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　　The　centr01d　method1s　a　popu1ar　n1ethod－m　factor　ana1ys1s工ts　mathemat1ca1

structure，howe∀er，1s　not　so　weu　spec1f1ed．D．N．Law1ey（2）treated　the

eff1cヱency　prob1em　of　th1s　method，1n　the　case　of　covar五ance　matr1x　w1th

known　res1dua1▽ar1ances　In　the　present　paper，we　treat　the　case　of　corre1at1on

matr1x　from　another　p01nt　of▽1ew．We　spec1fy　the　mathemat1ca1structure1n

the　fo11ow1ng　two　cases，one　of　them1s　the　case　of　known　res1d－ua1d－1agona1s，

and　the　other1s　the　case　of　unknown　res1dua1d1agona1s．For　the　f1rst　case，

we　gi▽e　the　comp1ete　justification　of　this　method，and－for　the　second，we

treat　the　fo11ow1ng　prob1e㎜s，suppose　that　we　know　the　nu＝mber　of　factors

on1y，then　1．how　are　effects　of1n1t1a1est1mates　of　com－lmuna11t1es1n　the

1terat1▽e　centr01d　n1ethod，2　when　they　con▽erge　to　the　un1que11m1t　whether

is　it　the　true　so1ution　or　not．In　the　usua1comp1ete　centroid－method．，we

a1ways　ad．］ust　res1dua1d，1agona1s　after　e▽ery　factor　extract1on．Howev－er，th1s

adJustm．ent　may　not　be　appropr1ate　to　see　effects　of1n1t1a1s．We　cons1der　four

apProaches

　　1．the　comp1ete　centr01d　＝method－w1th　the　h1ghest　row　e1ement　as1n1t1a1s，

w1thout　ad〕ustm．ent　and／or　w1th　ad〕ustment

　　2．the　comp1ete　centroユ4＝method　w1th　arb1trary1n1t1a1est1mates　of　com㎜un－

a11t1es，w1thout　ad．］ustment　and－／or　w1th　ad〕ust1ment　our　prob1ems　are　the

fo11ow1ng，

　　ユ．how　are　effects　of1n1t1a1est1mates．。．。wben　tbey　ha▽e　un1que11nut　are

they　true　so1ut1on　P　By　the1n1t1a1est1mate　of1．O’s，or1n1t1a1est1mate　greater

than　true，can　we　get　the　true　so1ut1on？

　　2．w1thout　ad］ustn1ent　of　res1d．ua1d1agona1s，can　we　get　rea1so1ut1on　for

sonユe1n1t1a1est1mates，for　exa＝mp1e，the　h1ghest　row　e1e皿e耐．In　add1t1on　to

these　prob1e皿s，we　treat　the1terat1ve　centr01d．method－w1th　true　com皿una11ties

in　the　case　of　ad－justr〔ユent　and　D0n－adjustment．

　　In　the　centro1d　method，the　most　troub1eso皿e　p01nt1s　the　treatment　of
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reflection- of test vectors. ~ In the present paper we treat this poi~rt in the same 

line with usual complete centroid, method. With respect to the maximum 
lik-elihood method after the computational rilethod of J6reskog, including the 

same ty~e of 'probleinS as the above, see Tumura et al. (3) . Computations are 

made with IBM 1620 in Science _ University of Tokyo. 

Chapter 1. Case of known communalities 

We set up the model of factor analysis as the following ; Let every compo-

nent of real random p-vector, Xi (i , l, 2p. . . ,p ) , belong to the space L2 

(9) of -some probability space 9. Without the loss of generality, we suppose 

that f Xdp = O for every i. D_ efine the scalar product in the space L2 (~2) ~s 
J
2
 

f
 
J
2
 

(Xi, X:i) = cov (Xi, X:f) XiXj dp, (Xi, Xj) - 1. By the theorem of Beppo-

Levi, we have a unique orthogonal decomposition of the space L2 (9) ; Xi ((L)) 

-Xl(1) (co) ~ ~ij2) (cv) , (Xi(1)" ' Xi(2)) ~ 'O. With the ' dimension of the space L~1) 

dm L(1) k we define the orthogonal basis [ fl' f.",. . . , fk] in the space L;1) ' 

Xi(1) - ~ai,f. (aJ) , and ~ moreover w~e could define the basis of the space L~2) 

(9) , [sl' s2, ' ' ' , sl" el' e2,' ' ' , el" ' ' ' I as satisfying relations ( f, s) O, (f, e) = O, 

(s, e) ~ O, ahd so 'on. The space L2 [fr, " ' , f/'] =L;1) (9) spanned by vectors 

fl" " " f!' corresponds to 'th~ common-factor space, and coefficient a:' in the 

expresslon X, 1)= ~].~1ai.f. is call_ed t~e factor loading of the i-th test on the 

h/-th -comrnon factor, and the' quantity h: -=~]/ja;. is called the communality of 

the i-th test. The space L2 [sl" ' " sp] corFespqnds to the specific- factor space, 

and the ~ space L2 -' [ei, . . . , el'l spanned by vectors el" ' " el' corresponds to the 

error space. 
As the fundamental problem of the factor analysis, we consider the existence 

of the (minimal) number k and the space L2 (~) satisfing the above decomposition, 

and the uniqueness of such solutions. We call the solution consistent with the 

above model the "proper" solution =and in the other cases the "improper" 

solution, the latter is the formal solution. For the proper solution, the 

communalities belong to the interval (O, 1) , necessarily. In this section, we 

consider the case of ' known tirue communalities and show that by the centroid 

method we could get the true whether it is proper or not (improper) . The 

case when we could calculate :communalities by off-diagonal elements (under 

the assumption of uniqueness) also is' contained in this case. 

Let X:.(1) ~a'f then the c:entroid of X.(1)' s (i-1, 2, . . .;p) is the point 

* ZJI "" '"' ' 11' ( ~] aih~/ in the-space L2 Ifl" ' " fl,]. The transformation G ; gi lp ~: ail' ' ' " 

p i=1 p i=1 / 
, . . . , k) is the orthogonal transformation such that the vector gl = Gf. (i 1, 2. 
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is on the direction of this centroid. Under the new basis g's, we have Xi(1) 
~bi,,g. (i 1,. . . , p) , and ~Xi(1) -gl~bil' thus we have the relation ll ~Xi(1) 112 

i-1 i-l (~bil) 2 ~cfij + ~h~, , which is proportional to the square 0L the distance of 

..= i~j i=1 
centroid from the origin. Also we have the expression 

(J~IXj(1),X,i(1)) _ bil~]bjl' 

.= j=1 
whencebil ~ (h~+~crij) / take the positive sign ~aij+~:h;, and we may 

j~i i~i i=1 if necessary. Next the vector Xi(1) _ b,ilgl - ~b,i, f.eL~1) (~2)) is perpendicular to the 

space L2 [gl]' and the vector (Xia)_bilgl) ~k.( bi.)f. also belongs to the 

space L;1) (~2) and is perpendicular to the space L2 [gl]' In this case, from the 

relation (Xfl) b,ilgl' Xfl) _ bilgl) = crii bilbjl (i ~ j) , h~ bil2 (i - j) , we have the 

expression I I~P' (Xi(1) bilgl) I 12 O. Thus, under the appropriate substitution of 

i=1 

the vector X,i(1) b,ilgl's by the vector (Xi(1) _ bilgl) 's, we colud make the 

expression I I~(Xi(1) bilgl) il nonzero, and in the same argument as the above, 
1='i 

we have the 2nd factor loading, and so on until all arguments of the residual 

matrix vanish. 

Herewith we note that the so-called sign-change is in a sence arbitrary in 

this case. When we know communalities completely, we could define factor 

structure uniquely. On the other hand, in some cases, we could determine 

communalities formally by the rank of off-diagonals that is ,by the ideal 

rank of matrix. We give some examples : Example 1. p 6, k 2 (proper 
solution) 

The true loadings are the following : 

.8 .4 .2 . - .7 .3 9
 

. 5 . 8 .,9 .･ . 6 . 7 4
 

and the corresponding correlation matrix is the following ; 

. 72 . 61 . 92 . 26 . 59 

. 72 . 80 . 68 . 20 . 68 

. 61 . 80 . 54 . 40 . 69 

. 92 . 68 . 54 . 39 . 55 
- . 26 . 20 . 40 . 39 . 21 
. 59 . 68 . 69 . 55 . 21 
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Using the true communal.ities, which are obtainable from off-diagonal elements 

of the above matrix, and the centroid method as the above, we get the 
10ading matrix . 

. 7999 . 8944 . 8967 . 7538 . 2328 . 7607 

. 4994 . O,095 - . 2141 . 6328 , . 8910 .. 0369 

which is gotten by the pre-multiplication of the orthogonal matrix 

. 4380 . 8990 to the above true loading matrix 

. 8972 . 4367 

Example 2. p 5, k 2 (improper solution) 

The true loading matrix is the following 

1.1 0.4 0.4 0.6 0.3 
0.3 0.2 0.5 0.2 0.9 

,and the corresponding correlation matrix is the following ; 

. 38 . 59 . 60 . 60 

. 38 . 06 . 28 . 06 

. 14 . 57 . 59 . 06 

. 60 . 28 . 14 . OO 

. 60 . 06 . 57 . OO 

Since the above structure is improper and unique for k 

solutions for k >/ 3 which are not unique. However, in the formal sence, using 

the true communalities which are obtainable from off-diagonal elements of 

the above matrix, and by the centroid method as the above, we get the 

10ading matrix 

1 . 12404 . 27858 . 57336 . 45998 . 65110 

. 19112 . 34984 - . 28506 . 43407 - . 68997 

which is gotten by the pre-multiplication of the orthogonal matrix 

. 907 .42112 to the above true loading matrix. 

. 4211 2 . 907 

Example 3. p 3, k I (irnproper solution) 

Take the correlation matnx 3/16 l/6/16 . From 
3/16 V6/'16 of f -diagonals 
- V6/16 l/6/16 
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of　th1s　matr1x　we　get眉；一3／16，ん、2＝一3／16，ん32＝一2／16for尾＝1，

f・m・11y，・・dth・・・・…p・ndmg…t…df・・t・・1・・d・・g・…　（■一3／4，一

1／一3／4，1／一2／4），which　is　the　true　with尾ニユ．　In　this　case　a1so　pro台er

structures　be1ng　not　un1que　are　g1▽en　for尾；〉2。

Ch那t㊥r2．Case⑪f皿皿k皿⑪w皿co㎜。㎜阻皿a1湖es

　　In　the　abo▽e　sect1on　we　treated　the　case　of　known　true　co皿muna11t1es，and

1n　th1s　sect1on　we　cons1d．er　the　case　when　we　know　the　true　factor　number尾

on1y，and．cons1der　prob1ems　g1▽en1n　the1ntroduct1on　us1ng　nun11er1cal　exam・

p1es　The　theoret1ca1treatment　of　these　prob1ems1s　yery　d－1ff1cu1t．At　f1rst　we

cons1d，er　the　effect　of　s1gh－change　w1th　the　max1mum　row　e1e1皿ent　as　the

m1t1a1est1mate　of　co皿mma11t1es　We　cons1der　two　cases・

（1）After　each　factor　extract1on，we　use　res1dua1d1agona1e1ements．We　ca11

th1s　case　the　“unad〕usted　case”。

（2）After　each　factor　extract1on，we　use　the　max1mum　row　e1e皿ents1n　the

residua1matrix　as　diagonals．We　ca11this　case　the“adjusted　case”．

　　We　cons1der　the　fo11ow1ng　two　nu1mer1ca1examp1es　and　the15types　of

sign－change　for　each．

　　（1）ク＝5，尾二2（Proper）

　　　　　　　　The　true1oad，1ng＝matr1x1s　the　fo11ow1ng

．8　　．4　　．4　　，6　　．3

．3　一．2　　．5　一、2　　．7

（2）クニ5，尾二2（improper）

The　true1oaa1ng皿atr1x1s　the　fo11owmg

　　　　　　　　　　　1．1　　．4　一。4　　．6　　．3

　　　　　　　　　　　　．3　一．2　’。5　一．2　　．9

　　For　these　two　examp1es，the　unad〕usted　case1s　mcons1stent　for　gettmg　the

rea11oadmg　for　the2nd　factor．W1th　the　adjustment　on　the　contrary，we

get　the　rea1　1oad1ngs　for　the　2nd　factor1n　most　types　of　s1gn－change，and

the　effects　of　s1gn－changes　are　seen1n　both　examp1es，　1n　the　f1rst　1terat1on

cyc1e　at1east．The　s1gn－change　may　not　be　arbitrary1n　the　present　s1tuat1on，

althogh　we　can　not　g1▽e　the　prmc1p1e　of　determmat1on　of　opt1皿u1皿s1gn・change．

To＝make　the　centro1d－as　d1stant　fro皿the　or1g1n　as　poss1b1e　may　be　a　ru1e．

By　takmg　max1mu皿row　e1ements　as　the1n1t1a1est1mate　of　communa11t1es，we

n1ay　ha▽e　negat1ye　d1agona1s1n　the　res1dua1corre1at1on　nユatr1x　after　each　factor

as1n　tbe　ab0Ye　examp1es　To　get　r1d－of　such　an1ncons1stency，we　cons1der

two　a1temat1∀e　1terat1∀e　centr01d　method，one　of　them1s　the　usua1ad．Justed．

comp1ete　centroid　method，another　is　the　unadjusted　comp1ete　centroid　n1ethod．
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For these two method, we also consider the effects of initial estimate of 

communalities. Note that, with the complete centroid method, we can not get 

the improper solution as in the example 3, p. 4, since we have real solutions 

only with this method. In the following, ' we describe the a]gorithm of the 

unadjusted complete centroid method (for the adjusted complete centroid 

method, see Thurstone (1), pp. 161) . 

Example 1. p - 5, k = 2 (proper solution) 

The true loading matrix is *'iven by 

.5 .3 ~.6 .4 -.8 

.8 .2 .1 .9 .1 

and the corresponding .correlation matrix is the followin*" 

- .OI - .38 - . .48 52 

. O1 . 30 - . 16 . 22 

.38 . .15 , .49 16 

. 52 - . . 23 30 - . 15 

. 48 - . 22 . 49 . 23 

Using true communalities we get the following result with this method 

l) Calculate column sums of the above matrix ; these are W (1) 1 . 39, 

W(2) - - .09, W(3) - - .20, W(4) - .60, W(5) - . 44 

2) Let V(i) - I .O for all i, J _ I and compare W(i) V(i) 's. W(1) - W(2) 

so that J remains to be 1, and DW W(1) V (1) - I .39, whence let V(1) 

= 1, other V's are 1. 

3) W(i) =W(i) +2R (i, 1) V(1) -W(i) -2R (i, 1), note that R(1, 1) O, 

so that W~1) is unchanged. 

We have results W(1) - - I .39, W(2) - - .07, W(3) - .56, W(4) .44 and 

W(5) = .52. In this case, W (1) V (1) - W(2) V(2) > o, then put J 2, and 

W(2) V(2) - W(3) V(3) 

(5) V (5) . C7, since DW is negative, 

let V(2),=-1, at this step we have V(1) = -1, V(2) -1, V(3) 1, V(4) 

= 1, V(5) = 1. With these, we calculate the new W's, W(1) - W(1) + 2R(1, 

2) V(2) W(1) 2R(1, 2) , and so on. 

We continue this until we get nonnegative DW. In our case, we have final 

result, V(1) 1, V(2) = -1, V(3) = 1, V(4) - - .1, and W(5) I ; W(1) 

=-.33, W(2) - .67, W(3) -1.18, W(4) - . 16, and W(5) I .42, and 

DW . 16. 
4) To the above W 's we add dia*"onal elements with sign of V's ; 
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W(1) W(1) + (.89) V(1) I .22, W(2) W(2) + (. 13) V(2) - .80, 
W(3) W(3) + (. 37) V(3) I .55; W(4) W(4) + (.97) V(4) - I . 13, 

and W(5) W(5) + (.65)V(5) 2.07. Let T-~ 1 W(i) . ( 6.77) 

5) We get the first loadings as ail W(i) /1/T. 

an ~ ' 46888, a21 ~ ' 30746, a31 ' 59571, a41 ' - . 43429, 

and a51 ' 79557 

6) The (i, j) element of the residual matrix is given by 

~i.i-anajl (1 -~/~ i 

6) Apply the above steps to residual matrix. 

In this example, our estimate of loadings are the following ; 

- . 46888, - . 30746, . 59571, - . 43429, . 79557 ' 

- . 81862, . 18832, . 12299, 88396, . 13067 . 

Thus, we get the true factor loadings. 

Example 2. p 5, k 2 (improper) 

The true loading matrix is given by 

1.1 0.4 0.4 0.6 0.3 ' 
0.3 -0.2 0.5 -0.2 0.9 . 

With the above method we get the estimate of loadings as 

1 . 12404 . 27858 . 57336 . 45998 . 65110 ' 

. 19112 . 34984 - . 28506 . 43407 - . 68997 

, which gives us the true factor loadings (cf. p. 4) . 

Now we mention a numerical result using these method. Further analysis 

using other numerical examples will be published in the other place. The true 

loadings and communalities are the followings : 

. 60 . 40 . 30 . 20 . 10 ' 

. OO . 20 . 30 . 40 - . 50 

and . 36, . 20, . 18, .20, . 26. This is the unique proper structure for k

first we mention results of the adjusted complete centroid method. 

1) Initial estimate of communalities are the maximum row elements of given 

correlation matrix, that is, . 24, . 24, . 18, . 22, . 22, respectively. In this case we 

get the stable result after 35 iterations ; communalities are . 4186438, . 1960549, 

. 1562591, . 2222112, and . 2419636, respectively. The corresponding loadings 

are the following 

. 5663354 .4425859 . 1202355 . 3681717 . 3013179 ' 

. 3129025 - . 0131418 . 3765667 - . 2943821 - . 3888073 
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　　2）工n1t1a1estmate　of　communa1ヱt1es　are　the　true　communa11t1es　In　th1s　case

we　get　the　stab1e　resu1t　after25　1terat1ons，communa11t1es　are　．4185317，

．1960650，　．1562953，　．2222034，　。2419770，respect1∀e1y．

The　correspond．mg1oad．1ngs　are　the　fo11ow1ng

　　　　　．5662625　　　　．4425982　　　　．1202626　　　　．3681705　　　　．3013310

　　　　　．3128554　　一。0131058　　　　．3766061　　一。2943703　　一。3888144　　．

Next　we　ment1on　resu1ts　of　the　unad．］usted　comp1ete　centro1d．method．。

　　1）In1t1a1est1mate　of　communa11t1es　are1．O　for　a11．

In　th1s　case　we　get　the　stab1e　resu1t　after431terat1ons，communa11t1es　are

．3648799，。1998192，。1768116フ．2000856，、2598534フrespect1▽e1y．The　correspo－

nd－1ng1oad1ngs　are　the　fouow1ng．

　　　　　。5392621　　　　．4470113　　　　．1323519　　　　．3577379　　　　．3128964

　　　　　．2721695　　一．0003262　　　　．3991176　　一。2685315　　一。4024292　　．

　　2）In1t1a1est1mate　of　communa11t1es　are　any1arger　numbers　than　the　true

communa11t1es，for　exa皿p1e，。6フ。8，．8ヲ。8フand一，7，respect1マe1y．In　th1s　case

we　get　the　stab1e　resu1t　after521terat1ons

The　communa11t1es　are　．3599047，。20001332．1800600，。2000845，and．。2598724

respect1v・e1y．The　correspondmg1oadユngs　are　the　fo11owmg

　　　　　　　．5366077　　　　．4472285　　　　．1341970　　　　．3578390　　　　．3129587‘

　　　　　一。2682478　　　　．OOO0044　　一、4025558　　　　．2683947　　　　．4024043　　．

　　3）In1t1a1est1mate　of　communa11t1es　are　the皿ax1皿um　row　e1ement．

In　th1s　case　we　get　tlhe　stab1e　resu1t　after53ユteratエons．The　com伽una11t1es　are

，3599388，。2000070，、1800402フ。2000397フ。2599392，respect1∀e1y．

The　correspond1ng1oad．1ngs　are　the　fo11ow1ng

　　　　　　　．5366249　　　　．4472214　　　　．1341867　　　　．3578031　　　　．3130064’

　　　　　一．2682769　　　　．0000020　　一。4025347　　　　．2683592　　　　．4024503　　．

From　these　resu1ts　we　see　that　we　get　the　true　structure　for　the1ast　two

cases，at1east．　The　unadJusted．comp1ete　method　w111be　the　appropr1ate

method．To　put　these　conc1us1on　to　be　d．ef1n1t1∀e，howe▽er，we　need－further

eXam1nat10n．
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