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Abstract. We give a survey of our recent results [KM, MA, Su, SMA] on sub-
manifolds from the viewpoint of curves of order 2. We characterize some of nice
submanifolds by the extrinsic shape of circles.

1. INTRODUCTION

Let f: M — M be an isometric immersion of a Riemannian manifold M into
an ambient Riemannian manifold M. In this paper, we keep our mind on each
circle v on the submanifold M and study the extrinsic shape f o< in the ambient
space M. From this point of view we recall the following two surfaces. Let f; be a
totally umbilic imbedding of a 2-dimensional standard sphere S?(c) of curvature
c into a Euclidean space R® and f, = ¢ o f be an isometric parallel immersion of
S?(c) into R®. Here f is the second standard minimal immersion of S?(¢) into
S4(3c) and ¢ is a totally umbilic imbedding of S4(3¢) into R®. We know that for
each great circle v on S?(c), both of the curves fi; oy and f; o v are circles in
the ambient space R®. This implies that we cannot distinguish f; from f, by the
extrinsic shape of geodesics of S?(c) in R°. However we emphasize that we can
distinguish these two isometric immersions f; and fy by the extrinsic shape of
(small) circles of S?(c) in R5. In fact, for each small circle v on S?(c), the curve
fi o7 is also a circle in R® but the curve f; o+ is a helix of proper order 4 in the
ambient space R® (for details, see Proposition 1).

It is hence interesting to investigate the extrinsic shape of circles of the sub-
manifold. We here recall the following well-known fact due to Nomizu and
Yano[NY]. Let M"™ be a Riemannian submanifold of M™? through an isometric

immersion f. Then M™ is an extrinsic sphere of M™P if and only if, for some
positive constant k and for every circle v = 7(s) of curvature k on M™, the curve

f o~ is acircle in M™P,
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We relax the condition that f o~ is a circle to the condition that it is a curve of
order 2 in order to improve this characterization of extrinsic spheres (see Theorem
1). The notion of curves of order 2 is a natural extension of that of circles (for
details, see section 2). Motivated by Theorem 1, throughout this paper we study
the problem: For an isometric immersion f : M — M if some circles on M
are mapped to curves of order 2 in M through f, what can we say about the
submanifold M?

Along this context we chracterize all parallel isometric immersions of complex
projective spaces, quaternionic projective spaces and Cayley projective plane into
a complete simply connected real space form M™(¢) of constant curvature ¢,
which is either a standard sphere S (¢), a Euclidean space R™ or a real hyperbolic
space H™(¢) (see Theorems 2,3 and 4). We also give a characterization of all
totally geodesic Kéhler isometric immersions into an arbitrary Kahler manifold

(see Theorem 5). Theorems 1, 2, 3 and 4 are improvements of the results in
[AMO1, AMO2, KM, Su].

2. CURVES OF ORDER 2

Let M be a Riemannian manifold with Riemannian metric ( , ). In this
section we introduce the notion of curves of order 2. A smooth curve v on M
parametrized by its arclength s is called a curve of order 2 if it satisfies the
following differential equation:

(2.1) IV5312{ V5 V55 + V53124 } = (T34, 75 ¥44) V34,

where V5 denotes the covariant differentiation along v with respect to the Rie-
mannian connection V of M.

To see that the class of curves of order 2 is very wide, we recall the notion
of Frenet curves. A smooth curve 7 = ~(s) parametrized by its arclength s is
called a Frenet curve of proper order d if there exist orthonormal frame fields
{(Vi = 4, Va,...,Vy} along v and positive functions ki(s),...,kq—1(s) which
satisfy the following system of ordinary equations

(2.2) ViVi(s) = —kj—1(8)Vi—i(s) + ki(s)Viyi(s), j=1,....,d,

where Vo = Vi1 = 0. Equation (2.2) is called the Frenet formula for the Frenet
curve 7. The functions x;(s) (j = 1,...,d — 1) and the orthonormal frame
{Vi,...,V4} are called the curvatures and the Frenet frame of v, respectively.
We sometimes call x; the j-th curvature.

A Frenet curve is called a Frenet curve of order d if it is a Frenet curve of proper
order (= d). For a Frenet curve of order d which is of proper order (< d), we
use the convention in (2.2) that k; =0 (r=j<d—1)and V; =0 (r+1 = j = d).
We call a Frenet curve a heliz when all its curvatures are constant. A helix of
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order 1 is nothing but a geodesic. A helix of order 2, namely a curve which
satisfies the following differential equations, is called a circle of curvature k:

(2.3) Vi Vi(s) = kVa(s), V4 Va(s) = —kVi(s) and Vi(s) = 5(s).

We regard a geodesic as a circle of null curvature.

Lemma 1. (1) A Frenet curve vy of order 2 is a curve of order 2.
(2) If a curve vy of order 2 satisfies ||[V+75(s)|| > 0, for all s, then it is a Frenet
curve of proper order 2, whose curvature and Frenet frame are

k(s) = |VaA(s)||  and  {7,Va = V44 /|[Vs3] }, respectively.

Proof. (1) When + is a geodesic, it is clear that « satisfies (2.1). When v is a
Frenet curve of proper order 2, since it satisfies

Vii(s) = r(s)Va(s), ViVa(s) = —r(s)¥(s),

we find
Vi Vai(s) = —(s)i(s) — R (s)H(s).

This guarantees that - satisfies (2.1).
(2) If we put k(s) = ||V45%(s)||, we have k&' = (V45,V5V475). Therefore by
(2.1) the vector Vo = (1/k)V 47 satisfies

1 : : :
ViVa = — (K°V5 Vi — k' V47) = —k7.
We get the conclusion. [

Following this lemma, for a curve v of order 2 we shall call the nonnegative
function ||V 57|| its curvature. We see in particular all geodesics and circles satisfy
the equation (2.1), and there are many examples of curves of order 2. But, in
general, a curve of order 2 is not a Frenet curve of order 2. In fact, we admit
the case that a curve ~ of order 2 has an inflection point 7(sg), that is a point
which satisfies (V47)(sg) = 0, so that every plane curve is a curve of order 2.
Here a curve is said to be a plane curve if it is locally contained on some real
2-dimensional totally geodesic submanifold.

At the mention of inflection points, we here introduce the notion of a Frenet
curve of order 2 in a wide sense. A smooth curve v parametrized by its arclength
is called a Frenet curve of order 2 in a wide sense if there exist a smooth unit
vector field V' along v which is orthogonal to 4 and a smooth function s satisfying
that

(2.4) V+3(s) = k(s)V (s), V5V (s) = —k(s)¥(s).
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Here we do not suppose k to be positive. We shall also call this function s the
curvature of v. When ~ is a Frenet curve of order 2 in a wide sense which is
not a geodesic, the pair (k, V) is determined up to their signatures, that is either
(k,V) or (—k, —V) satisfies (2.4). Every smooth plane curve parametrized by its
arclength is a Frenet curve of order 2 in a wide sense. In a Euclidean space, every
Frenet curve of order 2 in a wide sense is a plane curve. The proof of Lemma 1
tells us that every Frenet curve of order 2 in a wide sense is a curve of order 2,
but not vice versa. The following example tells us that even in a Euclidean space
there exists a curve of order 2 which is not a plane curve.

Example 1. Let v be a smooth curve in a Euclidean space R? defined by

(t,e=1/*,0), t<0,
W(t) = (07 07 0)7 t= 07
(t,0,e /%), t>0.

When we reparametrize ¢ to the arclength parameter s, the curve 7(s) satisfies
Equation (2.1). This example shows that there is a curve of order 2 in R?® which
is not a plane curve, namely, it is not contained in a plane R?. Hence this curve
is not a Frenet curve of order 2 in a wide sense. Note that 4(0)(= (V4%)(0)) =0
and that we can not smoothly extend the vector field V44(s)/[|V44(s)|| (—€ <

5 <0, 0 < s <e) along v to the origin.

At an inflection point we should take care in handling curves of order 2. For
example, the differential equation (2.1) may have a bifurcation point.

Example 2. Let p be a smooth curve in a Euclidean space R? defined by

p(t) - { (t’ 6_1/t270)7 t < 07
(t,0,0), t>0.

When we reparametrize ¢ to the arclength parameter s, the curve p(s) also satisfies
Equation (2.1). Comparing this with the curve v(s) in Example 1, we find a
solution of (2.1) branches at the origin. We remark that this curve p is a plane
curve, so that it is a Frenet curve of order 2 in a wide sense.

On the contrary, we have the following result on Frenet curves of order 2 in
a wide sense in a complete Riemannian manifold M. Given a smooth function
k(s),—00 < s < oo and a pair X,Y € T, M of orthonormal vectors at an arbitrary
point x € M, we have a unique Frenet curve v of order 2 in a wide sense with
curvature x and with initial condition v(0) = z,%(0) = X, V+%(0) = (0)Y".

3. EXTRINSIC SPHERES

We shall start our study on submanifolds by extending the result of Nomizu
and Yano which is stated in the introduction.
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Theorem 1. Let M™ be a Riemannian submanifold of MntP through an iso-
metric immersion f. Then the following conditions are equivalent.
(1) M™ is an extrinsic sphere of Mn+P.
(2) There exists some positive constant k satisfying that for every circle v of
curvature k on M™ the curve f o~ is a curve of order 2 in M™*P,

For an isometric immersion f : M — M we denote by o the second funda-
mental form of f and by A¢ the shape operator in the direction of £. In this
study of submanifolds the formulae of Gauss and Weingarten are basic relations.

If we denote by V the Riemannian connection of M and by D the covariant
differentiation in the normal bundle, these formulae are

VxZ =VxZ+0(X,Z), Vx&=Dxt—AcX.

We define the covariant differentiation V of the second fundamental form o with
respect to the connection in (tangent bundle)+(normal bundle) as follows:

(Vxo)(Y,Z) = Dx(o(Y, Z)) — o(VxY, Z) — o(Y,Vx Z).

When Vo = 0, we call an isometric immersion f parallel. A submanifold is called
an extrinsic sphere if it is totally umbilic with parallel second fundamental form.
To prove Theorem 1 we give the following a priori lemma.

Lemma 2. Let f: M — M be an isometric immersion. If the extrinsic shape

fo~v of a circle v of curvature k on M is a curve of order 2 in M, then the
following equalities hold:

(3.1) W] = Asan ¥+ o AP} = 5r'V53,

(3:2) w2 {30(3,V39) + (Vs0) (3:4) | = /o (3,9),

where k = \/k2 + ||o (7, 7)||? is the curvature of foy and Vs denotes the covariant

differentiation along f o~y with respect to V.

In particular, for an orthonormal pair XY € T,M at an arbitrary point
x € M if the extrinsic shape f o~ of a circle v of curvature k(> 0) with initial
condition that v(0) = z,4(0) = X and V45(0) = kY is a curve of order 2, then
we have

(3.3) (382 + lo(X, X)|P)(0(X, X), 0(X, Y)) + k{o(X, X), (Vx0)(X, X)) = 0.

Proof. In the following, we also denote f o~ by . By hypothesis the curve fo~y
satisfies the following differential equation which corresponds to Equation (2.1):

(3.4) 195412 { V5055 + 1954173 } = (V44,95 759) Vs
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On the other hand, since 7 is a circle of curvature k, which satisfies (2.3), it
follows from the formulae of Gauss and Weingarten that

(3.5) Viy =Vay+o(¥,9) =kVa+0(9,7),
(3.6) Vi Vi = —k*y = Ags.9)7 + 3k (3, Va) + (V50)(4,79).
In particular, we have k2 = ||§y'y||2 = k?+||o(¥,%)||*. From these three equalities

(3.4), (3.5) and (3.6), we obtain
K2 = K = Agga )+ 3K0(3,V2) + (V350)(3,4) + 12}
= wk' {kVa + o(%,9)}-
Considering the tangential and normal components of this equality, we get
(3.1) W2 { = Ao + 0324} = k' Va,
(3.2) k2{3ko (3, Va) + (V50)(3:9) | = kr'o(3.4),
which are the desired equalities (3.1) and (3.2).

We now take the inner product of the both sides of (3.1") with V5 and that of
the both sides of (3.2’) with o(%,%). When k > 0, as we can see k > 0, we have

— K{o(3,4), 03, Vo)) = ke,
#{8k(0(3,7), 03, V2)) + (V30) (3,3) 0 (3 ) | = wllo(3,3) 1,
which lead us to
(37) {38 + 106 I Ho(3,4), 03 Val) + K((V30)(5,4),0(3,4) = 0.
Evaluating (3.7) at s = 0, we obtain the equality (3.3). O
We are now in a position to prove Theorem 1. By our hypothesis we have

(362 + (X, X) |2 ) (X, X), 0(X, ) + k(o (X, X), (Vx0)(X, X)) = 0.

for an arbitrary orthonormal pair X,Y € T M of vectors. As the pair X, —Y is
also orthonomal, we see

—<3k2 + ||0(X,X)||2> (0(X, X),0(X,Y)) + k{o(X, X), (Vxo)(X, X)) = 0.
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These two equalities show that (o(X, X),0(X,Y)) = 0 for each orthonormal pair
of vectors X, Y € TM.

For each circle v on M, taking the inner product of both sides in Equation
(3.1) with V4%, we have

k}2I€/€/ - —KQ2<O'('3/, /7)7 0(7, v’y’}/» = 07

because ¥ and V47 are orthogonal. Since the curvature s of the curve f o~ of
order 2 is positive, we find it is constant, hence f o~ is a circle in the ambient
space M™ P, Therefore by virtue of the result of Nomizu and Yano we get the
conclusion of Theorem 1.

We shall close this section by recalling the notion of isotropic immersions for
the use in the later sections. An isometric immersion f : M — M is said to be
isotropic at & € M if ||o(X, X)||/|| X||?(= A(x)) does not depend on the choice of
X(#£0) € T, M. If the immersion is isotropic at every point, then the immersion
is said to be isotropic. When the function A = A\(x) is constant on M, we call
M a constant (\-)isotropic submanifold. Note that a totally umbilic immersion
is isotropic, but not wvice versa. The following is well-known (][O]).

Lemma A. Let f be an isometric immersion of M into (]\7,( , ). Then f is
1sotropic at x € M if and only if the second fundamental form o of f satisfies
(0(X,X),0(X,Y)) =0 for an arbitrary orthogonal pair X,Y € T, M.

For the extrinsic shape of a helix through a constant isotropic immersion we
have by Gauss formula the following elementary lemma.

Lemma 3. Let f: M — M be a constant A-isotropic immersion. Then for each
helix v on M the first curvature kq of the curve fo~ on M is constant. We have

k1 = \/K? + A2 if we denote the first curvature of vy by k1.

4. PARALLEL IMBEDDINGS OF COMPACT SYMMETRIC SPACES OF RANK ONE

In this section we study each parallel and non-totally geodesic immersion f of
a compact symmetric space M of rank one into a complete simply conneted real
space form M™(¢é) of constant curvature ¢. This parallel immersion f has many
geometric properties. For example, for each geodesic v on the Subrilfmifold M
the curve f o~ is a circle of positive curvature in the ambient space M™(¢), and
the curvature of f o~ does not depend on the choice of ~.

We shall study these parallel immersions by investigating the extrinsic shape of
circles on the submanifold M in M™(¢). In her paper[Su] the first author studies
the case of a real projective space. Note that every circle on a real projective
space RP" is contained in some totally geodesic RP? of RP™. So it is enough
to study the case n = 2. The following clarifies the extrinsic shape of circles of
positive curvature on RP™ in M™(¢) under the parallel imbedding.
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Proposition 1. Let f = fy o fi : RP?(c/3) N St(c) == M2+p( ¢) be an
isometric parallel imbedding of RP?(c/3) into a real space form M2+p( ¢) (c 2 ¢).
Here fy is the first standard minimal imbedding of RP?(c/3) into S*(c) and fo
is a totally umbilic imbedding of S*(c) into MQ‘H’(E). Then
(1) When c=¢,
(1) f maps each circle of curvature \/c/_6 to a heliz of proper order 3
whose curvatures are Ky = \/c/2, kg = +/c.

(1p) f maps each circle of curvature k # +/c/6 to a heliz of proper order
4 whose curvatures are
3k? + ¢ 3ky/c |6k% — ¢
, Ky = ————, Ry = —F————.
3 T VB2t \3Bk2to)

(2) When ¢ > ¢, f maps each circle of curvature k to a heliz of proper order
4 whose curvatures are

\/3k2 + 4c — 3¢ 3ky/c
Ry =\ ————F > k2 = )
3 V3k? +4c — 3¢
VA2 + ¢)2 — 3¢(12k2 + c)
V/3(3k2 + 4c — 3¢)

K1 =

R3 =

Proof. Generally, the second fundamental form o of a A-isotropic immersion f :
M™(c1) — M"™tP(cy) satisfies the following:

(0(X,Y),0(2,W)) = 22

<2<X’Y><Zv W> - <Xa W><Yv Z> - <X7Z><Yv W))

2

+ %«x, Y)Z,W) + (X, W)Y, Z) + (X, Z)(Y, W)

for any vector fields X,Y, Z, W on the submanifold M"(c;).
Since our isometric imbedding f is a 4/(4c — 3¢)/3-isotropic imbedding, it
satisfies that

(0(X.Y),0(Z.W)) = 225

- (X, Y)(Z,W)
4.1
+ §(<X7 W><Y’ Z> + <X7 Z><Y’ W>)

We denote by V the covariant differentiation of RP2(¢/3) and by V that of
M?*P(¢). For a circle v of curvature k on RP?(c/3) satisfying V4% = kY and
V4Y = —k7¥, we see from the Gauss formula and (4.1) that V4% = k1 V5, where

V3k2 +4c — 3¢ V3 o
\/g 5 V2 == 3]{32+4C—36(kjy+0‘(’7,7))

K1 =
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Since our imbedding f is parallel, we get

~ 3v/3k
ViV = —k1y + o(%,
v Y Bk + de — 36 &

Y).
Therefore, from (4.1) we have %Aﬂ/g = —K17Y + k2 V3 by putting

3k+/c 3
Ko = , Va=/—-0(,Y).
2= a5 PV ohY)

Continuing calculation and using (4.1), we obtain %aﬂ/}, = —koVo + K3V, and
V3 Vi = —k3V3 with

VA4(BK2 4 ¢)2 — 3¢(12k2 + ¢)
V/3(3k2 + 4c — 3¢)

R3 =

and

_ (6k* —4c+ 3¢)cY — 3k(3k* + ¢ — 3¢)a (%, 7)
YT /c(3k2 + 4c — 38){4(3K2 + 0)2 — 3e(12k2 + c)}
3kV3k2 + 4c— 3¢ o(Y,Y)
V{A(Bk2 4 ¢)2 — 3¢(12k2 +¢)}

Here we note that

{ 4(3k2 + ¢)? — 3¢(12k2 + ¢) > 0, if ¢ > ¢,
4(3k? + ¢)? — 3¢(12k2 + ¢) = (6k* — ¢)?, ifc=¢,

we hence get the conclusion. [

Proposition 1 shows that under a parallel immersion the extrinsic shape of each
circle va positive curvature on RP"™ is never a curve of order 2 in the ambient
space M (¢). On the contrary, some circles on a complex projective space or a
quaternionic projective space are mapped to circles, so that they are curves of
order 2 in the ambient space under a parallel immersion. In order to explain this
geometric property in detail we review the notion of Kahler circles in a Kahler
manifold and that of quaternionic circles in a quaternionic Kéhler manifold.

Let v be a Frenet curve of order 2 in a wide sense which is not a geodesic and
satisfies V479 (s) = k(s)V(s), V5V (s) = —kr(s)¥(s) with a smooth vector field V
along v and a function k. We put 7, = |(¥, JV')|, which is well-defined. Since we
have

d . . oo
%W, JV) =(V5%, JV) + (3, JV5V) = &(V, JV) — (¥, J¥) =0,
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we see 7, does not depend on parameter s. We call v Kdhler when 7, = 1. In
other words, we call 4 Kéhler if 4 and V span a holomorphic plane (i.e. either
V =Jjor V= —J%). When v is a Kéhler circle of curvature k, the equation
(2.3) reduces to

(4.2) Viy=kJy or Vi¥y=—kJ7.

The extrinsic shape of Kahler circles of a complex projective space under a parallel

immersion f into a real space form M™(é) is known ([CM]). By using fact that
the immersion f is parallel and isotropic, we find the following.

Proposition 2. Let f; : CP"(2nc/(n+1)) — S™"*t2)=1(¢) be the first standard
minimal imbedding and fo : ST 71(c) — Mm(é) a totally umbilic imbedding
into a real space form, where ¢ 2 ¢. Then the isometric parallel imbedding f =
fao f1: CP"(2nc/(n+1)) — M™(E) maps every Kihler circle of curvature k on
CP™(2nc/(n+ 1)) to a circle of curvature \/{(n+1)(k% — &) + 2nc}/(n+1) in

the ambient space M™(¢), so that it is a curve of order 2.

Let M be a quaternionic Kéahler manifold with local basis {I, J, K'} of quater-
nionic structure and v be a Frenet curve of order 2 in a wide sense which is not
a geodesic on M. Then I, J and K satisfy

Vil = qJ —rK
(4.3) Vi =—ql +pK
V:YK =rl —pJ,

for some functions p, ¢, along y ([I]). We see from (4.3) that 72 := (§,IV)? +
(3, JV)2 + (¥, KV)? is constant along v. We call v quaternionic if V is a R-
linear combination of I¥,J¥ and K+ at each point of 4. In other words, ~ is
quaternionic if and only if 7., = 1. When + is a quaternionic circle of curvature
k, Equation (2.3) reduces to

(4.4) VoA = k(AT + pJ3 + vEH),
where \, 4 and v are functions along v satisfying A2 + u? + 12 = 1. The extrinsic

shape of quaternionic circles on a quaternionic projective space under a parallel
immersion f into a real space form M™(¢) is known as follows:

Proposition 3. Let f; : HP"(2nc/(n+1)) — S™2"+3)=1(¢) be the first standard
minimal imbedding and fo : P H3)=1(¢) — Mm(é) a totally umbilic imbedding
into a real space form, where ¢ 2 ¢. Then the isometric parallel imbedding f =
fao fi i HP™(2ne/(n+1)) — M™(E) maps every quaternionic circle of curvature
k on HP"(2nc/(n+1)) to a circle of curvature v/{(n + 1)(k? — &) + 2nc}/(n + 1)

in the ambient space M™(¢), so that it is a curve of order 2.

We consider converses of Propositions 2 and 3 to obtain some characterizations
of parallel imbeddings of complex and quaternionic projective spaces into a real
space form M™(¢).
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Theorem 2. Let f be an isometric immersion of a nonflat real 2n(= 4)-dimen-
sional Kdhler manifold M into a complete simply connected real space form
M"™(é). Then the following conditions are equivalent:

(1) M is locally congruent to a complex projective space imbedded into some
sphere in Mm(é) through the first standard minimal imbedding.

(2) There exists k > 0 satisfying that f maps every Kdhler circle of curvature
k on M to a circle in Mm(é).

(3) There exists k > 0 satisfying that f maps every Kdhler circle of curvature
k on M to a plane curve in Mm(é).

(4) There exists k > 0 satisfying that f maps every Kdhler circle of curvature
k on M to a curve of order 2 in Mm(é).

Proof. 1t suffices to show that (4) implies (1). We shall verify that the subman-
ifold M is locally congruent to a complex space form (i.e a Kédhler manifold of
constant holomorphic sectional curvature) and the immersion f is parallel.

Since for an arbitrary unit vector X € T'M we have Kahler circles 71,y with
the initial conditions 41(0) = 42(0) = X, V,71(0) = kJX,V,72(0) = —kJ X,
we find by (3.3) in Lemma 2 that

(362 + o (X, X)I ) (0(X, X), (X, X))

(4.5) + k(o (X, X), (Vxo)(X, X)) =0,
- <3k2 +o(X, X)H2> (0(X, X),0(X, X))
(4.6) 4 k{o(X, X), (Vxo) (X, X)) = 0.

Hence, we see (0(X, X),0(X,JX)) = 0.
By (3.1) and (3.2) we have

(4.7) wi{ = Aot g3+ 10 G, 40 129 | = kT4,
(4.8) kif £ 3ko (50, J30) + (V5,0) G i) | = Kl (G50

with the positive curvature function x; of the curve f o~; of order 2, where we
take plus signature when ¢ = 1 and minus signature when ¢ = 2 in Equations
(4.7) and (4.8). Taking the inner product of the both sides of (4.7) with J+; and
evaluating this at s = 0, we obtain «}(0) = 0. It follows from (4.7) at s = 0
that A,x,x)X = [|o(X, X)||>X for each unit vector X € T, M at an arbitrary

point # € M, so that M is an isotropic submanifold of M ™(¢) (see Lemma A).
Moreover, from (4.8) at s = 0 we see

+3k - 0(X,JX) + (Vxo)(X,X) =0
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for each unit vector X € TM. Thus we have the following two equations:

(4.9) (Vxo)(X,X) =0,
(4.10) o(X,JX) =0.

Thanks to the Codazzi equation (Vxo)(Y,Z) = (Vyo)(X, Z), Equation (4.9)

yields Vo = 0. Replacing X by X + JX in (4.10), we get
(4.11) o(JX,JX)=0(X,X)

for all X € TM. Let R denote the curvature tensor of M. Then it follows from
(4.10), (4.11) and the equation of Gauss that

(R(X,JX)JX,X) = ¢+ (0(X,X),0(JX, JX)) — |o(X, JX)|?
=+ [lo(X, X)|*

holds for each unit vector X. Since M is isotropic, this implies that M is a
complex space form. Thus our assertion follows from the results of [F] and [T]. O

For a quaternionic Kéhler manifold we obtain the following result similar to
Theorem 2.

Theorem 3. Let f be an isometric immersion of a nonflat real 4n(= 8)-dimen-
sional quaternionic Kahler manifold M into a complete simply conneted real space
form M™(¢). Then the following conditions are equivalent:

(1) M is locally congruent to a quaternionic projective space imbedded into
some sphere in Mm(é) through the first standard minimal imbedding.

(2) There exists k > 0 satisfying that f maps every quaternionic circle of
curvature k on M to a circle in Mm(é).

(3) There exists k > 0 satisfying that f maps every quaternionic circle of
curvature k on M to a plane curve in Mm(é).

(4) There exists k > 0 satisfying that f maps every quaternionic circle of
curvature k on M to a curve of order 2 in Mm(é).

Proof. 1t is enough to show the condition (4) implies the condition (1). By the
same argument as in the proof of Theorem 2 we get

(Vxo)(X,X)=0 and o(X,MX +pJX +vKX)=0

for each unit vector X € T'M and arbitrary real numbers ), i1, v satisfying A\? +
p? +v? = 1. These imply that M is a parallel submanifold and

(4.12) o(X,IX)=0(X,JX)=0(X,KX)=0
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holds for all X € TM. In Equation (4.12), replacing X by X + IX and so on,
we get

(4.13) oc(IX,IX)=0(JX,JX)=0(KX,KX)=0(X,X),
and replacing X by IX and so on, we have
(4.14) o(IX,JX)=0(JX,KX)=0(KX,IX)=0.

Let R denote the curvature tensor of M. Then it follows from (4.12), (4.13),
(4.14) and the formula of Gauss that

(R(IX,MX + pJX + vKX)MX 4+ pJX +vKX), X)
=+ (0(X,X),0(MX + pJX + vKX, N X 4+ pJX + vKX))
— |o(X, M [X + pJX +vKX)|?
=&+ o(X, X)|?

holds for an arbitrary unit vector X and arbitrary X, i, v satisfying A2+ p? +1? =
1. Since M is isotropic, this shows that the submanifold M is a quaternionic space
form. Thus our assertion follows from the results of [F] and [T]. O

At the last stage of this section we give a characterization of a parallel imbed-
ding of Cayley projective plane which corresponds to Theorems 2 and 3. For a
Frenet curve v of order 2 in a wide sense which is not a geodesic in a locally
symmetric space M, the sectional curvature K (7, V) of the plane spanned by 7
and V is constant along v. When M is a complex space form Mm(c), it is an
equivalent invariant to 7, by the following relation: K(¥,V) = ¢(14 372)/4. For
a Frenet curve of order 2 in a wide sense which is not a geodesic on a Cayley
projective plane CaP?(c) of maximal sectional curvature ¢, we call it Cayley if it
satisfies K (%, V) = ¢, and totally real if it satisfies K (¥, V) = ¢/4. It is clear that
every Frenet curve of order 2 on C'aP?(c) is contained in some totally geodesic
CP?(c) in CaP?(c) (c.f. [MT]). We here restrict ourselves on circles on CaP?(c).
This, together with the results of [AMU], guarantees that every Cayley circle
on CaP?(c) is contained in some totally geodesic CP(c) in CaP?(c) and every
totally real circle on CaP?(c) is contained in some totally geodesic RP?(c/4) in
CaP?(c).

It is known that the parallel imbedding f of CaP?(4c/3) into a real space form
M™(¢) is decomposed as:

(4.15) f:CaP? <§c> S, §25(6) L2, 3 @),

where ¢ = ¢, f is the first standard minimal imbedding of CaP?(4c/3) into
S?5(c) and f; is a totally umbilic imbedding of S?°(c) into M™(¢). The extrinsic

shape of circles on CaP?(c) in the ambient manifold M™ (&) through the parallel
imbedding f was studied in [AM].
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Proposition 4. The extrinsic shape f o~y of each circle v of curvature k(> 0)
on CaP?(4c/3) in M™(¢) through the isometric imbedding f defined by (4.15) is
as follows:

(1) When ~ is Cayley, the curve foy is a plane curve in Mm(é). In particular,

it is a circle of curvature \/(3k? + 4c — 3¢)/3 in this space.

(2) When ~y is totally real, the curve fo-y is a heliz of proper order 3 or proper
order 4 in Mm(é).

(3) When ~ is neither Cayley nor totally real, the curve f o~y is a heliz of
proper order 5 or proper order 6 in Mm(é).

This proposition tells us that if a circle v is not Cayley, the curve f o+ is not
a curve of order 2 in the ambient manifold M™(¢). Motivated by this fact, we
shall characterize this parallel imbedding of a Cayley projective plane into real
space forms by Cayley circles.

Theorem 4. Let M be an open set of CaP?(4c/3) and f : M — Mm(é) be

—

an isometric immersion into a complete simply conneted real space form M™(¢).
Then the following conditions are equivalent:

(1) M is a parallel submanifold of M™ (&), so that our isometric immersion
f of M into Mm(é) is given by (4.15).

(2) There exists k > 0 satisfying that f maps every Cayley circle of curvature
k on M to a circle in the ambient manifold Mm(é).

(3) There exists k > 0 satisfying that f maps every Cayley circle of curvature
k on M to a plane curve in the ambient manifold JT/[/m(é).

(4) There exists k > 0 satisfying that f maps every Cayley circle of curvature

k on M to a curve of order 2 in the ambient manifold M™ ().

Proof. It is sufficient to show the condition (4) implies the condition (1). For

each orthonormal pair X,Y € T,M of unit vectors with K(X,Y) = 4¢ at an

arbitrary point x € M we have a Cayley circle v with initial condition that
7v(0) = z,4(0) = X and V47(0) = kY. By (3.3) in Lemma 2 we have

(362 + (X, X) |2 )4 (X, X), 0 (X, 1)) + k(o (X, X), (Vx0)(X, X)) = 0.
For X, —Y we also have

(362 + (X, X) |2 )4 (X, X), 0 (X,Y)) = k(o (X, X), (Vx0)(X, X)) = 0.
These equalities guarantee (o(X,X),0(X,Y)) = 0 for each orthonormal pair

X,Y € T,M with K(X,Y) = %. Along the same lines as in the proof of
Theorem 2 we find

—3k-0(X,Y) = (Vxo)(X,X) =3k o(X,Y),
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which leads us to (Vxo)(X,X) = 0 for an arbitrary unit vector X € TM.
Thanks to the equation of Codazzi, we obtain Vo = 0. Therefore our assertion
follows from the results of [F] and [T]. O

5. CHARACTERIZATION OF TOTALLY GEODESIC KAHLER IMMERSIONS

In his paper Nomizu|N] gives the following characterization of totally geodesic
complex projective spaces among Kahler submanifolds in a complex projective
space by an extrinsic property of geodesics: A Kahler submanifold M, in a com-
plex projective space CP™ P is locally congruent to CP", which is a totally geo-
desic Kahler submanifold of CP™ P, if every geodesic on M, is locally contained
in a complex projective line CP! in CP™*P. Motivated by this characterization,
we shall characterize totally geodesic Kahler immersions into an arbitrary Kahler
manifold by the extrinsic shape of Kéhler circles on the submanifold.

Theorem 5. Let f be a Kdhler isometric immersion of a Kahler manifold M into
an arbitrary Kdhler manifold M. Then the following conditions are equivalent:

(1) f is a totally geodesic immersion.
(2) There exists k > 0 satisfying that f maps every Kdhler circle of curvature

k on M to a circle in M.
(3) There exists k > 0 satisfying that f maps every Kdhler circle of curvature

k on M to a curve of order 2 in M.

Proof. What we have to show is that (3) implies (1). Let v be a Kéhler circle of
curvature k on M satisfying V47 = £kJ7. By the assumption we have
(5.1) K(=Ao34)7 + 0(3, DIPH) = ks’ T4,

where k(> 0) denotes the curvature function of f o~. Taking the inner product
of both sides of (5.1) with J%, we find

:l:k’{/ = _I{<Aa(’y,’y)77 J’Y> = _H<U(’3/7 7)7 0-<"}/7 JfY)) = _’{<0-(;Y7"Y)7 J(O’(’}/, 7))> = 0.
This implies that f o+ is a circle of positive curvature in the ambient manifold
M. This shows (3) implies (2).

For an arbitrary unit tangent vector X € TM we denote by 7; (i = 1,2)
Kahler circles of curvature k with 4;(0) = X and V5,41 = kJy1, Vi, %2 = —kJAs.
Following (3.2), we have

3kJ (0 (1,%1)) + (Vs,0) (1, 91) = 0,
=3kJ(0(F2:92)) + (V4,0) (G2, 32) =0,
because f o~; is a circle. Evaluating these at s = 0, we obtain
3kJ(0(X, X)) + (Vxo)(X, X) =0,
_3kJ(U(X7X)> + (?XU)(XVX) =0,
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which lead us to o(X,X) = 0. As X is an arbitrary unit vector, we find M is

totally geodesic in M. [J

Remark. In the statement of Theorem 5, we can not relax the condition on £ to
k > 0. For example, we consider the imbedding f : CP"(¢) — CP(""+31)/2(2¢)
which is given by all homogeneous monomials of degree 2

(Z0,... ,2n) — (22,V22021, ... ,22)

in homogeneous coordinates. This (non totally geodesic) Kahler isometric imbed-
ding maps every geodesic on CP™(c) to a totally real circle of the same positive

curvature /c/2 in the ambient space CP(”2+3”)/2(20).

As an immediate consequence of Theorem 5 we obtain the following character-
ization of totally geodesic Kéahler submanifolds in a complete simply connected
complex space form Mm(é) of constant holomorphic sectional curvature ¢, which
is either a complex projective space CP™(¢), a complex Euclidean space C™ or
a complex hyperbolic space CH™(¢).

Theorem 6. Let f be a Kahler isometric immersion of a Kahler manifold M
into a complete simply connected complex space form M,,(¢). Then the following
conditions are equivalent:

(1) f is a totally geodesic immersion.

(2) There exists k > 0 satisfying that f maps every Kdhler circle of curvature
k on M to a circle in Mm(é).

(3) There exists k > 0 satisfying that f maps every Kdhler circle of curvature
k on M to a plane curve in Mm(é).

(4) There exists k > 0 satisfying that f maps every Kdhler circle of curvature

k on M to a curve of order 2 in M,,(¢).

6. VERONESE IMBEDDINGS

In this section we study the following problem: For an isometric immersion
f:+M — M if any geodesics on M are mapped to curves of order 2 in M through
f, what can we say on the submanifold M?

We here pay attention to the extrinsic shape of geodesics on a complex pro-
jective space CP"(c) of constant holomorphic sectional curvature ¢ in a complex
projective space CPY (¢) of constant holomorphic sectional curvature ¢ through
a Kéhler isometric full immersion. By virtue of the classification theorem ([C,
NOJ]) this Ké&hler immersion is nothing but a Kéhler imbedding fj : CP"(c/k) —
CPN(c) given by

k!
[Zl]nggn — |: ngo “ e Z,n
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where [*] means the point of the projective space with the homogeneous coordi-
nates * and N = (n+k)!/(n!k!) — 1. We usually call fj, the k-th Veronese imbed-
ding. It is known that the second fundamental form of f; is parallel if and only
if k =1 or k = 2. These parallel imbeddings f; (k = 1,2) have various geometric
properties. For example, the second Veronese imbedding fo maps each geodesic
on the submanifold CP™(¢/2) to a circle of curvature /c/2 in a real projective
plane RP?(c/4) of curvature ¢/4 which is a totally real totally geodesic subman-
ifold of the ambient manifold CP™("*3)/2(¢). Using such a property, Nomizu[N]
gives the following characterization. Let f : M,, — CP¥(c) be a Kihler isometric
full immersion of an n-dimensional Kahler manifold into an N-dimensional com-
plex projective space of constant holomorphic sectional curvature c. He shows
that either M,, = CP™(¢) and N =n, or M,, = CP"™(¢/2), N =n(n+ 3)/2 and
f is locally equivalent to the second Veronese imbedding f> if and only if for each
geodesic v on M,, the curve f o~ is a circle in CP¥(c).

The main purpose of this section is to improve this characterization. We relax
the condition that f o~ is a circle to the condition that it is a curve of order 2.
We here briefly recall some fundamental results on Veronese imbeddings fi, (k =
1,2,...) (see [PS]). An isometric immersion f of a Riemannian manifold M into
an ambient Riemannian manifold M is called a d-planar geodesic immersion if
for each geodesic v on M the curve f o~ is locally contained in a d-dimensional
totally geodesic submanifold of M. In particular, a curve p is called d-planar if it
is locally contained in a d-dimensional totally geodesic submanifold. A d-planar
curve p is said to be proper d-planar if it is not (d — 1)-planar. We call a d-planar
geodesic immersion f : M — M proper if the curve f o~ is proper d-planar for
each geodesic v of the submanifold M.

Proposition B. The k-th Veronese imbedding fi. : CP"(c/k) — CP¥(c) is
proper k-planar geodesic.

In their paper[PS] J.S. Pak and K. Sakamoto considered the converse of Propo-
sition B to obtain a characterization of each f:

Theorem C. Let f : M,, — CP(c) be a proper k-planar geodesic Kihler iso-
metric full immersion of an n-dimensional Kdhler manifold into an N -dimensional
complex projective space of constant holomorphic sectional curvature c. Sup-
pose that for each geodesic v on M, the curve f o~ is locally contained in a k-
dimensional totally real totally geodesic submanifold RP*(c/4) of CPYN(c). Then
M,, is locally congruent to CP™(c/k), N = (n+ k)!/(nlk!) — 1 and f is locally
equivalent to the k-th Veronese imbedding f.

We remark that for each geodesic v on CP"(¢/k) the curve fi o~ is a he-
lix of proper order k in RP¥(c/4) with the curvatures ki, ... ,k,_; which are
independent of the choice of ~.

The following is another (local) characterization of each Veronese imbedding

fr (see [C, NOJ).
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Theorem D. Let f : M,(c) — Mpn(¢) be a Kdihler isometric immersion of a
complex space form into another complex space form. If ¢ > 0 and f is full, then
¢ =kcand N = (n+ k)!/(nlk!) — 1 for some positive integer k.

We now state our result. The reader should confer the following result with
Theorem 6.

Theorem 7. Let f : M,, — CPN(c) be a Kihler isometric full immersion of an
n-dimensional connected Kahler manifold into an N -dimensional complex projec-
tive space of constant holomorphic sectional curvature c. If the image f o~ of

each geodesic v on M, is a curve of order 2 in CP™N (c), then one of the following
holds:

(i) M, is locally congruent to CP™(c) and N = n,
(ii) M, is locally congruent to CP"™(c/2), N = n(n+ 3)/2 and f is locally
equivalent to the second Veronese imbedding fs.

Proof. 1t is enough to prove our Theorem in case that the immersion f is not
totally geodesic, namely f is not of case (i). Our steps for proof are as follows:
We first show that the submanifold M is (\-) isotropic at its each point in the
ambient manifold CP™ (c), next we verify that the function X is constant on M
and finally we calculate the holomorphic sectional curvature of M.

As Lemma A holds in a trivial sense at an arbitrary geodesic point of M, we
have only to consider a non-geodesic point x € M and a unit vector X € T, M
with o(X, X) # 0. We take the geodesic v = (s) (s € I) on M with initial
condition that v(0) = = and §(0) = X. Here, I is a sufficiently small open
interval on R satisfying o(%(s),¥(s)) # 0 for all s € I. As k = |o(%,7)| is the
curvature of the curve f o~ of order 2, we see by Lemma 1 that our curve fo-~ is
a Frenet curve of proper order 2 whose Frenet frame is {7, %o(”’y, 4)}. Since f is a
Kéhler immersion, we find that 7, = |+ (J¥,0(%,%))| = 0, where J is the complex
structure of CPY(c). So we can take the totally real totally geodesic RP?(c/4)
passing x satisfying that the vectors 4(0) and o(¥,%)(0) span the tangent space
T,.RP?(c/4). We here consider the Frenet curve p of proper order 2 on the surface
RP?(c/4) passing the point x = p(0) with the same curvature x(s) (> 0) and
the same initial frame {¥(0), ﬁa(% 4)(0)}. By the uniqueness of solutions for
ordinary differential equations we can see that the curve f o~ locally coincides
with p, so that it is locally contained in RP?(c/4).

The following discussion on the isotropic property of M is the same as in [pp.
40-41, PS]. However we here write it down in detail for readers’ convenience. As
RP?(c/4) is a 2-dimensional totally geodesic submanifold of CP™ (c), the vectors
4(s) and o(¥(s),*(s)) span the tangent space T, s)RP?(c/4) for each s. This,
together with Vs (c(%,%)) € T sRP?(c/4), implies

(6.1) Vi(a(¥,7)) = o + Bo(5,7)
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for some smooth functions o = «(s) and 3 = (3(s) on the interval I. Let Y be an
arbitrary vector at x which is perpendicular to the vector X = 4(0). We extend
the vector Y to a vector field Y on the curve f o~y. Hence Equation (6.1) gives

(0(X,X), o(X,Y)) = (0(4,9), 0(4, 1)) (0) = (a(3, %), V5 Y )(0)
= —(V5(a(3%,4)), Y)(0) = —(a(0)X + B(0)o(X, X),Y) = 0.

So it follows from Lemma A that the submanifold M is (A-)isotropic at its each
point in CP¥(¢). In order to see the function X is constant on M, we choose an
arbitary orthonomal pair of vectors Z, W at any fi fixed point y € M. Assume that

A(y) # 0. We here define a smooth vector field Z (resp. W) on some sufficiently
small neighborhood U, by using parallel displacement for the vector Z (resp. W)

along each geodesic with origin y. Note that VZ =VW =0 at the point y and
(Z,W) =0 onU,. Hence, at the point y we find

Z(\?) = Z{o(W,W),a(W,W)) = 2(Dz(c(W,W)), (W, W))
= 2((V20) (W, W),a(W,W)).

So, using the equation of Codazzi, Lemma A and an equality %W(J(W, W)) =
aoW + Boo (W, W) which corresponds to (6.1), at the point y we have

Z(\2) = 2(Vwo)(Z,W),a(W,W)) = 2(Dw (o(Z,W)), c (W, W))
= 2V (0(Z,W)),s(W,W)) = —2(a(2, W), Vi (a(W, W)))
= —2<O’(Z, W), aoW + ﬁoO'(W, W)> =0.

This implies that if A(y) # 0, then the function A is constant on U,,. Therefore,
from the connectivity of M and the continuity of A we can see that the function
A is (nonzero) constant on the submanifold M.

On the other hand, the holomorphic sectional curvature K (X, JX) of M de-
termined by a unit vector X is given by

K(X,JX)=(R(X,JX)JX,X)=c—2||c(X, X)|?

hence M is a complex space form. Therefore from Theorem D and Proposition
B we can see that M, is locally congruent to CP™(¢/2), N =n(n+ 3)/2 and f
is locally equivalent to the second Veronese imbedding fo. O

In the last stage of this section we shall make mention of submanifolds in a real
space form. In his paper[Sa] Sakamoto classified 2-planar geodesic submanifolds
in a complete simply connected real space form MY (&)(= RN, SN (¢) or HY (¢))
of curvature ¢:
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Theorem E. Let f: M" — M"+p(é) be a 2-planar geodesic immersion of an
n-dimensional Riemannian manifold into an (n+ p)-dimensional complete simply

connected real space form M"P(¢). Then M™ is totally umbilic in M"+?(¢) or
M™ is locally congruent to a compact symmetric space of rank one imbedded into
some sphere in M"™VP(¢) through the first standard minimal imbedding.

Combining Theorem E with our discussion in this paper, we obtain the follow-
ing immediately.

Theorem 8. Let f: M" — M”‘H’(E) be an isometric immersion of an n-dimen-
sional Riemannian manifold into an (n + p)-dimensional complete simply con-

nected real space form ]T/f”er(é). Suppose that for each geodesic v on M™ the
curve f oy is a curve of order 2 in the ambient space M"™P(¢). Then M™ is
totally umbilic in M"™YP(¢) or M™ is locally congruent to a compact symmet-

ric space of rank one imbedded into some sphere in M”*p(é) through the first
standard minimal imbedding.
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