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O . Ilutroduction . 

One of the authors has shown in [3] the follo¥ving results 

Let K~ -.= ~ -(Kx : ~ E~ /I} be a right Cliffordian semigroup (see [3] ; throughout 

this paper, any terminology and notation .s_hould be referred to [3], unless 

otherwise stated), and / '(..,1) an inverse semi,gjroup having jl as its basic 

semilatticel). For each ~ E /1, Iet lx be an ~-class of KA. Then, 

f J ( IA : ~ E j'l} (S means the disjoint sum) is a lower partial chain of 

left groups {1;. : ~ [ _･ ' j]- 2). Since K is a right Cliffordian semrgaroup there 

,~:_xists an .~;P -c.lass J~ of K~ for each ~ E .'i such that ~ ..¥'{EA : ~ E A}, 

where Ex is the set of idempotents 'of J1 , rs an upper partial chain of right 

zero semigroups {EA : ). E A}. Now, Iet l'ti be a representative of KA for each 

~ E /i and put U-- {u~ : ~ E 11}. Let A {Ce(r,r) : T, r E r} U {~(T,r) : 7', T (~ r} 

be a collection of mappings cz(T,t) and ~(r,f) such that 

(O l) (1) D(CiC ) - D(~(T f)) ET-1T-Ict~1 ; R(C~(_r,r)) C ITr(Tr) I and v . (T,1) ' R(~(T,f)) C E(Tr)~lrr' where D(~), R(F. ) denote the domain and the ranto.'~e 

of ~(~: respectively '; 

(II) for q E ET-1T, t F---_ Itc~1' h E Er~It and v (1 Io~6 1 

(q, t)C~(r,r)((q, t)~(T,1)h, v)a(rr,6) (q, t(h, ~.')C~(c,6) )a(T,.6) 

and (q t(h. v)C~(. ,,')):~(T r6) (h, v)~ , . ~ -. ((q t)~ , h v)~ (Tr o) ' 
' . ' , , ' '(1 6) , 

(T f) ' 

(III) for T E r, p E ITT-1 and q E ET-1T , there exist k E IT-1T and n. f E -1 
~ ~TT 

~uch that p(q, k)Ce(r,T~1)((q, k)~(T,r~1) n, p)Cli(rr~1,r) ~ p 

1) The set B of idempotents of ~n inverse semigroup G constitutes a semilattice. This semi-

lattrce B is called the basic semilattice of G. An inverse semigroup G having L: as its 

basrc semilattice is sometimes denoted by G(E;) 

2) Let S be a partial groupoid which is a union of a collection of pairwise disioint subsemi-

groups {T8 : ~ E A} where A is a semilattice. If x "~~l~ T1' y E TJ, and ~ -_~ T [T ~ ~](in A) 

rmply xy rs defined(in S)and xy E T"' [xv E Trl, and if ~ /_ o [o ~ e] and z ~ Te imply 
(xy)z = x (yz), then S rs called a lower [upper] partral cham of the semlgroups 
{T"~ : ~ E A}. 
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If further the collection ~~) - {c~(1,6) : ~, ~ E A} U {~(1'6) : ~, ~ E A} satisfies 

the following 

(IV) uAjku6 ~ (j, k)c~(1,6) ul6 (j, k)~(A,6) for ~, ~ E A, j E EA and k E 16 , then 

S - {(i, T, j) : T E r, i E ITT-1 , j E ET-1T} becomes a regular extension of 

K(A) by r(A) under the multiplication defined by 

(O. 2) (i9 T j)(k r h) - (i(j k)c~ Tr (j k)~( 1)h). 
' ' ' ' (r'l)' ' ' r' This S is denoted by C(r, K(A) ; f, ~, {ul }' {c~(r'l)}' {~(r'f)})' and is 

called a complete regular product of K(A) and r(A). Conversely every regular 

extension of K(A) by r(A) can be obtained as a complete regular product of 

K(A) and r(A). 

Every element x of KA is uniquely expressed in the form 

x iulj, i E IA, j E E (see [3]) 

Hence, K - {iulj : ~ E A, i E I~ ' j E E~ } . We shall call A above a CR-

._/i!(~tor set ill l~ = {iulj : ~ E A, i E 11 , j E E~ } belonging to r(A). The 

s~migroup S ab(,ve will be sometimes called the regular extension of K(A) 

d('termined by r(/i. and { f, ~, {uA } , A} . 

As a special case, we next consider the case where each E1 consists of a 

single element, say eR . If we denote each element 

(i, T, eT_1r) E S C(r, K(A) ; J, ~, {ul } 9 {a(r,1)}' {~(r'l) } ) by [i, T] and 

define a(~~r"5 : 1lt-1 ~> IT.(T.)-1 by (eT-1r' k)ce(r'l) ~ k a~~(r,r) (for each pair_ (T, r) 

of elements T, r of r), then the family A* = {a(*,r") : T, r E r} satisfies the 

following : 

(O. 1)* (1)* D(c~~~ t)) = I..-1 ' R(a(*r t)) C I 

. ' . T'(Tt)-1 ; 
(II)* for t E If'~1 and v E 1~66-1' 

(tc~* )(vc~(*rl 6)) ~ (t(vc~(*7 6)))a(*r"6)' ; 

(r,t) ' ' -1 such that (III)* for T E r, p E IrT~1 ' there exrsts k E Ir T 

p(ka* )(pc~* I ) - p. 
, (rr 'r) (r 7) ~ 

Further, the family ~~1* {c~:(*A,6) : ~, ~ E A} satisfies 

(IV)* ulelku6 ~ kc~(*h,~) ul6ex6 for ~, ~ E A k E 16' 

Now, by using this family A*, the semigroup S above can be expressed as 

follows : 

(O. 3) S = {[i, T] : T E r, i E I }. {the multiplication in S : [i, T] [k, r] [i(kc~~r.t) )' Tr]. 

Conversely, Iet A* - {c~* : T, r E r} be a family of mappings satisfying 
(r'l) 

(1)* (II)* (III)* (IV)* of (O l)* Define a(r'f) E and : T-1r X It'-1 -L>I (rtXr7)~l 

Er r X I** -> E(Tf)~1rr as follows ~(7'~) : -1 

(er lr9 k)cc(r't) ~ kc~* k E I.. I and (eT-1T' k)p(r't) ~ e(Tt) Tr' k E I.. 
(r't) ' 
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Then; A - {c~(r't) : T, r Er} LJ {,~(T,.) : T, r E r} satisfies (1), (II), (IID, 

(IV) of (O. 1) and hence we can consider the complete regular product 

C(r, K(A) ; J; ~~. {ul}' {c~(r,r)}' {p(T,t)})' 

In this system, the product of two elements (i, T, er~1T) - [i, T] and 

(k r et-1*) [k, r] is given as follows : 

Li, T] [k, r] -(i, T, er~1r)(k, r, e.-1')~(i(er~1r' k)c~rr't) ' Tr, (er~1r' k)~(r") e.-lc) 

(i(ka* ), Tr e(T.)-1r' el_1r) ~ (i(kc~*(r") )' Tr, e(T.)-,r') 

(r") ' 
- [i(kc~* ) Tr]. 

(r") ' 

Accordingly, when every E/ consists of a single elements el , a family 

A* {a~r'f) : T, r E: r} of mappings satisfying (1)* (II)*9 (Ill)*, (IV)* of (O. l)* 

will be called a CR-factor set in K - {iulek : i E 11 ' ~ E A} belonging to 

r(A). Further, the semigroup S defined by (O. 3) is called the regular extension 

of K(jl) determined by r(A) and { f, {el }' {~i }. A*} (or the complete regular 

prod'uct of K(A) and r(A) determined by { f, {el}, {uA }, A*}. In this case, 

S is simply denoted by C(r, K(A) ; f, {e/ }' {u~}, {c~(*r'l) })' 

Next, Iet us consider the case where K is a left regular band (that is, a 

band satisfying the identity xyx - xy). In this case, for each ~ E A, Il KA 

and (JI -)EA consists of a single element, say ei. Hence, every regular 

extension of K(A) by r(A) can be obtained as a complete regular product 

C(r, K(A) ; f, {e~}, {uA}, {c~(*r't)}) of K(A) and r(A). On the otheF hand, 

it has been shown by [2] that every regular extension of K(A) by r(A) is 

obtained as follows 

Let ip be a mapping of r(A) into the endomorphism semigroip End (K) on 

K such that the family {ar : T E r}, where gr ~ Tc, satisfies the following 

(O. 4) and (O. 5) : 

(O. 4) Each ar is an endomorphism on K such that KAalr C Kra(Tl)~' for all 

~ E A. In parti(Pular, for ~ E A, a/ rs an inner endomorphism on K.3) 

(O 5) ap cra O*f~, a:apo*jO* for e E K*oe I ' fE K.p(oip) I ' ce, ~ E r (where ~e 

is the inner endomorphism on K induced by e (see [2])). 

Consid,er the set K ~ r defined as follows : K X r {(e, T) : T E' r, 
e E KrT~1 } and the multiplication in K ~ r is given ~y 

(O. 6) (e, T) (f r) (ef6~ Tr), where f~ - far ' 

This K ~ r is a regular extension of K(A) by r(A). and is called the 
L.H.D.-procduct of K ~{Ka : ~ E A} and r(A) determined by ip (hence, by 

3) Let K be a regular band (that is, a band satisfying the identity xyxzx = xyzx). Let e E K 

Then the mapping ~* : K ~ K defined by zq'* = eze is an endomorphism on K. Such a ep* is 

caned an mner endomorphism on K 
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{aT : T E r}). The set {crr T E r} is called an L. H. D.-factor set in K 

~ {KI : ~ E A} belonging to r(A). Conversely, every regular extension of 

K(A) by r(A) can be, obtained in this way. 

Now, we have the following problem : 

Problem l. Let K(A) be a left regular band. For any given complete regular 

product C(r, K(A) ;f, {eA}, {uA}, {a(*r")}) {[e, T] : T E r, e E KT7-1} of 

K(A) and r(A), consider how we can construct the L. H. D. -product K ~ r 
{(e, T) : T E r, e E kTT-1 } that coincides with C(r, K(A) ; f, {eA},c{uA }, 

{a* } ) when each (e, T) is identified with [e, f] (i. e. K ~ r such that c) ' 

C(r. K(A) ; f , {el }' {ul }' {c~(*r'r) }) ~> K ~ r defined by [e, T] ~) - (e, T) 

gives an isomorphism). Consider also the converse. 

In the next section, we shall discuss this problem 

Next, Iet us also consider the case where both K and r are groups. In this 

case, K~ is of course right Cliffordian and A - {1}, 11 ~ K and E1 {1}. 

Hence, every regular extension of K by r can be obtained as a complete 

regular product C (r, K({1}) ; f, {1}, {c~(*r'l)}) of K({1}) and r({1}). 

On the other hand, it is well-known from the group theory that every regular 

extension of K by r can be obtained as a Schreier extension of K by r. That 

is : Let ~ : r -~ Aut (K) be a mapping of r into the group of automor-

phisms of K and C(T, r) an element of K for each pair (T, r) of elements 

of r, such that 

(O. 7) (a7)? - C(r. T)a'~'rC(r, T)~1 and 

(O. 8) C(T, r)C(Tr, ~) = C(r, ~)TC(T, r~) 

where 7 ~ T~ for T E r and aT = aT~: 

Then, S = {(a, T) : T E r, a E K} become a regular extension of K by r 

under the multiplication defined by (a, T) (b, r) - (ab7C(T, r), Tr). Further, 

every extension of K by r can be obtained in this way.'~ The system 

{T; C (T, r)} is called a factor set in K belonging to r, and the S above is 

called the Schreier extension of K determined by r and {~ C(T, r)}. 

Now, we have another problem as follows : 

Problem 2. Let K, r be groups. For any given complete regular product 

C(r, K( {1}) ;f, {1},{ul} '{a*(7'c)})~ {[e, T] : T E r, e (E K} consider how we can 

construct the Schreier extension S - {(e, T) : T E r, e E K} of K by r that 

coincides with C(r, K({1}) ; J, {1}, {ul}' {ce(*r'r) }) when each element (e, 7') 

of S is identified with [e, T] (i. e., S such that ~) : C(r, K({1}) ; J, {1}, 

{ul}' {c~~ t) } ) -> S defined by [e, T] ~ (e, T) gives an isomorphism). 

Consider also the converse. 
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We shall investigate the two problems above in the following sections. 

1. CR-factor sets and L. H. D. -factor sets. 

In this section, we discuss the problem 1. Let r(A) be an inverse semigroup 

having A as its basic scmilattice, and K ~ {Kl : ~ E A} a left regular band4) 

Let C(r, K(A) ' f {eA } {uA}, {a* }) be a complete regular product of 
' ' ' (r'l) K(A) and r(A). In this case, of course f K -~{KA : ~ E A}. 

The following (1. l) is obvious from (IV)* of (O. l) . *. 

(1. 1) uAkut kc~(*d r)uil ~ kc~* for ~ r E A, k E Kr' 
' (A , 'r) ; For -every T E r, define 7 as follows : 

(1. 2) eT ec~* if e E Kr ~1' 
(T,') r Such 7 is well-defined : Suppose that i ~ Krlrl K .2~I and j E Kti Ifl 

By (II)*, we have (ice* ) (fa* ' ' * ))(~; , cl,rl )) (1 (ja (*T,tl lrl)' ' (rrl,rl~1) Smce jC~* 
(r'*1) (' ~] (rl'rTl) 

E Kr'l(rrl) , the left side of the equation above is equal to ic~(*r,7i)' Since 

jC~(*tl'rl~1) E K --l the right side is equal to ia(*,.,rlrl]) ' Hence ic~(*r,tl) 
rlT^ 9 

'~ - . * 1~ 
). Similarly we have ice* Since rlrl r2r2 1' icY(*T,.1) la r'rltrl) IC~(r'*2~I) ' 

' (r"2) io~ * Thus, 7 is well-defined. (r"2) ' 

Lemma 1. 1. For ~ E A, ~ is an inner endomorphism on K, especially 

f' - ulffor fEK. 

Proof. Let f be an element of Kr ' r E A. Since KA Is a left zero semigroup 

we have fl - fa * ~ uAfur (by (1. 1)) - ulf (d , 7) 

Lemma 1. _9. For e E KrT~1' fE KTr(rt)~1' where T9 r E r ef e(ur rfr )1 

Proof ef euTr f efrr~ = e(fa(r?'~1'r') ) ~ e(u I oi* ) (fa* ) (since * 
r~ T (T,T-1) ( rr~1 ' T') 

uT ITC~~r T ) E KrT ) e((uT-1T(fa(r~1'r') ' ~lr') ) (by (II)*) e(ur~1rf-1)7. 

* * 
)) oi 

(r r 

Lemm:a 1. 3. Each lr is an endomorphism on K. 

Proof Let e E K and fE K6 . (ej)7 - (ef)a* * (eu J)a 
(r'*6) (r'=6) 

r * ) (fa ) (by (ll)*) e?(urT~1C~* (e(fa(*~. ?) ))a(*.Tt'6) - ~ea(T,.) 
(rr(Tr)~1,T) 

(Tt'6) (Tr'6) (since eT, urr~1 C~* ) = e~((urr~1 (fa* )) a* ~1 ' r ' ) ~EK Tf(T') (T"(T )~1 r6) (rt(rr)~1,T) (r 6) 
~ e7(uTT-1 (fa~T,~) ))Tt(Tt)~1 - eruT.(r)~1 (uTT-1 (fa~T,6))) (by Lemma l. l) 

~ e?urT~If7- er~fr~ (since e 7EKTc(Tr)~1 and hence e7uTr~1 E Kr'(r)~1 )' 

Lemma 1. 4. For e E KrT~1' fE KT.(r')~1 ~ 

t~O*j~e ~ T~rO*f~e 

where ~e means the left multiplication on K determined by e 

4) In this case, each K; is a left zero sermgroup 
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Proof. Let g E K6 ' grt6f6 * ,) = e(uT-1rfT~1)T(gcY* ) "= ef(ga 
~ e((ur~lrfr~~1) a* (T1'6) ~ (.rt'6) ) (ga* ) ,= e((ur~1rfr~1 (ga* (r IT 6) ))a(*r"r~lT'6)) (by (II)*) 

' (1'r~lr) (Tt'6) ~ *, ~ e(uT-lrfr~1 (ga*(T-1T,.6) ))T ' If we can prove the equation fr~1 (ga*(T-lr"6)~ 

- fr~1 g?, we can obtain the lemma. Hence, we next prove the equation above. 

f 7~1(ga ) - fr~~lur~1T(ufl~1'a~T T r ) -1 , ) )(gc~ 

(T-lT*,6) (T-1T*,6) ~ - fi-1uT-lr((elrt~1(ga~..6) ))cz(T-1T,.6) ) (by (II)*) - f- uT-1T(u,r~1(ga*~t'6)))r~1T 

f r~1uT_1T ur~1r'(ufl~1 (ga(*c 6) )) ~ f T~lg? (since f7~1 uT-1rur~lT u.. 

Let us define ip : r -> End (K) by Tip - Tl~: Then, the system {7 : T E r} 

is an L. H. D. -factor set in K = ~ {Kd : ~ E A} belonging to r(A). Hence; 

we can consider the L. H. D. -product K X r - {(e, T) : T E r, e E Krr~l} 
of K(A) and r(A) determined by ip. c 

Theorem 1. 1. K X r coincides with C(r. K(A) ; J, {eA }, {ul }; {c~(*r") }) 
if each element (e, T) cof K X r is identified with [e, T] E C(r, K(A) ; f 2 

{eA'}, {ul }' {a(*T,.) }). c 

Proof. Take two elements (e, T), (fp r) from K ~ r. Assume that (h, ~) 
[h, ~] for each (h, ~) E K ~ r. Then, (e, T) (f, cr) (in K Xc r) - (ef?, Tr) 

[efr, Tr]-[e Cf:a(*r") )' Tr]-[e, T] [f, r] (in Q(r, K(A) ; f, {el} ' {ul} ' {c~(*7"') }))' 

Conversely, Iet K ~c r be a given L. H. D. -product of K(A) and r(A) 

(where c is a mapping of r into End (K) which satisfies (O. 4), (O. 5)). Put 

~ e7. Then Tip - 7: Define a* : Klt-1 ~> KTt(r')~1 by ea(*T .) 

Lemma 1. 5 Id* = {a* : T9 r E r} satisfie.' (1)*, (II)*, (III)* and (IV)* 
' (r ' t) 

with respect to a system {uA : ~ E A} of elements of K1 s such that eA ~ 

ud,eud, e E K, ~ E A.5) 

Proof. It is obvious that A* satisfies (1)* and (III)*. Next, we show that 

A* satisfies (II)*. For t E Krl~1 and v E K66-1' (ta(*r'c) ) (vc~(*rt'6)) ~ t rvr~1 

t T e T.(r)~1 err~1v~ (where ea rs a fixed element of KA for each ~ E A) -
treTt(Tr)~1 err~1(vr)7 (by (O. 5)) - t~r(v?)? _ (tv?)r (since l~ is an endomorphism) -

(t(va*(. ~)))c~~r 6) Fmally we prove that A* satisfies (IV)*. Since ~ is an 

inner endomorphism for each ~ E A, there exists u/~E K4' such that e/ 

ua'euA - ule for all e E K. We need only to show that uakut ~ kc~* 
(A,*t) 

for all ~, r E A and for all k E K.. Now, ka*(a,.') ~ ka - ud kua ~ udk - ua.kuc' 

By the lemmas above, we can consider the complete regular product 

C(r9 K(A) ; f, {e'/}, {uA}, {a* }) = {[e. T] : T E F, e E Krr~1}' 
(r") 

Theorem 1 2 C(r K(A) ; j9 {el}' {ul}' {a* }) coincides with the given 
(T,') 

5) By the definition of K ~ r. ~ is an inner endomorphism for each h E A Hence there 
exlsts uA ~ K; such thatc e; = u'eul for all e E K(see also [2]) 
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K X r - {(e, T) : T E r, e E Krr~1 } if each element [e, T] of C(r, K(A) ; 
j? {ea}p {uA}; {a* }) is identified with (e, T) E K X r. 

Proof. Take two elements [e, T], [f; r] from C(r, K(A) ; f? {ed }, {ull}' 

{c~* }). Identify every [h ~] E C(r K(A) ' f {el}, {ul}' {c~* }) with 

~T , .) ' ' ' ' (T..) (h, ~) E K X r. [e, T] [f, r] (m C(r K(A) f {ed} {uA}, {c~(*T .) })) 

[e(ft~* ) Tr] (e(fc~(*r ') )' Tr) (efr Tr) (e T) (f r) (m K X r) 
(r") ' 

Corollary. Let r (A) be an inverse semigroup having A as its basic semilattice, 

a7id K ~ {KA : ~ E A} a left regular band (hence, each KA is a left ze/-o 

semigroup). Let C(r, K(A) ; f, {eA }, {uR }, {a~(T,.)}) - {[e, T] : e E Krr~1 

T E r} be a complete regular product, and K ~ r - {(e, T) : e E KTr~1' T E r} 
an L. H. D. -product of K(A) and r(A). cLet 7-~ Tip for each T E r. If 

{c~{~,.) ; T, r ~ r} and {7 : T E r} satisfy 

(1. 3) k' kc~(*T,.) for all T, r E r and all k E K..-1, 

then C(r K(A) f {eA}, {uA}, {a(*T .) } and K X r are the same system if 

each [e, T] ' ' zs identified with (e, T)' 

2 . Group extensions. 

In this section, we investigate the second problem. Let r, K be groups. 

The basic semilattice of r consists of only one element I (the identity 0L r). 

Further, it is easy to see that in this case, K - K1 Il (an ~P -elass of Kl) 

and El (the set of idempotents of an ~5 -class of K Kl) ~ I (the identity 

of K). Now, Iet C(r. K({1}) ; f, {1}, {ul}' {a* }) - {[e, T] : T E r, e E K} (T ' f) 

be a complete regular product of K({1}) and r({1}) put lc~*(r c) , - C(T' r). 

First, we have 

Lemma 2. 1. xa~,8) ~ ulx for all ~ E r and for x E K. 
Proof. .For t E K, ultul tce(*1'1)ul (by (IV)*). Hence ult ~ tc~(*.1'1)' By (II)*, 

(tc~*.,1)) (vc~~,6))- (t (vc~~ 6)))a* 

(1 ' (1'a)' Hence, ult(vce~,a)) (t(vc~~ .)))a~ 6)' Smce {t(va , ) : t, v E K~} A-; ulx ~~ 
(1 6) 

xa~,6) for x E K. 

Putting r - 1, v = I in (II)*; we have 

(tc~(*r 1)) (lc~(*T 6)) (t(1c~~ a)))a* 

, , ' (r'a)' -1. Then, (yurl)oc~ l) C(T ~) Hence, ta(*T,1) C(T, ~) = (tul)c~~,6)' Let t = yul 

yc~~,~)' Therefore, for any a E K; 

ac~~,6) C(T; ~)~1 (au~l)a(*.r'l) C(T, ~)C(T, ~)~l 

= (au~l)a~,1)' 

Thus, ac~~,6) C(T, ~)~1 does not depend on the selection of ~. Hence we can 

define 7 : K J> K as follows : 
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ar = aa~,6)C(T ~) (aul l)a~ 1)' a E K 

Lemma 2. -9. For T E r2 T' is an automorphism on K. 

Proof. Put t = au~l, v - burl and r - ~ = I in (II)*. Then, 

(au~1)a~ l) (bu~1)C~ *
 - ((au~1) ((bu~1) a~ l))) Ce *

 l ' I (r'l) l I ' (T'I)' 
Since (bu~l) C~~,1) '~ ulbull by Lemma 2. 1, 

((aul ) a~ 1)) ((bu ) Ct~,1)) = (aburl) a . ~~ 
(T'I) 

That is, arbr == (ab)r. Next, Iet y be an element of K. 

Put. urlC(T, T~1)-1y~1 _ p. By (III)*, there exists k E K such that 

p(ka~T r~1)) (pcz~ ) - p Now 
(1'T) ' 

' kT (ku~])C~* ka* C(T, T~1)-1 
(T'I) (r'T~') 

- (pc~(*1'r))~1C(T~T~1)-1 = (C(T, 7'~1)pa~,r))~l 

(C(T, T~1)ulp)~1 := (y~1)-1 _ y. 

Hence, 7 is an onto-mapping. Next, asstime a~T b7 for eleme_nts 

Then, (aurl)a* (burl)C~(*r'l)' ' By (II)*, we have (T'I) 

(lC~(*r r) ) (vC~(*1 )) (va(*T l)) a* 
' (r~1 'r) ' 

Hence, we have 
(1C~(*r~1'r)' ) ((aurl) C~~,1))~ (1C~tr~1 r) ) ((bu~1)C~* 

' I (1'1) 
and hence (aurl) C~* (burl) C~~,1)' Therefore, ulaul I = ulbu~1. (1'1) ~ 

Consequently, a b. Thus, y is 1 1. 

a, b E K. 

Lemm~l 2. 3. (1) a")' - C(r, a)a'"C(r, Gr)~1. 

(2) C(a, r)C(ar9 p) = C(r, p)"C(a, rp). 

Proof. By (II)*, 

(1a* ) ((au~1) a~. 1)) ~ ((au~1) a~,1)) C~~,.) 

(*, .) I , 1 ~ (((aurl) C~*,1)url) a~,1)) (1a~ .)). 
(. 

Hence (a")' ((aul ) Ce~ l))'~ ((aurl) C~(*. 1)url) a(*.,1) 

(lC~(*_ 6)) ((aurl)C~:* ~ (la(*.,.)) 

" (*c '1 - C(r, cr)a'"C(r, cr)~1. 

Thus, we obtained (1). Next, we prove (2). 

By (II)*, (lC~(*6 ')) (1C~* ~ - (la* )a* 
( p) (.~py ' (a~ , p " Hence C(cr r)C(crr p) = (1C~~ .))(lOf* ) 
" (ar'p) 

- (la~' )a:* - (C(r, p))a(*d,.P) ,P)* (d,**P) 

= (C(r, p))a(*e'to)C(a, tp)~1 C(ctp rp) 

- (C(r, p))" C(cr, rp). 

By the lemma above, the system 

to r. Hence, we can obtain the 

{a; C(a, r)} is a factor 

Schreier extension 
set m K belonging 
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S = {(a, T) : a E K, T ~ r} of K by r and {a:; C(c7; r)}. 

Theorem 2. I S coincides with the given C(r, K({1}) ; f , {1}, {ul} 

{c~* }) if each element (a, T) of S is identified with [a, T]' 
(r'*) 

Proof. Let (a, T)' (b, r) be elements of S. 

(a; T) (b, r) (in ,S) (ab' C(T, r), Tr) [abT C(T' r), Tr] 

= [a(ba(*r"))' Tr] - [a, T] [b, r] 

(in C(r. K({1} ; f, {1}, {ul}' {(~(*T,.~)). 

Conversely, Iet {~; C(a, r)} be a factor set in K belonging to r and 

S - {(a, T) : T E r, a E K} the Schreier extension of K determined by r 

and {~; C(Gr, r)}. Put C(1, 1) - ul' and define c~(*T,.) : K-~>K for each pair 

(T' r) of elements of r' as follows : ac~(*r") ~ a7C(T9 r), a E K. Then, 

Lelnma 2. 4. The system { {cc(*r") : T' r E r}, {ul} } satisfies (1)* - (IV)*. 

satisfies (1)*. Proof. It is obvious that the system ' 

(II)* : For t; v E K, 

(tcii*(r ')) fva* ) tr~C(T r)vr~'C(Tr ~). 

' (T',6) ' ' On the other hand, 

(t(va~t,6))) o;~r"8) (t(v?C(r9 ~)))7C(T' r~) 

_ tr(v')TC(r, ~)rC(T' ro~) 

= trC(T' r) vT'C(T'r)~1C(r, ~)rc(T' ro*). 

Since C(r, ~)7C(T, r~) C(T' r)C(Tr, ~), we have C(r, ~)' 

C(T' r)C(Tr ~) C(T r~)~1. Hence (ta*(r '))(va* ) - (t(vc~~. 6)))oc~r"6)' 

9 ' p , (rt'6) , (III)* : Let T E r and p ~ K. Since T is an onto-mapping; there exists k 

such that krc(T T~1)pl C(1 T) I Hellce (kc~~r r~1))(pc~* ) - I That is 

' ' ' ' ' (1'r) ' ' p(ka* )(pa(*1 T)) p. 
(r'r~1) ' 

(IV)* : Let a E K. In the equation (a')' - C(r, T)a'r c(r, T)~19 Put r 1 

and T l. Then, a ~ C(1, l) aC(1, l)-1. Hence, aC(1, 1) - C(1, l)a. Now, 

for k E K, ulkul C(1, 1)kul ~ kC(1, l)ul - klC(1; l)ul ~ ka~,1)ul' Thus, (IV)* 

is satisfied. 

By the lemma above, we can consider C(f', K({1} ) ; f, {1} , {u*} , {c~~r") } )' 

Theorem 2. 2. C(r, K({1}) ; f, {1}, {ul}' {a*(r')}) = {[a, T] : a E K, 

T E r} coincides with the given S = {(a, T) : a E K, T E r} if each element 

[a, T] of C(r, K({1}) ;f , {1}, {ul}' {c~*(r")}) is identified with (a, T) E S. 

Proof. Take [e, T]' [h, r] from C(r, K({1}) ; f, {1}, {u,}, {ce*(r")})' 

Then, [e, T] [h, r] (in C(r, K({1}) ;f, {1}, {ul}' {ce~(r")})) 

Le(hc~*(r '))' Tr] [eh'C(T r) Tr] (eh"C(T, r). Tr) 
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= (e, T)(h, r) (in S). 

Corollary. Let K, r be groups. Let C(r, K({1});f, {1}, {ul}? {a~r")}) 

{[e, T] : e E K, T E r} be a complete regular product of K({1}) and r({1}). 

Let {a, C(a9 r)} be a factor set of r with respect to K, and S - {(e, T) : 

e E K, T E r} the Schreier extension of K determined by r and {~; C(a, r)} . 

If 

(2. 2) u* = C(1, 1) and ac~*(r") ~ a'C(T, r) for all a E K and all T' r E r, 

then C(r. K( {1} ) ; J, {1} , {u,}, {c~*(r") }) and S are the same system if each 

[e, T] E C(r, K({1}) ; J, {1}, {u,} , {c~~r')}) is identified with (e, T) E S ; 

that is, ~ : C(r, K( {1) ;J, {1}, {u*}, {o!~r")})~S defined by [e, T] ~ - (e, T) 

gives an isomorphism. 
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