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Construction of Inversive Semigroups

By Miyuki YAMADA

(Department of Mathematics, Shimane University, Matsue, Japan)
(Received October 6, 1970)

This is a supplement to the previous papers [5] and [6] of the author in
which the structure of strictly regular semigroups has been clarified. By using
the results of [5], [6], at first we shall show how to construct every inversive
semigroup. Secondly in the latter half of the paper we shall investigate the
relations between quasi-direct products and spined products, and give another
proof for the structure theorem for strictly inversive semigroups which has
been establishe_d in the previous paper [4]. Any notation and terminology

should ‘be referred to [5], [6], unless otherwise stated.

(13

§1. A construction theorem. Throughout the whole paper, the notation “a
band E = {E;:y € I'}” means that “a band E which has /" as its structure
semilattice and whose structure decomposition is E~ Y{E, : v € I'}”. Hence,
“E={E, 'y €I'} is a band” means that “E is a band whose structure
semilattice is /7 and whose structure decomposition is E ~ J{E, : v & I'}”.
Let A be an inverse semigroup, and [’ its basic semilattice. Let E = {E, :
vy €'} be a band. Define equivalence relations 71, 7. on E as follows :
(1.1) em f if and only if ef = f and fe =e,
(1.2) en. f if and only if ef = e and fe = f.
For ¢ € E, ¢, ¢ will denote the m,~class and the 7,-class containing e respec-
tively. Further, let E= {¢ : e & E}, E= {€:e € E}, ET= {e:e© E,} and
E,={:e€E}, rET. |
To each ordered pair (&, 7) of elements &, 77 of /, let correspond a mapping
O : (Fegr XE;-:G) X (E,,,,-1><§,,-1,,)—> Eeyient XE(;,,)-xe,,. According to [6], the
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system {0¢,7: &, 7 € A} of these mappings O, is said to be a set of quasi-

direct factors of E with respect to A if it satisfies the following

(1) If &7 ET, then pe.pn ((ey fl) (e, fz)) = (ef ef), where e, f are
elements of E¢, E, respectively such that ¢ = ¢, & = f Iy f =2 and
F=".

(2) 0@rwL 0@ = O.v)°r O for all &, 7,0 E A

(3) Forany & € 4, ¢ © E¢e1 and f & Eg-1e, there exist A © Eg1; and
k & Ege-1 such that
Peer0% 0ere (G 1), B B, G ) =@ >

(1.3)

Now, especially we shall consider the case where A is a weakly C-inversive
(for the definitions of inversive semigroups and weakly C-inversive semigroups,
see [5]).” In this case, for & & A the equality £&'= £-'¢ holds. Hence for
any (e, 7 ) E Eeer X Ee—le = Es X Ege-x , there exists (5, Z) € Eeenr XEg—!e such
that (Z, 7;) = (g ?) (in fact, 2 = ¢f). Hence, Ege—l XE;-:; = {2 : eE Ex1}.
Let & = {pe.n: & 9 E A be a set of quasi-direct factors of E with respect
to A, and for each ordered pair (£, 7) of elements &, 7 of A define a mapping
Oyt Eee X Epri—> Egyeppr by

(1.4) B (e, £) = h if and only if 0. (@ ), (F, )=k, h) Then, we
can get the system {0¢,p: &, 7 & A} = 4 of these mappings d¢,). By

using this 4, (1.3) can be rewritten as follows :

(1) If & 7 &, then d¢.,y (e, f) = ef.
(1.5) (2) Oernr Oy = Oep°r Oy for all €, 7, v E A.
(3) For any & € A, e © E¢e1, there exists A & Eeet such that

O.ee1y°r Or,ey (e, By €) =e.

D oen’L oean (61, f1) (e, fz) (63, fs)) means oy (0¢.n (€1, f1) (€2, fz)) (es, fs))
and oc.m°r 0. (@1, F1)s (2, fe)s (6, fs)) means oce.m ( (€1, f1)y 0w (@ar Fo)s (o, ).

2) In Ljapin [3], a weakly C-inversive semigroup has been called a completely regular
semigroup. It is well-known that a semigroup is weakly C-inversive if and only if it is
a semilattice of groups. The structure of weakly C-inversive semigroups has been clarified
by Clifford [1] (see also Clifford and Preston [2], p. 128).



Construction of Inversive Semigroups 3

Therefore, in case where A is weakly C-inversive, we shall call a system
{O¢.n : £, 1 E A of mappings O,y ¢ Leet X E,-+ —>Eeept a set of quasi-direct

factors. of E with respect to A if it satisfies (1.5).

Now, let S be an inversive semigroup and E = {E, : y €[} the band
consisting of all idempotents of S. It is obvious from [4] that S is a union
of subgroups S,’s of S, and for any a & S there exists a unique element a*
of S such that aa*a = a, a*aa* = a* and aa* = a*a. In this case, if a is an
element of S, then a* is the group inverse of a in ;. Hereafter, we shall
denote such a* by o™ Since the greatest inverse semigroup decomposition
o of S exists (see [6]), we can con81der the factor semigroup S/0 = A of S
mod 0. The semigroup A is an inverse semigroup and is also inversive, and
hence A is weakly C -inversive (see [51, [6]). Further, in this case it follows
from [6] that 1) for any e € E,, the o-class contalnmg e is E, ; (ii) the basic
semilattice of S/o is E/UE ={Er 1y € I'}, where o, is the restriction of o to
E, and hence the basic semilattice E/o, of S/o is of course isomorphic to /.
Hereafter, we shall denote the o-class containing x by # Further when we
regard &, where e € E, as a subset of E we denote it by Ez. Hence, E; =E,,
y &, if and only if =7, i.e., E; Ee. Then, the basic semilattice of S/o
is {E;: ¢ E/o,}, and the structure decomposition of E is E~ 3 {E; :
e E/a}.”

Now; let define 4 = {0@» : T, § € A} by

(1.6) Oy (e f) = uv(uv)~!, where (e, f) € Ezz+ X Es31 and u, v are
elements of S such that # =%, v =7, wu'=¢e and vo ' =f _(for given
%, § € A and given (e, f) € Ezz1X Esy1, such u, v are uniquely determi-

ned ; see [4]).

3) Let S be an inverse semigroup which is also inversive. Then for each a € S, theére
exists a unique inverse a’ of @ (i. e, an element a’ such that.aa’a = a and a’aa’ = a’).
Since S is inversive, there exists also a unique element a~! such that aa™'a = a, a™'aa™
= a1 and aa~! = a-'a. Hence, necessarily a’ = a™! and aa’ = a’a are satisfied in this
case.

4) Hence, the structure semilattice of E can be considered as E/o.
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Then, the following lemma is obvious from [6] :

Lemma 1. 4 is a set of quasi-direct factors of E = {Ez : & € E/a,} with
respect to A = S/o, and the quasi-direct product EX A of E, A determined by
4, that is, EX A such that

EXA={(e, ) : TE A, e € Ezgz-1} ;
(1.7) | the multiplication in EXA :

(8, i) (f, y)=<5(ﬂ?,37) (e9 f>7 z y)

is isomorphic to S. Especially, ¢ : S— EXA defined by ¢(x)= (xx™', %),
x € S, is an isomorphism of S onto EXA. |

Proof. Since A is weakly C-inversive, (4.1) of [6] can be rewritten into the
form of (1.6) by using (1.4). Further since (4.2) of [6] can be also rewritten

into the form of (1.7), this lemma follows from Theorem 3 of [6]

Next, we shall study about the 4 above.

Lemma 2.

(1.8) AE &, 7 and EE = 7" implies O,y (e, €) = e for e CEg-1 (= Eyyi).

1

Proof. Let Z, 5 be elements of 4 such that ZZ ' =%y"'. Oanl(e &) =

wo (wv) ™' by (1.6), where u, v are elements of S such that # = Z, uu™" = e,

=9 and vv™! =e. Since uv(uv) ' = e, we have O3 (e, &) = e.
By using Lemmas 1 and 2, we have
Theorem 1. Let S be an inversive semigroup, and E the band consisting of

all idempotents of S. Let o be the greatest inverse semigroup decomposition of

S, and o, the restriction of o to E.

Then

(1) A= S8/ is a weakly C-inversive semigroup, and its basic semilattice is
I' = E/o,. Further, the structure decomposition of E is E~ 3{E;:
ecEjo,=1T7%;
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(2) if @y @ EmrX Ess1—> Ezgasp- is the mapping defined by (1.6), then the
system 4= Oam» : T, ¥E A is a set of quasi-direct factors of E with
respect to A and satisfies (1.8) ;

(3) the quasi-direct product EX A determined by A is isomorphic to S.

Now, let A be a weakly C-inversive semigroup and /” the basic semilattice
of 4. Let E={E, : Y E T} be a band. For each ordered pair (£, 7) of
elements &£, 7 of A, let O,y be a mapping of Ei1r X Eppr into Egyep-r. Let
4= {0¢n: & nE M

Lemma 3. If 4 satisfies (1), (2) of (1.5) and (1.8), then A satisfies also (3)
of (1.5).

Proof. For £ & /A and e © Eee-1, O,en (e, ¢) =e by (1.8). Hence,

Oee.cey°r i (6, €, €)= e. Therefore, we can take e as & of (1.5).

By using the lemma above, we obtain the following construction theorem :
Theorem 2. Let A be a weakly C-inversive semigroup, and [ the basic
semilattice of A. Let E=A{E, : vy &'} be a band. Let 4= {D¢.n: & nE A
be a system of mappingsr Oy : Eeer X Epyrt = Egyeyr satisfying (1.8) and (1),
(2) of (1.5).
Tizen |
(1) 4 is a set of quasi-direct factors of E with respect to A ;
(2) the quasi-direct product EX A of E, A, that is, EX/A such that
EXA={(e&): EE A e & Eer}
the multiplication in EX A :
(e, &) (S, m) = O (& ), EN)

is an inversive semigroup. Further every inversive semigroup is constructed in
this fashion, up to isomorphism.

Proof. The part (1) of the first half of the assertion is obvious from
Lemma 3. Hence, we shall next prove the part (2). At first, it is clear that
the quasi-direct product EX/ is strictly regular (see [6]). Take any element
(e, &) from EXA. Then, we have (¢, &) (e, )= O¢.en (¢ €), EE) =
(e, EE™), (€M) (6, &) = (D0 (e, ), E7E) = (e, £7'E). Since £E€7'=£7'E,
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we have (¢, &) (e, &) =(e, £ (e, ). Further, (¢, &) (e, £ (e, &)=
(e, &) (e, E7°E) = (Dene) (e, €), EETE)=(e, &).
Similarly, (e, &7 (e, £) (e, ') =(e, £). Hence, EX A is inversive.

The latter half of the assertion*follow sfrom Theorem 1 and Lemma 3.

§ 2. Spined products. Let 4 be a weakly C-inversive semigroup, and /7 the
basic semilattice of 4. Lét E= {E, : ¥ '} be a band. Since A is weakly
C-inversive and /" is the basic semilattice of A, the structure decolmp,ogiition_
of Ais A~ Z3{A,: vy €'}, where each 4, is a subgroup (of A) containing y
(see [4], [5]).” Now for each ordered pair (£, 7) of &, 71 € A, define a mapping

5(5,,;) : Eees X E,,,,—l s Egr/(g,,)-l as follows :

(2.1) O (e, f) =ef for (e, f) & Eeet X Eppr.

Since ef € E¢-1 Eyy1 C Eeg1yymt = Eeyep-1 , this O¢,n is well-defined.
If we put 4 ={0¢,, : &7 E A}, then

Lemma 4.

(1) 4 satisfies (1.8) and (1), (2) of (1. 5) zmd hence A is a set of quasi-direct
Sactors of E with respect to /A ;

(2) the quasi-direct product EXA of E, A determined by A is a strictly
inversive semigroup (see [4]).°

@) EXA={(e, &) : e € Eeen, EEM ={(e, &) : e € E,, EC A, e €T}
= U{E. XA : € €'}, and. the multiplication in E XA is as follows :
(e, &) (f, 1) =(ef, En) Sfor (e, &), (f, ) € EXA.

Proof. The part (1) is obvious from the definition of the mappiﬁgs O
Next we shall show the part (2) : It is obvious from Theorem 2 that EX/ is
an inversive semigroup. Take an element z = (A, &) from EX/, and let’
zx™' =e. Let f be an idempotent of EXA such that f<e Since fis an’
element of EXA, f= (g, 7) for some g E E, 7 & A. It is clear that 7 is an

5) In this case, A~3{A,: TE ) implies that 4 = {4, : Y€} (& means disjoint sum) and
Aade C Aje for all ), r €T,

6) A semigroup S is said to be strictly inversive if S is inversive and satisfies the follo-
wing : If ¢, f are idempotents of S such that f<eand if xa~'=¢, then zf = fz. This
concept was firstly introduced by [4].
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idempotent since f is an idempotent. Further it follows that zx™' = (b, £&7")
=e¢, since 7' = (h, £7'). Now, f<e implies (g, 7) (h, EE™) = (g, 7).
Hence, (gh, n&£&7") = (g, 7). Similarly, (hg, £E7'7) = (g, ). Therefore, gh =
hg =g and 7-EE = EE =7, that is, 7 < EEL. Since any weakly C-
inversive semigroup is strictly inversive (see [4]), &7 = 7& holds. Thus, we

have zf =(h, &) (g, 1) = (g, En) = (g, 7€) = (g, 1) (h, §) = fz. Therefore,
EX A is strictly inversive. The part (3) is obvious.

The special quasi-direct product EX/ given in Lemma 4 is called the
spined product of E, / with respect to /7, and denoted by E[X| A(I").” By
using the lemma above, we obtain the following result which has been estab-
lished also in the previous paper [4] of the author :

Theorem 3. Let S be a strictly inversive semigroup, and E the band consisting
of all idempotents of S. Let 0 be the greatest inverse semigroup decomposition
of S and o, the restriction of o to E. Denote the o-class containing = by Z.
Then
(1) A= S8/0 is a weakly C-inversive semigroup, and the basic semilattice of

Ais I' = E/o,. Further, the structure decomposition of E is E~ 3{Ej :

e} ;

(2) S is isomorphic to the spined product of E, A with respect to I, i. e.,

S= EXAM).

Conversely, let A be d weakly C-inversive semigroup and I' the basic semi-
lattice of A. Let E={E,:y © I'} be a band. Then, the spined product of E,
A with respect to I is a strictly inversive semigroup.

Proof. The part (1) of the first half of the assertion is obvious from
Theorem 1. Next, we shall prove the part (2). For each ordered pair (T, 3)
of 7, ¥ & A, define 03 : Ezz'X Ez31— Ezsaz by (1.6). Then the system

A= {0z : T ¥E A} of these 0@ is a set of quasi-direct factors of E

7) The concept of the spined product of a band and a weakly C-inversive semigroup was
firstly introduced by [4].
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with respect to /4, and it follows from Theorem 1 that the quasi-direct product
EX/A of E, A determined by 4 is isomorphic to S. To showEXA=ENX A"),
by Lemma 4 it is need only to show that 4 satisfies (2.1). Hence, we shall
show that 0.5 (e, f) = ef for e © Ez, f & Ey3t, By the definition of 0@,
O@mle, )= uv(uv)™', where u, v are elements of S such that z =%, 7 =17,
uu™ = e and vv!

a subgroup S; of S for each 7 & /7 such that S = J3{S. : 7 &€ [I} (5 means
disjoint sum) and S.S, C S,, for 7, v & [T(see [4]). Suppose that z & S,

= f. Since S is strictly inversive, there exist a band /T and

and v ©85,. Then uv € S,,, and hence uv(uv) ™" is the identity of the group
S.. On the other hand, uu™* & S, and v & S,. Hence wu'vv' <& S,,.

1 1

Since uu'vv™' is an idempotent contained in S.,, uu 'vv™' = uv (uv) !, that is,
uv (uv) ' = ef. Consequently, we have 0@ (e, f) = ef. Thus, 4 satisfies
(2.1). Therefore, the part (2) of the first half is satisfied. The latter half of

the assertion is obvious from Lemma 4.

Remarks. 1. Let 4 be a weakly C-inversive semigroup, and A4~ 3{4, :
y & I'} the structure decomposition of A (see [5]). Let E={E, : y €I}

be a band. In this cass, we can also obtain the following result :

A quasi-direct product of E, A which is strictly inversive is uniquely determ-

ined up to isomorphism, and-it is the spined product of E, A with respect to I'.

2. The existence of a semigroup which is inversive but not strictly inversive
is easily seen from simple examples. For example, consider the full transform-
ation semigroup Jx on a set X = {a, b}. Then, Jy is inversive but not

strictly inversive.
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