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SOLUTIONS TO NONLINEAR SCHRODINGER EQUATIONS
FOR SPECIAL INITIAL DATA

TAKESHI WADA

ABSTRACT. This article concerns the solvability of the nonlinear Schrédinger
equation with gauge invariant power nonlinear term in one space dimension.
The well-posedness of this equation is known only for H® with s > 0. Under
some assumptions on the nonlinearity, this paper shows that this equation is
uniquely solvable for special but typical initial data, namely the linear com-
binations of &(z) and p.v.(1/z), which belong to H~1/2-0, The proof in this
article allows L2-perturbations on the initial data.

1. INTRODUCTION

In this article we consider nonlinear Schrédinger equations with a gauge invariant
nonlinear term

i0yu + %Bgu = f(u), (L.1)

where u : Ry x R, — C, f(u) = |u[P"tu, p > 1. The discussion in this paper is
irrelevant to the sign of the nonlinear term, so we only treat the defocusing case.
For 1 < p < 5, the well-posedness in L? of the Cauchy problem for was
proved in [2]. However there are few results on the solvability of for initial
data in negative order Sobolev spaces. Although Kenig-Ponce-Vega [I] treated the
case where f(u) = u?, 4% or |u|?> and proved the well-posedness in negative order
Sobolev spaces, their result does not cover the nonlinear term that we treat in
this paper. On the other hand Kita [3, 4] solved with u(0) = 6(z) + L*-
perturbation for 1 < p < 3 by using the fact that there exists an exact solution if
u(0) = 6(x). Namely u(t) = (2mit)~1/? exp{iz?/2t — (2mt)* /(1 — o)} satisfies (1)),
where o = (p — 1)/2.
In this article we consider the case where

u(0) = V2mi \o(z) — \/Z,up.v. % + vp. (1.2)

Here \, 0 € C, vg € L?, and p.v. means Cauchy’s principle value. Unlike the
case u(0) = §(x), exact solutions for (L.I)-(T.2) are not known. This makes the
problem more difficult. We introduce a first approximation of the solution to
and determine the difference of the solution itself and the first approximation by
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the contraction mapping principle. (Theorems and We have to assume
1<p<5/2if A =0 and assume 1 < p < 7/3 for general case. Finally we remark
on uniqueness of solutions. (Theorem [5.1)

Notation. Throughout this paper we put a = (p — 1)/2. £ =10, + 02/2. U(t) =
exp(itd?/2) is the free propagator. L" denote usual Lebesgue spaces for the space
variable. For T > 0, L%.L" is the abbreviation of L4(0,T; L"). X7 = L L*NL3.L>
and Yy = LLL? + LY/°L1.

2. PRELIMINARIES

Lemma 2.1 (Strichartz). For any ¢ € L? and for any F € Yz, the following
inequalities hold valid:

U 6lxr < Cllélz.
t
H / Ut — r)F(r)dr|xy < C|IFllys.

The constants C' are independent of T, ¢ and F.

For a proof of the above lemma, see [5] [6]. Before proceeding to the nonlinear
problem, we consider the linear Cauchy problem.

Lemma 2.2. Let A\, € C and let uy, be the solution of

1
10sur, + §8§uL =0 (2.1)
with
- 2 1
ur,(0) = V2miAd(x) — \/j,up.v. = (2.2)
T
Then
67,':02/%
ug, = U(t)ur(0) = 7 g(z/ V).
Here

/i o —i? 0 —in?
gla) =+ fu{/ e 2 dn—/ e 2 dn]
27T —0o0 a
We remark that using integration by parts, we can easily show that
gla) =Xt pu+0(1/a) asa— foo.
Proof of Lemma[2.3 This is done by a direct calculation. It is well-known that
Fur,(0) = V2mi(A + psign§),

where F is the Fourier transform. Therefore

ur,(t) = \/; /,OO eI /2 (N 1 pusign €)de (2.3)

=1/ ie”ﬁ/% / e*“(‘fﬂ”/t)z/z()\ + psign &)de. (2.4)

Changing the variable as —v/#(¢ — z/t) = 1, we obtain the result. |
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3. CASEA=0

In this section we consider the case

2 1
u(O):—\/Eup.v.E—H}o (3.1)

with vg € L?. In this case we put A(t) = exp(—i|u/P~1#1=%/(1 — «)) and put
v = u — Auy, where u satisfies ([1.1)) and wy, is defined as in Lemma with A = 0.
Then v satisfies

Lyv=R+ N (3.2)
with v(0) = vg, where
R=t"(=|pl"" + lg(a/VOP~ ) Aur, N = f(Aur +v) - f(Aur).

By Duhamel’s principle, we convert this equation to the integral form
t
o() = Utyo — i / Ut — 7){R(r) + N(r)}dr. (3.3)
0

Theorem 3.1. Let 1 < p < 5/2 and let vg € L?. Then there exists 0 < T < 1 such
that (3.3) has a unique solution in Xr.

Proof. For simplicity we only prove a priori estimates; precise proof is done by the
contraction mapping principle. We apply Lemma to the right-hand side of (3.3
and obtain

[vllxr < Cllvollz + ClIRllyz + ClINyz (3.4)
By the remark to Lemma 2.2 we have
IRz < Ct=*7 V2 |u = g(x/VE)ll2a < Ot V2| (@/VE) Y2 < Ct7o7H4 (3.5)

Therefore |R|y, < ||R; LLL?|| < CT—**3/4. We proceed to the estimate of the
second term in the right-hand side of (3.4]). We can easily show that

[N < Ct= o] + ClolP.
Therefore
INllvy < Clle=fol; LEL + [lof?s L L7

with o =p+1and ¢ =4(p—1)/(p+ 1) since LqT‘/’LTS — Y7. Applying Holder’s
inequality for the time variable we obtain

Ny < CT' = |lo; LFL?|| + CT'=/2||v; LY L™||?
< OT' o)l xz + CT =2l
Therefore, we have proved that
[ollxz < Cllvollz + CT = |[vl|x, + CT' /2|5,
If v; and vy are solutions to (3.3]), we similarly obtain

2
lor = vallxp < CT* + T2 Jlos |5 lor = vall -
j=1

By these estimates, we can apply the contraction mapping principle. (I
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4. GENERAL CASE

We first remark that if [A+u| = [A—p|, A+p =0 or A—p = 0, then we can prove
analogous results to Theorem by the same method. However in general case
the method in the previous section does not work. Therefore we consider another
first approximation Auy, of the solution as follows. Let p € C?(R) be a real-valued
function satisfying p(a) = |\ £ u[P~! for £a > 1. We put

t
A(t,x) = exp [— z/ Tfo‘p(w/Tﬁ)dT},
0
v =u— Aur,
where 3 > 0 is suitably chosen, u is a solution to (L.1)) with (1.2), and wuy, is defined
as in Lemma Then v satisfies

4
E’U:ZR]‘JFN,

j=1

t 2 . t
Ry = 3 [/ Tﬁﬂ*ﬂp’(x/rﬂ)dr} Aup,, Rp = %/ T2 (¢ /7P dr Ay,
0 0

Ry =i /0 T B () dr Adyur, Ry =t~*[|g(a/VE)[P~ — p(a/t?)] Auy,

Similarly as in the previous section, we convert this equation to the integral form
4

o(t) = Ultyoo — i /0 Ut =13 Ri(r) + N()}dr. (4.1)

j=1
We look for the solution to (4.1]) by the contraction mapping principle.

Theorem 4.1. Let 1 < p < 7/3 and let (p —2); < B < (3 —p)/2. Then there
exists 0 < T <1 such that (4.1) has a unique solution in Xr.

Proof. We only show a priori estimates. By Lemma

4
ol < Clivollz +C Y I Rjllvr + CIN vz

j=1
< Cllvollz + C|[Ry; Ly LY + Cl| Ro; L3 L |
+ C||R3; Ly L?|| + C|| Ra; Ly L?|| + C|[N Iy
We estimate the right-hand side term by term.

t 2
IRall < €02 [ o)
t
_ Ct—l/Q(/ T—a—ﬁ/2d7_>2 — y3/2—2a-B
0

it  + (/2 < 1, and hence ||R1;L§/3L1|| < OT%/4=20=8 yunder this condition.
Similarly ||Ry; L*3LY|| < CT?/*~*=P if a + 3 < 1. By the estimate

t
Rs| < C / 0B (7 dr ([ 572 + 1/2),
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we obtain
| R3l2 < Ct~1/2—a+p/2 4 op—a—B/2
if « — /2 <1 and a+ /2 < 1. Therefore
|Rg; LW L?|| < CTY/?=o+8/2 4 ol —a=F/2

ifao—pF/2<1/2and a+5/2 < 1.
The estimate of Ry is done as follows. We can easily show that

Ryl < Ctme=12, Ju/VH < Lor fo/t?] <1,
et /|zf,  |x/ViH =1 and |z/t7] > 1.

We first consider the case where 3 > 1/2. Then |z/t%| > 1 follows from |z/v/| > 1
since we may assume 0 < t < T < 1. So we divide the spatial real-axis into
the parts |x/vt| < 1 and |z/vt| > 1 and we denote the corresponding parts
of Ry by R4« and Rs~. By the estimate above we have ||Ry4<|l2 < Ct—a-1/4
and hence ||Ry«;LLL?|| < CT—°%3/% if o < 3/4. We can similarly estimate
Ry~ and we obtain ||Ry; LLL?| < CT—T3/% if a < 3/4. If B < 1/2 we divide
the spatial real-axis into the parts |z/t%| < 1 and |z/t°| > 1 and estimate R4
similarly. Then we obtain ||Ry «; LLL?|| < OT—A/2¥Y/2 if o — 3/2 < 1/2 and
|Rys; LEAL2|| < OT—*=B/2*+1 if o + $/2 < 1. On the other hand, the estimate of
N is same as in the previous section. Collecting all the estimates above, we can
conclude that

[v]lxr < Cllvolla + CT + CT = *[|v]lxp + CT =2 |Jo], (4.2)
with some € > 0, under the conditions that
a+p<1l and a-p/2<1/2,

which is possible if 0 < o < 2/3 and (2 — 1) < f < 1 — «, or equivalently the
assumption for p and 3. The estimate for the difference of two solutions is the same
as in the previous section. ([l

5. A REMARK ON THE UNIQUENESS

In the previous two sections we discuss the unique existence of the integral
equations or . However the uniqueness of the solution to with
or may fail because different first approximations derive another solutions.
In this section we consider this problem. Let 5 € C%(R) be a different real-valued
function from p in the previous section but let j satisfy p(a) = |A\du|P~! for +a > 1.
Let 8 > 0, and we put

As in the previous section, we convert this equation with ©(0) = vy into integral
form and solve this integral equation by the contraction mapping principle. We
want to prove that v+ Aur, = 4+ Aur,, where v and A are the ones in the previous
section. To this end it is sufficient to show the following.

Theorem 5.1. Let 1 <p < 5/2, 8> (p—2)+ and let B satisfy the same condition.
Then Aur, — Aug, € X7.
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Proof. By the estimate
t _
|Aup, — Aug,| < Ct*1/2/0 7 p(x)7P) = p(x/7?)|dT, (5.1)

we can easily show that || Aur, — Auy; L4EL®| < CT3/4* if a < 3/4. On the other
hand, the right-hand side of ([5.1]) does not exceed

0112 [ rmolota /) ~lgfa/ VAP r+Ce2 [ oo/ ) gl VP

where g is defined in Lemma it suffices to show that the first integral in the
above quantity belongs to X7. Since

c, /v < Lor |e/r?| < 1,

z/mP) — ﬂf\ﬁp_l <
/T MoV S o /U 1 and /e 5 1.

we obtain
¢

772 [ o2t/ )~ lg(o/ VAP drs LF L2 < T A/241/2 4 oo/
0

if « <3/4 and > (2a — 1)4. Thus we have proved the theorem. O
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