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Nonlinear Vibrations of an Elastic Structure with a Liquid Container
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This paper deals with the nonlinear vibrations in an elastic structure which is subjected horizontally or
vertically to sinusoidal excitation and to which a liquid container is attached. In theoretical analyses, based
on the equations of motion governing the system, the modal equations are derived by taking account of the
nonlinearity due to fluid inertia. The resonance curves are also presented. In numerical calculations, it is
found that the shape of the resonance curves changes depending upon the liquid level, and that the liquid
container is available as a damping device for structures subjected to horizontal as well as vertical excita-
tion. When the excitation is comparatively large, it is shown that some peculiar vibrations can occur due to
the nonlinearity of the liquid inertia. These theoretical results agreed quantitatively well with the experimen-
tal results.
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- 8 ] Structure Mass m Kg 6.080 [ 6.470 | 6.797
Spring Constant k¥ N/m 1890 | 1513 | 921
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Top view 2 Tank Le'ngth lm 0.10 {0.10 |0.12
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P, t4iF ; 0=1.06)

0, ZOBOIRENIEMZERIIRE Y TH S &hbrsb.

Kie, Mlde, RO =7 P, Ticbhb 0=1.06 kit 2K 2xRT. #H#E
L oREA R LTV 21 b 230vbh b TIRIBIE—E & i3 7e 53, HEHRVG AR Uk
Wk RS2 BRAEIRE) & 7c o> T 5.

3.3 EBREBLLUVERER

EREBEOBRIL, N5 LEERETHY, FFXVOERCHAMERELETLIEEM
EHCY T 7e. WEEN 7 OFFHAEAR v S, OREMEL r=15mm, =1 TH%.
EERTIX, B2RTIO5RERBA, B, C, DxAV. Fy offik, FEFHRCHT 5ILE
R OERA LAV TRIAREC X VEH L. FEBORFELML, FRBROEHER
B po=1/Cn)VE[MHz L A v y > v 7D (1,1) %= — FOREKFREK pu 1%L 75
X5 REBE LK.

M15(@), (b)) ik, ThrzhEREA T 5EE L REmo*iRMELRT. 3, —&
HERL@FIT I —HKLTWBZEnD, LD Fy DEEFENZYUTH D Ehibh
5. ZOHEIIKETIRELS (h/R=12), HKiRBEOMRITEHE &7cy, Hinks
R I{—FHLTWS.

K16, 171, ThZh#EEB (B/R=0.5), B XOEE C (h/R=0.235) X3 5#EEY
DOHIEME A TT. NI6OHIBEMBIZEV-TW oL, 17T, KEAB D IIRE

2 %EABCDoET

Apparatus A B C D
Structure Mass m Kg 4.787 | 5.931 | 7.028 | 5.182
Spring Constant k£ N/m 1641 | 1606 687 | 1992
Damping Coefficient ¢ Ns/m | 0.983 | 0.507 | 0.485 | 0.911
Tank Radius R m 0.06 | 0.05 0.085 | 0.05
Water Depth A m 0.072 | 0.025 | 0.020 | 0.06
Water Mass m; Kg 0.804 | 0.197 | 0.454 | 0.472
Viscosity p 1/s 0.346 | 0.532 | 0.341 | 0.391
Force Fy N 0.209 | 0.0968 | 0.162 | 0.424
Natural frequency p, Hz 2.727 | 2.576 | 1.525 | 2.987
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(b) n DRI
(b)n DIRIE
X15 SEBR#ER & BaRid RO Hk
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B rl Theory
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X Experiment O @
» i ce &
o o

1 S 1 I
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Frequency f Hz

K16 SEBEER &EREEOHE
(ZE B ; h/R=0.5)
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! Theory
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——= Unstable
4 Experiment O e
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a‘ 5
b
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Amplitude of X1 mm
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v Roo® ! L i,
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K17 SEBER L EERRER O HEL
(%1 C ; h/R=0.235)

—O— Planar

ES

Amplitude of X1 mm

2.5 3.0 3.5
Frequency f Hz

X18 BT X 3 x, OILIRME
(EBD; h/R=12, JIHNKEVEE)

EER E e, ¥l f=144Hz fHECBNI- € — 213 2f DIREIFES ORI Xk 5.
K18ix, #ED, TibbKENIEL, SNBHEBEHNKE VBT EEY R
AR . OMXKREOEMES) (Planar), ARNIEEEE) (Swirl), QHULBRIZHR
HiRE) (SSD: Super-Summed-and-Differential Harmonic Oscillation ), @ENIEEELIES)
(APO: Almost Periodic Oscillation) »3%4E LB EOLEEBERT. DX 5K, HEH
KECHNPMERT2HECE, FAFEAMICBRZEFEIREI S F4E L TSD I X 5 FliR%)
RrfBichh b, EEOEEY TSD »BHT5BCIIERNDETHS.

4. HEMRZEZRT2BEMLRFEIHFAZD 9 > - F OIGHERIRE

4.1 ERMRHA
IO ERBHET V2R T. N1 LEABC s @rBILRECE ), BREEICBEH
THEREER Oz #E 1 5. REDEENT vz FENO KR THECRETS. —B&D
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Y
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7
ol

7
ng J_ ¢li'ocosaznt
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K19 HEwm@frer

EHEEYY, HEm, IhEEE BERRcEZIO1BHERCETAMLL, BEm
DEIEIRAED S DERELNI Y 21 LT 5. Focos wt (IEAEFADEZENNTTHS. D5
A—ADBWRILE2BLRALTHS. 22T ROCHLERTE 21’ =21/l EBAT 5.
a2 EC T A EREORL, 2E0RXB)TCELbNE. ENFBRIKRATELONS.
UTCRERTEYER TS  2EBT 5.

9¢

1 z 1
24 42 . i ld b= —3 26
at+2(<1S,,+<15;¢)+WI+P 2h+w¢ 212 - (26)

Z o wi=Artanh (A1h) THDH. ARE@IERCRT 3MEOERSLE, SIORED
EEERER L, RG) ~NThELbh3. RO AT HEREEIRR LS.
¢

1 z 1
—— (p2+¢2) +——— it tup+iz| =0 27
YR (¢ +¢ )+w1 o A tugthz - 27)

ECOWTOEFHERNL, Kk &eb.
v +cé +kz=F+F, cos wt+dh/y, (28)

K28 s Fiit, kAR TELBI 5.
172
F= —dj P(x,2,t) dx (29)
-1/2 z=—h
K2YDP (x, 2z, NIRC6) L hBBIS.
BARO B HBIRBFEN BN SEEREEY AV, ¢ 8 X0 n 0GR E 2> K TR
ET5.
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#(x, 2, 1) =a,(4) + 2 [@2u-1(2) sin (Azy—1%) cosh {Az,—1(z+h)}/cosh (pu_1h)

+az, () cos (Ag,x) cosh {As,(z+4)}/cosh (As,h)] (30)

”(x; t) = Z}l {b2n-—1(t) Sin (AZn—lx) +b2n(t) Ccos (A’an)}

ERFD ag, a,, by, (n=1,2, ) IREEORMBEABTHS. T azu—1, bop—1 1 IEEDIERFH
€ - F‘lﬁﬁ, Aon, bZn Oi%ﬁv& - ]‘&l}}%ﬁ?

WE, R(@28) TCERINHBEDROEFIRDE Y po=Vk/(v+dh) LEHEL, AETIZ
Do=2p1 DHERIIR DL I, hosSw BRI BT AILEXE Y E LS. TR
RA

Q, Az, b2~0(82/3) (31)

@y, by; ¢, u~0(e"®) }
FONO(E)

DIEISRETS. 722L, ROBDERENRT I8, b, DA — X120 (6) X hH/X
WETE. MBENOFBHMLERL, 2E, SELAKLFIRCHKS I b, KD=
— FABRAXE5.
Q121+Cél+k21+Q2d0+ﬂQ2a0+Q3012+Q42.12=F0 cos wt
. 1 1 1
ay+ua;+ (Z'l“zl) bl_? l//1d1bz_? Wola by + Q58,5+ Q 60105+ Q70,25 =0
51‘W101+Qsﬂ1bz+anzbl+Qlod1b1z=0
. 1 1.1
do"‘ﬂao"‘? W241b1+Q11a12—7 2'12+E uyya1b;=0 [ (82)
. 1 1 1
dy+uaz+ *+Z1) by—— 16101+ Q pai* —— uw1a:5,=0
41 2 2

by— wra,+Q130:0,=0

2T, Wa=Aztanh (Ah) THY, Q; (=1~13) HER RS
- FAHBRG2)DRMEY 3 o v— 5 vEREERL, AL =200 TRt
A (32) DHIREIFE L R D L 5 I {HET 5.
21=1u, COS wi—1v; sin wt
1

3
=1, COS > wi—v, sin El wt-+c, cos > wit—d, sin > wt

1 1 3 .3
bi=us cos ) wi—v; sin n wi+c; cos 5 wit—dj sin > wt (33)
ay=ey cOS wi—f; sin wt

by=e, cos wt—f, sin wt+#,
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T, BAORMBERIRENCESHrEEL, To4 - FRACDES LT5.
¥, BERERHECHESTHI L0 (283) 123 &les 5. R(3BHER(32)
RAL, O (e) ORBETHIEBERSCOWTHRERMAT vAR LD L, RO u, v; ¢, e,
2 BT 2HEMA T RALES. TOXIORENCEFEHLRDDZENTE, ZTOR
EHHNBTZ 5.

4.2 HETEBH

20(a), (D)%, ThZhBEWDRELE 21 (RIE Vul+v2), WEA R » ¥ v 7 O%t
1K= —F b (BIB Vug+0s2) I© oW COIRMBART. <5 4 — X DEILEBD
SRR T ITRIST 5 @280, v=0.930, k=4.0, »=0.6, d=0.116, ¢=0.02, z=0.025,
BIVF=00013 £ L. D&%, po=2p1 (=2.0) OFFALKHHHI-IhTW5. Hig
AR X D IIBMB LB S a v — v g VERIZ I K LT3, K20@) BT
S UL E e p Py, R20(b) D458 P iwwtind 5. #ifR AiBiCiDy (X ERDILiR M
BEELT—HL, ThRHGT 5 iiE ABCoDy DIRIBIIZFE TH B . IR TR BC
HIRBARET A TLREFERE e 5D, FERBER DO CDREERDH EFC 238 TV 5.
58 EqF1Cy, EoFoCo ET1, ZhZhIREH o OFFRE), REE (1/2) 0 O 5 BEERKIR
B0 RETS.

0.04 v -
~ —— Stable . P a
\ . 1
\Y] —--- Unstable *_ . N ( )
o ® Simulation W.4 ™
o ) eean
(V] / \
Y 0.02 ; F1
+ / X
ot s,
— , "
2‘ El___Blf/ ~8C1
< AL < D1
0 1
1.9 2.0 2.1
Angular frequency @
0.50 .
» N (b)
Q P2
Uy
o
v Q.
3 0
3
IE)
M
o
(a9
g
D2
2.1

Angular frequency @

20 h=0.6 DFEOIEIEMEE : @)z, D 0 R D
&g, (b)d, ® (1/2)w Bi5 DIRIE
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-_0

.9 2.0 2.1
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0.30
o (b)
0
4y 0.20F
o
o
B 0 A /
o .10 4 )
—~ \ /
o : \ !
E \ H
< ! !
] © o : Lo °
1.9 ' 2.0 2.1

Angular frequency @

K21 1=0.35-0%&D0#kRERE : @)z D 0 KD D
RIE, ()b 0 (1/2)w By OiRIE

M21(a), (b)ic, KBEEEZ LHAOIRMBELTRT. M20ERic3 5 2 —x OfFERT
%%?&,#ﬂﬁ&ﬁwszé.i@%ﬁﬁﬁ%ﬁ%@fﬁﬁ%ﬁﬁ?é%ﬁf~?%
SRR LTE D, WEEBOHEDENL L CBATHS.

R, BER~T A =% o1=po—2pm XEEL, AAKEOTH (FTinbb, HBHEDNL
HoTh) ORELRES. K221k, K200 5EEYOIENERT % k=380 K& % 1=
BEOKIEMBETT. CDL ¥ 0=—0.0503 TH 5. K22T1E, 20054 EF s
THRRERSE LT, BEBITLEELIAHAEEGHAHEAS. MVCHERILE— FHER
B)DEME ¥ 2 v—v 3 VEROEBIRIELET.

231, F220 0=1.943 [[K23(a), (b)], ¥ X0 w=1.946 [[M23(c), (d) =it 5%
B av—vg ViR, IO (2,2) FRLOXRT7 VI V<, 72RT. ©0=1.943 T
R CERME DB I BRBIEES A RE L, 0=1.946 © BT % LIRIBOEFAITHE
Bl &7 % 7 & ARRBNCBITT 5 2 L b b.

4.3 ERRBREESL LURBRHER

M24ic EBRIEBELYTT. FEHR ) okRe T FHOBEW LI 7, ZoBEWIT
B EMETrEE L 2AKD7 — A2 > TEEIh, AUNCHEEHL TS I5C
A THR T35, BEYO LI RAEKEEREZI O ), 743 =7 2K N
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oo R Stabl
— a ) AN _— able
N ( ) ‘.‘ oA —-—- Unstable
4 \ IR ® Simulation
o \ / \“\\
] \\ ,” \ \\‘~
Y o0.02} R | S
-t]’ Bl,’l 5\
2 Big N @
< A1 ~Jilj{|H L} Ci D1
0 L I
1.9 2.0
Angular frequency @
0.40
_ (b)
0
S F2
g 0.20¢ E2 & G2
3 \ ~[|{|[H2
e \,
el
—
g )
< \
oAz B2\ _Jcz D
1 i}
1.9 2.0

Angular frequency @

K22 FEIRMBCRIETHR < T A —% g OFE .
@)z, D w B DR, ()b, 0 (1/2)w Kb
DiRIE :

LCHEEY > BRMIES CERKIMRL, v —¥—RERL L v4 Sy, S & X h EEWER 21
EREEM p BB L. E3 1, BBA B CoOETYTRT. FEBCIX, BEYWORE
BIRE B po [=1/27) VE[MHz] L EEA v » ¥ v 7 ODEBIRE K p1 [=(1/27) Vght
tanh (A17) Hz] & ORI po=2p1 DRFAGMI T Ih T 5.

25(a), (b)i%, KEH h=60mm (k/1=0.60) O HEHEWEET, FhFPhERC X
> THELICHEEYS LOREOHKIRMFELYRT. O, @HIX, ThXThRAHKEL L
B, BIOKER CEBEOWHCE X B cXRBROBE, EBTHELIWIIREEY
DLIRBEETRT. RARPFCIFFREETOFEBRIRLTH D, TORIERIERNT
FBERE I LB 5.

X260%, KD h=35mm (2/1=0.35) OHEHE\ EE B v HBEOMLIREE ©
B5. ZOHIRMBOTIRITIR2IDBRERE L EL LT 5.

M27w, BEEIREIE po HNEE A X Vb T/ IWEE C LR CIEREY =T
ZDE EORFLEEDOTIIL01=—0.093Hz Th - . RNFoXE GH; (GHy) Tike@
FICRINICHEARIE L 72, =533 Hz TIIR28ICRT X 5 7eiRI@HEF T 5 A IR
B (Almost Periodic Oscillation) MEZEIh:.
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#3 KEA B CoO¥RL

Apparatus A B C
Structure mass: m kg 4.807 | 5.038 | 5.025
Spring constant: k£ N/m 6036 | 5128 | 5919
Damping coefficient: ¢ Ns/m | 1.178 | 1.133 | 1.240
Tank length: ! mm 100 | 100 100
Tank width: d mm 60 60 85
Water depth: A mm 60 35 60
Water mass: m; kg 0.359 | 0.210 | 0.509
Viscosity: p1/s 0.439 | 0.440 | 0.439
Force: Fy N 0.112 | 0.0935 | 0.241
Position of sensor S;: z mm | 34.0 | 19.0 14.0
Natural frequency: po Hz 544 |4.98 5.21
Natural frequency: p; Hz 2.73 | 2.50 2.73
g Theory & (a)
. L —— Stable 4.\
wQ ——- Unstable 9
w 2| Experiments q o
) @® Without tank ¢ “

° O Withtank 4 &
3 Bl'é ;‘ °
+ O
- 1 i’l 8
— e
5& M

0 I 1 L !
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Frequency f Hz

18
E | (b)
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‘46! 12
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g
3
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g

0( 1 1 1 1

5.2 5.3 5.4 5.5 5.6 5.7

Frequency f Hz

25 HBERLERBEROLE (REA; /=

0.60) : (a)z; DIEIE,

(b)n DIRIE
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K26 RREFRLEREEOHK (EEB; /=
0.35) : (a)z; DIRIE, (b)n DIRIE

5. #&

RAWKIE, 5\ IXFFEKEIR D AT 5 i RS K FEH |\ O IERRA 15 EH
TEHEE, Ary YV IR DBEDOIRTARENC >\ CERBIT ATV, ROBHIIR
Bt — V2SR T5E— FHBR, SIOHRBRLYESE, ThorERER L EEMN X
{—FTHrZLRRLE. ¥, HERAIAREWESE, RALAECERIERN
Bhao ExERLE. #-C, AT DIREESR A v - L LTOHIRYDEC O\ T

DEERYISFHEAFRE & 7o - Te.

¥, RIMKER S OBEBEY S HE T M OEXMREY X 5 B/HCOV T, KiF
DR LRG0T hA SRR RIS THE LN, ERETERIERER L 2ED
IS5 LR Lic. KPR R, SHEMRYZT 3 BEW O HiRCH L

THRMEBHOBFDELI T S i,

i)
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R27 EBHERLBRBEREOLE (BBC; n/i=
0.60) : (a)z; DIRIE, (b)y DIREIE

. 40
Time s

(28 #E&C THREIhIERHAESO
W (f=5.33Hz)

FERIML

WwE & E EE PIRE “‘BRABAKERORR , v v 7 X 3EEHOIERIEE", B
TR 2504E C R, 60-573 (1994), pp. 1517-1525.

Ikeda, T. and Nakagawa, N., ‘ ‘Non-Linear Vibrations of a Structure Caused by Water Sloshing in
a Rectangular Tank”, Journal of Sound and Vibration, 201-1 (1997), pp. 23-41.
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