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A NOTE ON G-VECTOR BUNDLES 

By Hiromichi MATSUNAGA 
(Received September n, 1973) 

In the previous papers, [2], [3], the author has given classification theorems 

for isomorphism classes of G-vector bundles over a G-manifold in the category 

of continuous G-vector bundles. The technics used there, are justified only 

for continuous G-vector bundles. But by a theorem which is given here9 the 

classification theorems make sense in the category of differentiable G-vector 

bundles. Let G be a compact Lie group and M be a compact G-maniL0ld 

We denote by Vect~ (M) and Vect~ (M) the semi-groups of isomorphism classes 

in the categories of differentiable G-vector bundles and continuous ones, 

respectively. Any diLLerentiable bundle is also a continuous one, then we have 

a natural homomorphism T : Vect~ (M) L> Vectg (M). Then we prove 

Theorem. T is an isomorphism of semi-groups. 

Lellnma (An equivariant analogue of 3 . 12, [4]. Let M be a compact G-manifold 

and A be its invariant closed subspace. Let N be an invariant compact subma-

nifold of an Euclidean G-space W. Let f : M -> N be an equivariant con-

tinuous map which is differentiable on A. Then there exists 7 : M -> N 

such that 

(1) f is differentiable and equivariant 

(2) f is equivariantly homotopic to f 

(3) f IA - f A. 

Proof of the lemma. There exists an invariant neighborhood U of N in W 

and an equivariant retraction p : U ~ N. For any e > o, there exists a dif-

Lerentiable map f : M--> N such that [f(x)-f/(x) I 

f I A - f I A. Then for each g E G and x E M, 

I gf(g~lx) -gf(g~1x) I 

I f(x) -fo gf(g~lx)dg I 

Define f~(x) to be JG gf/(g~lx)dg, then p(tf~(x) + (1-t)f(x)) gives an equiva-

riant homotopy from f to f. 

Proof of Theorem. By 2, [l], for any n-dimensional G-vector bundle E -> 

M, there exists a Grassmann G-manifold G~(V), where V is a G-module, 

and a continuous map f : M->G~(V) such that E - f*K, where K is the 

universal G-vector bundle. By [5], there exists a G-module W and an equi-
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variant imbedding h : G~(V) C M. Then by the lemma above, we have an 

equivariant differentiable map f : ML> G~(V) such that f - f, G-homotopic. 

Thus f*K ~: f*K, which is a smooth G-vector bundle. Hence T is an epi-

morphism. 

Next let E, F be differentiable G-vector bundles and ~ be an isomorphism 

between them as a continuous G-vector bundle. Then ~ determines an equi-

variant continuous section s(~) : M~>Hom(E, F). Since M is compact, min 

{ I s(x) I ; x E M}, say e, is positive. By Theorem 6. 7, [6], we have a differ-

entiable section s/ : M->Hom(E, F) such that I s(~)(x) -s/(x) I 

all x E M, and so I gs(~))(g~1x) -gs/(g~lx) I 

where we choose a G-invariant Hermitian metric in Hom(E, F). Thus I s(~) 

(x) - fGgs/(g~lx) I dg 

differentiable section ~ : M ~> Hom(E. F), then we have an equivariant 

differentiable isomorphism ~)(~) : E -> F, which proves that T is a monomor-

phism. 
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