=1 =1 =1 )
<S<( ))Epulsb%gpﬂsb”

for any s € [0, 1] and, in particular,

(43) <ii1piaibi> < sz szzﬂ <3 (( ) ) (szal Z>2,
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From (36) we also have

n 2 n n n
(44> (Z piaibi) < E Zpib?_paf + é Zpib?_qafl Zpib?
i=1 i=1 i=1 i=1

<o (2.5 (2))} (Soman)

If there exists the constants mq, M7, msy, My such that
(45) 0<m <a; <M < 00, 0<mg <b <M < oo for anyie{l,...,n}

and p, ¢ > 1 with % + % = 1, then by (38) we have the following reverse of Holder’s
discrete inequality

0 ()" (S) "5 (G () Ko

i=1

and, in particular, the reverse of Cauchy-Bunyakovsky-Schwarz inequality

n 1/2 n 1/2 MM 2 n
(47) (;p > (;p ) < ( o ;p

From (40) and (41) we also have
(48) sz‘@? Zpib? < Z‘)ZPM?“ sz'bi + 5 Zpiai Z]hbgﬂ
i=1 i=1 i=1 i=1 i=1 i=1
< max {S (—i) S (—é) } Zpia? sz'b?
m 2 i=1 i=1

n 2 n n n n
(49> (Z piaibi) < ]19 Zpibiaf Zpiai + é sz'bz‘ Zpiaib‘f
i=1 i=1 i=1 i=1

i=1
2
M MY -
< P - (1-bh- .
max {S (m’f) .S <m§ ;1 Dpia;b;
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