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Topology on the Dual Semigroups of Locally 

Compact Semigroups. 

Takuo MIWA 

(Received September 30, 1972) 

In this paper we give some sufflctent conditions for the dual semrgroup of a commutatrve 

10cally compact semrgroup to be locally compact, and some relevant matters 

"':~~ij, 

S I . Preliminaries. 

In this section, we shall present some definitions and a lemma. 

Definition 1. A topological semigrobtp is an ordered triple consisting of a 

nonempty set S, a function (x, y) ~ xy from SXS into S and a HausdorfL 

topology on S such that 

(a) x(y.~) (xy)+~ for all x, y, .~ E S 

(b) (x,y) ~> xy is continuous. 

If a topological semigroup S is (locally) compact as a topological space, S is 

called a' (locall_v) co'npact selni,group. 

Definition 2. Let S be a commutative topological semigroup. By a se77zicha-

racter of S we mean a continuous homomorphism of S into the complex unit 

disc D with the ordinary multiplication, i. e., a complex-valued continuous 

function X on S such that 

(a) I X(x) < I for all x E S 

(b) X(xy) ~ X(x)X(y) for x, y E S 

The set S of all semicharacters of S constitutes a commutative semigroup 

under the ordinary pointwise product X~(x) X(x)~(x). 

The unit semicharacter X1 (i. e. Xl(x) E 1) and the zero semicharacter Xo (i. 

e. Xo(x) EE O) are the identity and the zero of S, respectively. They are called 

trivial semicharacters. 'l'hroughout this paper we shall use the notations Xl 

and )(o as the unit and zero semicharacter, respectively. 

Definition 3. Let S be a commutative topological semigroup, and X E S. 

Let C be a compact subset of S, e > o, and define 



U(C, e, X) {ip E ~ : I ip(x)-)((x) I < e for all x E C} 

We now define a topolobay on S b'y requiring that all the sets U(C, e, X) be 

an open basis. We call this topology the compact open topology. 

Then it is clear that S with this topology is a commutative topological semi-

~ group. S is called the dual semigroup of S. 

The following lemma is useful in the later sections. 

Lemlna. Let X be a topological space and Y a uniform space. Let C (X, Y) 

be the family of all continuous mappings of X into Y and F a subfa/"~ily of 

C(X, Y) . Consider the follozving two conditions, 

(a) F is equicontinuous and, F (x) is compact for each x E X ~'here F(x) is 

closure of F (x), and 

(b) the closure of F in C(X. Y) under the compact open topolo*"y is compact. 

Then (a) implies (b). 

For this, see e. g. [1i O. 4. 11. 

S 2. The dual semigroups of compact semigroups. 

In this section, we give a sufficient condition for the dual semigroup of a 

commutative compact semigroup to be locally compact. The following Theorem 

has been proved by A. Pol in [3]. 

Theorefn [A. Pol]. Let S be a cofnmutative colnpact semigroup with identity e 

and zero element O, such that 

(a) e ha ~ a basis of open connected neighborhoods, 

(b) for every open set U Cl S and every x, E S, x ~ O, the set Ux is also 

o pen . 

Then the dual semigroup S is locally cowrpact. 

However, we need not the condition (a), and the theorem can be established 

under the more general situation of locally compact semigroups. Indeed we 

shall show the next theorem. 

Theoreln 1. Let S be a colm7mtative c017rpact semigroup with identity e and 

zero element O, such that 

(*) for every open set U (1 S and every x E S, x ~ O, the set Ux is also 

open. 

~ Then the dual semigroup S is locally compact. 

~ Proof. We shall show the fact that S is closed in C(S. D), and ~~ has an 

~ equicontinuous neighborhood of each X E S. If this fact is shown, our Theorem 

1 is a consequence of the above lemma and the fact that D is compact. 
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First we shall prove that S is closed in C(S. D). For x eE S, Iet f+ be a 

mapping from C(S, D) into D such that f..(op) ~(x), then f,, is a continuous 

mapping. If we define f.fy for x, y E S as usual (i. e. f.f,J(op) f.(~) fy(~)), 

f.f,J is also a continuous mapping of C(S. D) into D. So the set S(x, y) 

{ip E C(S, D) : f..y(~) f.fy(ip)} is closed in C(S, D). Since S n S(x, y), 

S is closed in C(S. D). 

Next we shall prove that S has an equicontinuous neighborhood of each X 

E S. We shall note that Xo and X1 are isolated points in S. In fact, 

U(S, 2'X) ~~ E S Iip(x)1 < ~, x E S} {)(olf 

since ip ~ )(o implies ~(e) 1, and 

U(S, 2'X) {~ ES I~(x) Il < . x(cS} - {X1} 

since ip ~ X1 implies ip(O~ - O. So, Iet X E S, X ~ Xo. X ~ )(1 We shall show 

that the set Uo U~S, ~, X) is an. equicontinuous, i. e., 

(**) V e > o. V xo E S, ~: V(xo)' V of; E Uo' V x F~ V(xo)' I ~(x) ip (xo) I < e 

where V(xo) denotes an open neighborhood of xo' In order to prove (**), we 

distinguish three cases ; (1) xo O, (II) xo e, (lll) xo ~ O, xo ~ e. 

(1) xo O. Let W {x E S : I X(x) <~} . Then W is an open neighborhood 

of O in S. For every ip E Uo and for every x E W. I ip(x) I < I ip(x) -X(x) I + 

X(x) I < ~. For any e>0, there exists a natural number n such that (~)" < e. 

Let V W" WW. . . W. By the given condition (*), V is an open neighbo-

rhood of O. If x E V then x is of the form xlx2 " 'x~ with xi E W, (i 1, 2, 

. . . , n), and for every ip E Uo we have 

l ip(x) I I ip(xl) " ' ~(x,,) I < (1_2)" < e. 

This means that (**) is satisfied. 

(II) xo e. For any e > o, we select the natural number n such that 

if zED, !zk-1 <~(k 1,2,...,n), then z ll <e. Then V {XES 
! X(x~) I I < ~, (k 1,2, . . . ,n)} becomes a neighborhood of e. Since X(e) 

~(e) 1, for every ~ E Uo and for every x E V, 

lip(x ) l] < Iip(xk) X(xk)1+ IX(xh) Il < ~, (k 1, 2,...,n) 

Therefore, we have I ~(x) - ip(e) I < e by the way of determmatron of n Thus 

(**) is satisfied 



(III) xo ~ O, xo ~ e. For any ,e > O, by part (II) there exists a neighborhood 

W of e such that I ~(x) I I < e for all ip E Uo and all x E W. Let V Wxo' 

By usin*a (*), V is an open neighborhood of xo' If x E V, then x - yxo With 

y E W and 

l ~(x) ~(xo) I - I ip(xo) i ･ I ip(y) I I <C I ~(y) I I < e 

Thus, (**) is satisfied. 

This concludes the proof of the Theorem l. The proof of the parts (1) 

and (III) is essentially same to that of Theorem I in [3]. 

The condition (*) is essent.ial in our Theorem I and it cannot be removed 

as the follwing example shows. 

Exalnple 1. Let X [1, c~), X* be the one-point compactification of X. Y 

[1, c~), Y* the one-point compactification of Y, and D the complex unit 

disc. Then X and Y are the additive semigroups. We extend the addition to 

X~'< and Y* respectively by r + ~o (x~) + r o~ for all r E X or r E Y and 

c'o + c>0 0<). 

Let S be the set X* U Y* U D in which ~-'~J of X* (x' of Y* and O of D 

are identified. In S, we take the sets U=(O) U (X-O U (X C/) as the neighb-

orhoods of O, where each U=(O) is an usual e-neighborhood in D, each C is a 

compact subset of X and each C/ is a compact subset of Y, and as the 

neighborhoods of the other point x of S we take the ordinary neighborhoods 

of x in X, Y or D. By this topology, S becomes a compact space. Let S* 

S U {e} be the adjunction of e to S. 

Next we define multiplication on S* as follows : 

(a) for (x), (x') E X* : (x)'(x/) (x!).(x) (x+x/) E X* 

(b) for [y], [y/] E Y* : [y]'[y/] [y/].[y] [y+y/] F_ Y* 

(c) for re'o r!eie' E D . E D ' re'6.r/e'o' p ;e' io / i(0+e') r e 're rr e 

(d) L0r (x) E X, [y] E Y : (x)'[y] [y]'(x) e~(1.'+py) E D where ~, ILL > 

O and linearly independent irrationals, 

(e) L0r (x) E X, re*c E D : (x) ' rei6 R" i6 E D re ' (x) e~ ' re 

(f) for [yJ E Y re'o E D : [y] 're' re'o . [y] ~ e~pyre'o E D 'c 

(g) for s E S,e : e's s'e s and e'e e. 

By this multiplication. S* becomes a commutative compact semigroup with 

zero element O and identity e. However, the condition (*) in Theorem I is 

not satisfied. 

_L._,_et ip E S* be ~ ~ Xl, ip ~ Xo. 
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By (a) ip((x)) (ae )' where a E (O, 1), c~ E Tl (1-dim. torus). 2**i * 

By (b) ip([y]) ~ (be2'pi)y where b E (O, l), ~ E Tl. 

By (c) ip(reic) r'+2- e'ko where e > o r E T k F Z (mtegers) 

By (d) ip((x))ip([y]) ip(e~(R'+py) ) 

{ e~1', b - e~p' a hence, (h) 
-~r, ~ -l~r, (mod. 1) C~ 

By (e) similarly, 

a ~ e~1* 

(i) c~ -~r (mod. 1) 
k : arbitrary integer. 

By (f) similarly 

b e~p= 

(j) ~ /Lr (mod. 1) 
k : arbitrary integer. 

By (h), (i), (j), we have 

(a, bp e) - (e~1=, e~p', e) : this is a curve, 

(c~, P, r) (-~r, I~r, r) : this is a dense curve in 3-dimensional torus, k 

is an arbitrary integer. 

Thus, S* is not locally compact. 

S 3 . The dual semigroups of locally compact semigroups. 

In this section, we show that Theorem I is valid in the case where S is 

locally compact, and give some relevant matters. 

Theorem 2. Let S be a commutative locally compact ,semigroup with identity 

e and zero element O, s"uch that the condition (*) of Theorem I is satisfied. 

Then the dual se7nigroup S is locally conrpact. 

Proof. That S is closed in C(S, D) is shown by the same way in the proof 

of Theorem 1. Hence it is sufLicient that we prove the fact that S has an 

equicontinuous neighborhood of each X E S. 

First we note that XO and )(1 are isolated points in S. In fact, we can select 

the neighborhoods Wo and W, of O and e respectively such that Wo and W, 

are compact. Then, 

U(W i X ) JXo} '_,2, o l 
smce ~ ~ Xo implies ~(e) 1, and 

U(Wo, ~, )(1) {Xl} 

smce op ~~ X unplies ~(O) O. Therefore, Iet X E S, X ~ X )( ~ X We 



shall show that the set Uo U (Wo U W._, ~' X), where Wo and W, are the 

above neighborhoods, is an equicontinuous, i. e., the condition (**) is satisfied. 

To prove (**), we distinguish three cases; (1) xo O, (II) xo e, (III) xo ~ O, 

xo ~ e. 

(1) xo O. Let Vl Wo n {X E S : I X(x) I < ~}. Then V1 is an open 

neighborhood of O in S. For any e > o, there exists a natural number n such 

that ( 1"._)" < e. By the continuity of the multiplicationp there exists a neigh-

borhood V"_ of O such that(V2)"' C Wo' The set V3 V1 n V2 is a neighborhood 

of O. Let V (V )" By the grven condrtron (*) V rs a nerghborhood of O For 

every ip E Uo and for every x E V3' since x E Wo' I ip(x) I '/__ ~(x) -X(x) + I X 

(x) I < ~. If x E V, then x is of the form xlx2 " 'x~with x,i E V3' and for 

every ip h~~_ Uo' we have 

I ip(x) I I ip(x ) ~(x,,) i /¥ (1_.~)" < e. 

Thus, (**) is satisfied. 

(II) xo e. For any e > o, we select the natural number n such that if z 

E D, zk-11 < ~ (k 1, 2,...n), then lz I I < e. By the continuity of the 

multiplication, there exists a neighborhood V1 of e such that (V1)" ~ W.. Let V 

Vl rl {x E S : IX(xk)-ll < ~, (k - 1, 2,. . ., n)}. Then V is a neighborhood 

of e. For every ~ E Uo and for every x E V, sin_ ce xk E W. (k 1, 2, . . . , n), 

l ip(xh)-1 1 < I ip(x~)-X(xk) I + I X(xh)-1 1 < ~, (k 1, 2,. . ., n). 

Therefore, we have I ~(x) - I I < e. Thus, (**) is satisfied. 

(III) xo ~ O, xo ~ e. In this case, (**) is proved by the same way as (III) 

of the proof of Theorem 1. 

This concludes the proof of Theorem 2. 

We shall give the following example in which without the condition (*), 

Theorem 2 does not hold any longer. 

Exalnple 2. Let X; Y and D be the same sets 0L Example 1. Let S X U 

Y U D. We define the topology on S by the ordinary topologies in X, Y and 

D. By this topology, S becomes locally compact. Let S* S U Jle} be the 

adjunction of e to S. 

Next we define multiplication in S* by the same way as Example 1. By 

this multiplication, S* becomes a commutative locally compact semigroup with 

zero element O and identity e. But the condition (*) is not satisfied. By the 

same way as Example 1, S* is not locally compact. 
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