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The structure of orthodox semigroups was described by Hall [2], Warne [4], [5] and the 

author L7], [8], [9] iri terms of bands and mverse semigroups. In this paper, we mtroduce 
the concept of generalized orthodox semigroups and show that some analogues to the results 

given by the papers above for the class of orthodox semigroups are also fulfilled by the 

class of generalized orthodox semigroups. Further, we completely describe the structure of 

generalized orthodox semigroups in terms of Cliffordian semigroups (that is, semlgroups 
which are unions of groups) and inverse semigroups. In the latter half of the paper, we 
introduce the concept of split extenslons of Cliffordran semlgroups by mverse semigroups, 

and next establish some necessary and sufficient conditions m order that a regular semigroup 

S be a split extension of a normal Cliffordian subsemlgroup of S by an mverse semigroup 
Any notation and terminology should be referred to [1], unless otherwrse stated 

1 . Generalized orthodox semigroups. 

A regular semigroup is called a Cliffordian semigroup if it is a union of 

groups. It is well-known that any Cliffordian semigroup G is decomposed 

into a semilattice r of completely simple subsemigroups 'GT ; that isp there 

exist a semilattice r and, for each T E r? a completely sirnple subsemigroup 

G such that (1) G _~{GT : T E r} (~ means disjoint suln) and (2) G*C~ C 

G~p for all c~, ~ E r (see [1]). Further, the uniqueness of such a decomposition 

of G is also proved as follows : Let {GT : T E r}, {G~' : ~ E A} be decompo-

sitions of G into semilattices r, A of completely simple subsemigroups Gr and 

G~ respectively. We next prove that L0r any G* there exists G~ such that G 
" 

(1 G~/. put G* nG/ GT*. L0r each TE A, and let /7 {rE A : Gr~ ~ [I}. 

Then H is a subsemilattice of A. Now, define c : G* ~ H by aip - T if a CE_ 

G~. Then it is obvious that ip is an epimorphism (that is, an onto-homo-

morphism). IL JI is not simple, then there exists a proper ideal A of JJ. Hence, 

Gg - U {G~: p E A} is a proper ideal ~of G This contradrcts to the sunplicrty 
a' 

of G* Thus, H is simple and hence is a single element. Therefore, for any 

G* there exists G~ such that Ga C G Slmilarly rt rs proved that L0r any 

G there exrsts G. such that G C Gce . Hence, two decompositions {Gr : T E 

r}, {Gg : ~ E A} are essentially same 

Hereafter, "a Cliffordian semigroup G ~ {Gr : T E r}" means ('a ClifL0rdran 
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semigroup G which is a semilattice r of completely simple semigroups G . 

r
"
 

Let S be a regular semigroup, and E the set of idernpotents of S. For each 

e E E, Iet G, be a subgroup containing e. If 

(1) M U {G. : e E E} is a subsemigroup of S (accordingly, a Cliffordian 

subsemigroup) : M ~ {MI : ~EA} (A : a semilattice ; and M1 : a completely 

simple subsemigroup), 

(II) aa*, bb* E MA , a*a, b*b E M.. , ab*, b*a E M (where x* means an inverse 

of x) and a E M imply b EM, 

(hereafter2 for an element a of a regular semigroup the notation a* will mean an 

inverse of a), 

(III) aa*, bb* ab*9 ba* E M~ , a*a, b*b, a *b, b*a E M7 imply that for any 

r EA there exist M6 , M~ such that 

aM,a* aM,b*, bM*a*, bM,b*CM6 and a*M*a, a*M*b, b*M, a, b*M* b C] 

M~, 
(IV) aa*, bb* ab*, ba* E M:1 ' a*a, b*b, a*b, b*a ~ M7 imply that there 

exist M M M and M* such that for any c c* (bc)* and (cb)* 

acc*b* ac (bc)* E M~ , b*c*ca, (cb)*ca E M6 9 

cab*c* ca (cb)* E M* and c*b*ac, (bc)*ac E M* , 

then M ~ {M1: ~ E A} is called a normal Cliffordian subsemigroup of S. 

LEMMA l. If M ~{MA : ~ E A} is a normal Cliffordian subsemigroup 
of S, then a E M implies a# E M for all inverses a# of a. 

Proof. Since M is a union of groups, a has an inverse a* in M. Let a# be 

any inverse of a, and let aa* E M~ and aa# E Me ' Then aa# = aa*aa# E 

M*p . Hence ~ c~~. Similarly, we have c~ - ce~. Thus, c~ = P･ That is, 

aa* aa# are contained in the same MA . Similarly, it is also proved that a*a, 

a#a are contained in the same M~ ' Since a is an inverse of both a* and a# 

by (II) a*a, a#a E M~ , aa* aa# E M1 ' a*a, aa* E M and a* E M imply a# 

EM. 
Rema/'k. The following is easily proved : If a regular semigroup S contains 

a normal Cliffordian subs emigroup, then the intersection 0L all normal Cliffordian 

subsemigroups of S is also a normal CliLfordian subsemigroup. Hence, S has 

the least normal Cliffordian subsemigroup. 

Hereafter, a regular semigroup having a normal Cliffordian subsemigroup will 

be called a generalized orthodox semigroup. Of course, both a Cliffordian 

semigroup and an orthodox semigroup are generalized orthodox semigroups. 

Let S be a generalized orthodox semigroup, and M ~ {MA : ~ E' A} a 

normal Cliffordian subsemigroup of S. Define a relation 7T~ on S as follows : 
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(1.1) a 7r~ b if and only if there exist MA , M~ such tbat aa#, bb# ab# 

ba# E MA and a#a, b#b, a#b, b#a E M~ for all inverses a#, b# of a, b. 

It is obvious that this relation is reflexive and symmetric. Next define 7r~[ 

as follows : 

(1.2) a ~JI b if and only if there exist xo, xl" " x~ E S such that 

a - xo 7TM xl 7tM x2"x~_1 7rhl x~ - b. 

Then, it is easily proved by using (1)-(IV) and by simple calculation that this 

relation 7rM on S is a congruence. 

THEOREM l. Sl7TM is an inverse semigroup. Let p be the decomposi~ion 

of M into the semilattice A of the completely simple subsemigroups M1 (that is, 

M/p = {MI : ~ E A}). Then, each p-class I~~:1 is a complete 7rM-class and hehce 

{MA : ~ EA} is a normal syste.m of subsets of S (in the sense of [l]). 

Proof. For any x E S, Iet ~ be the 7rM-class containing x. It is well-known 

that every idempotent ~ of Sl7rlll contains at least one idempotent of S (see [3]). 

Now, Iet a, b be idempotents of Sl7TM. Then, there exist idempotents e, f of 

S such that a = e and b = f. By the definition of 7TJI' it is obvious that -every 

p-class M1 is contained in some 7r,}1~class. For x E M, Iet ~ be the p-class 

containing x. Since M/p is a semilattice, ef - fe. Hence ef fe, and hence 
e~f = f~eL Thus, we obtain e~f~ - f~e~ that is, a~ - -b~~. Therefore, ShrM is an 

inverse semigroup. Now, suppose that a E MA and a 7rM b. By the definition 

of 7~M, there exist xo, xl" " ' x~ such that a ~ xo 7r~ xl " 'x~_1 7r~ x~ b. We 

shall next show that xi 7r~ xi+1' xi E MA imply xi+1 E M1 ' Since xi 7r~l xi+1' 

we have xix~, xi+1xi*+1' xixi*+1' xi+1x~ E M~ , x~xi, xi*+1xi+1' x~xi+1' xi*+1xi E I [~ 

and xi E M. Therefore, xi+1 E M by (II). Let xi+1 E Mp. Then, x~i+1 ~:i*+1 

~i+1 and hence ~ - ~ (since xi+1xi*+1 E M~ and xi*+1 E Mp). Similarly, ~i~~ 

~: and hence ~ - ~. Therefore, ~ = ~. This implies that xi+1 E MA'. Thus, 

we can conclude that a 7rM b, a E MA imply b E M1 ' Hence, every 7rll~class 

containing an element a of M just coincides with the p-class containing a. 

Hence, every p-class is a complete 7rM-class. Since U {MI : ~ E A} contains 

the set of idempotents of S, {MI : ~ E A} is a normal system of subsets of S. 

From the result above, the congruence ~M on S is uniquely determined by 

{MI : ~ E A}, accordingly by M. Hereafter, we shall denote Sl7rl~l by S/M. 

THEOREM 2. Let S be a generalized orthodox semigroup, and K ~ {K6 : 

~ E A} the least normal Cliffordian subsemigroup of S. Then, S/K is the 

greatest inverse semigroup homomorphic image of S. That is, 7TK is the least 

inverse semigroup congruenee on S. 

Proof. Let a be an inverse semigroup congruence such that a 
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A be the basic semilattice (that is, the semilattice of all idempotents) of r -

S/c7 (see [6]). Let c : S ~ r be the natural homomorphism of S onto F, and 

put S1 Tip-1 L0r each T E A. Then Sd is a regular subsemigroup, and U {Sr 

T E A; T contains the set E of idempotents of S. Since Sr is contained 

m some K1 ' each idempotent of Sr is primitive in ST . Hence Sr is a primitive 

regular semigroup, and hence S,r is a completely simple semigroup. Therefore, 

T is a semilattice A of completely simple semigroups Sr ' Since {Sr : T E A} 

is the kernel of ip T - U {S T (C A} rs a normal Cliffordran subsemrgroup 
1
)
,
 

of S E;y the assumptron K - ~ {KA : ~ E A} is the least normal Cliffordian 

subsemigroup of S and accordingly K C T. On the other hand, every Sr is 

contained in some K*~ and hence T C K. Thus, we have T K. Since T 
( K) is uniquely decomposed into a semilattice of c.ompletely simple semigroups, 

it follows that {ST : T E A} {KI : ~ E A} . Since 7rK, a are the congruences 

(on S) determined by jLKI : ~ E AJ- , {ST : T E A} respectively, we have a - 7rK. 

Hence 7rA- is the least inverse semi**roup con*-aruence on S. 

Re_.!?zark. For any regular semigroup S, the existence of the least inverse 

semigroup congruence on S is easily proved. 

COROLLARY. Let (7 be the least inverse semigroup congruence on a generalized 

orth.odox semigroup S. Let ip : S ~ S/cT be the natural hov7romorphis/7z of S onto 

L,'q/~. Then, the sum of tnembers of the kernel of ip is the least 7zormal Cliffordian 

subsemigroup of S. 

Let K ~{KI : ~ E A} be a ClifL0rdian semigroup, and r an inverse 

semigroup. Suppose that a regular semigroup S contains K as its normal 

CliLfordran subsemrgaroup and S/K - r Let Al be the basic semilattice of r, 

and put S/K H. Let ip : S ~ H - S/K be the natural homornorphism, and 

put K^A ip ~/ L0r all ~ E A. Then A/ = {~/ : ~ E A} is isomorphic to A and 

is the basic semilattice 0L JJ. If ~ : JJ ~> r is an isomorphism, then of course 

A/~ - A. Put ~/~ ~. Then, K can be rewritten as K ~{Kl~ : ~ E A} 

where KT ~ K1 ' Hence, we introduce the concept of regular extensions of a 

Cliffordian semigroup by an inverse semigroup as follows : Let r be an inverse 

semigroup, and A its basic semilattice. Let K ~{K6 : ~ E A} be a CliLL0rdian 

semigroup. Then, a regular semigroup S is called a regular extension of K 

~{K~ : ~ E A} by r(A) if S satisLies the following conditions : (1) S contains 

K as a normal Cliffordian subsemigroup ; and (2) there exists an epimorphism 

ip : S~r such that ~ip-1 _ K6 for each ~ E A. 

Now, we have the following : 

1) Let ~ be a homomorphlsm ot a regular semigroup A into a regutar semigroup B. Let E 
be the set ot Idempotents of A~. Put T~-1 = Ar for an T E E. Then the set (Ar : T (E E} 
is called the kernel of ~ 
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THEOREM 3. (1) Let S be a generalized orthodox semigroup, a7id K 

~ {K~ : ~ E A} a nor7nal Cliffordian subselnigroup of S. Then S is a regular 

extension of K ~ {KA : ~ E A} by some inverse semigroup ~(A)2). In this 

case, S/K can be taken as ~(A). 

(2) Let K ~ {KX : ~ E A} be a Cliffordian semigroup, and ~~(A) an inverse 

semigroup having /1 as its basic semilattice. Then any regular extensron of K 

~ {KI : ~ E A} by ~2(A) is a generalized orthodox semigroup. 

Proof. The part (1) follows from the definition of regular extensions and 

the results above. Let S be a regular extension 0L K ~ {KA : ~ E~ A} 

by ~~(A). Then there exists an epimorphism ip : S ~ ~(A) such that ~ip-1 - K1 

for all ~ E A. Hence, it is obvious that U {K~ : ~ E A} is a normal Cliffordian 

subsemigroup of S. Therefore, S is a generalized orthodox semigroup. 

By the theorem above, the problem of describing all possible generalized 

orthodox semigroups is reduced to the following problem : Let ~~(A) be a given 

inverse semigroup having /1 as its basic semilattice, a,nd K ~ {K : ~ E A} 

a given Cliffordian semigroup. Construct all possible regular extensions of 

K ~ {KI : ~ E A} by ~(A). 
We shall investigate this problem in the following sections. 

2 . Elememtary properties. 

Let S be a generalized orthodox semigroup, and K _ ~ {KI : ~ E A} a normal 

Cliffordian subsemigroup of S. Then, there exists the unique inverse semigroup 

congruence p determined by {K~ : ~ E A} ; that is, S/p {Sr : T E r}, where 

r is an inverse semigroup containing A as its basic semilattice, such that (1) 

~{ST : T E r} - S, (2) S~Sv Cl S~v for all ~, ~ E r and (3) S~ Kd for ~ 

E A. Take an ~P-class Id and an ~-class J1 from each Kx , ~ E A.3) Let 

K1 - {(g)ij : i E Ud , j E V1 ' g E G1 } be a Rees matrix representation of 

KA over a group Gl ' Let [gji]~be the sandwich matrix in this representation. 

We can identify Kh with {(g)ij : i E U~ ' j E Vd , g E G1 } ' 

For (x)ij; (y)k, of 'KI , rt is easy to see that (1) (x)ij!~l(y)k, if and only if j s ; 

and (~) (x)ij ~(y)k, if and only if i = k. Hence, 11 = {(x)kj : k E U~ , x E G~ } 

for some j and Jd - {(x)i, : s E V1 ' x E G1 } for some i. Let Ex be the set 

of idempotents of J1 ' Then, E~ ~ {(g~l)it : t E V1 ' gti is the (t, i)-element of 

[gji]x}' By simple calculation, it is easily proved that JA is a regular semigroup 

2) Hereafter, we sometimes use the symbol r (A) to denote an mverse senugroup r havmg 
A as rts basrc semnattrce 

3) ~P , ~ denote the Green's L-relation and R-retation respectively. 
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and E~ ~s a right zero semigroup. Hence, J1 is a right group (see [6]). 

Similarly, 11 is a left group. Now, Iet _J ~{1~ : ~ E A}, /- ~{JA : ~ E 

A} and ~~ - ~{EA : ~ E A'} . Warne [5] introduced the concept of lower 

[upper] partial chains of semigroups. We next show that f is a lower partial 

/ chain of left groups {11 : ~ E A} and is an upper partial chain of right 

groups {JI : ~ E A}. Let x E 11 ' y E I/e and ~ 

that yx (h),t in K1 ' If x (g)ij in 1~ ' x*x has a form (u)pj in KA (x* means 

an inverse of x). Hence, yx = yxx*x (h),t(u) ' ~ (v),j for some v E G1 ' 
pJ 

Since (v),j has j as a column number, yx ~f x in KA . Thus, yx E 11 ' That 

is, f is a lower partial chain of {II : ~ E A}. By a similar method to the 

above, we can prove that / is an upper partial chain of right groups {JA : 

~ E A}. 

Next, Iet ur be a representative of Sr for each T E r. 

LEMMA 2. For alry a E Sr ' there exlst a umque p and a umque q such 

thot p E ITT-1, q E ET-1T a'nd pur'q ~ a. 

Proof. First we prove that there exist x; y such that x E Srr~1 9 y E ST-1T 

and a xury. It is obvious that a == aa*aa*a and a*a, u~ur E S -1 Since 
T r' 

ST-1T ( KT-1T) is {(g)hs : k E UT-1T, s E T~-1T ' g E GT_1T}. Let u~uT (gksl)sh and 

a*a ~ t~ul)ut ~ (g~1) . Hence a -(g ~ ghTt;ghsgv~sl, then (x)uv(gh;isl)sh(gt -1~ Tr * tu ut ' t'*' /ut' u -

* a (gt~ul)~t _ a (xg,,,sghT.,1gA,t
aa a rr 

and a*a E ST-1T, there exist x, y such that x E STT-1, y E ST_1T and a =: xuTy. 

Now since uTy ~ uTu>rkur y, u~uT ES _1 and y E ST-1T, if y :=: (g)sk and u~ul-
TT 

(h)tu then u~ury := (h)t~(g)sk ~ (hgusg)tk' Let JT_1T - {(g) s E VT T 9 g E GT T} 

Take n such that ngulhgu gk, hgu g, and put e (gkt )th and (n)tu := z. Then 

* and xu zu~ E Srr~1' Now, xu zu~ure e E Er~1r u~ur y. Hence, a ~'-u u e 
Tr 

let v ~ xur zu~･ Then a - Now9 Iet ITT-1 -vure, v E SrT~1 and e E E r~1r' 

{(g)sJ s E UTT-1, g E GrT~1 }' vztr vu u*u v E~ S _ and u u* E Srr~1' If 

r r r' Tr r r v ~ (g)kn and if ur u~ (h)st' then vuTu~ - (g)kn (h)st := (ggnsh)kt' Take w such 

that wgj,h gg~sh. Then vuru~ ~ (w)kjur u~ and (w)kj E IrT~1' Putting (w) k j 

Next, we prove - p, e ~ q, we have a := puru~urq ~ purq, p E ITT_1? q E E r~1r' 

the uniqueness of such p, 'q. Assume that a xury ~ zurv, x, z E Irr~19 y, 

v E Er~lr' xury l'~ur v implies xur yy/ zurvy. Since Er~1r is a right zero 

semigroup, xury - ~ury. Since ury E S we have uTy(ury~* E Srr~1 ' Put r' 

uTy(ur y)* ~ (g)~k and x ~ (t)sj' Take c and p such that ggkP c ~ gJ7nl. Then 

(g)nk(c)pJ (gJn )nJ Hence xury =: zury implies x(ury)(ury)*(c)pj - z (ury) (ury)*(c) ' 
p J 

and hence implies x(gjnl)nj :=: z (gjT~1)nj' Therefore, x(x*x) (gjnl)nj ~ z (z*z) (gjnl)nj 

and x*x9 z*z E ITT-1. Since the idempotents of I -1 form a left zero semigroup9 
rr 
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x*x(gJn )nJ x*x and z*z (gJT"I)nj ~ ~~*z Thus we obtam x =t z. Similarly, we 

also obtain y ~ . v 

3 . Regular products. 

Let r be an inverse semigroup, and A the basic semilattice of r. Let K 

~{K~ : ~ E A} be a Cliffordian semigroup. Let lx ' J~ be an ~P-class, an 

~ -class 0L K~ respectively for each ~ E A, and put f - ~ {Id : ~ E A} 
and / ~ {JI : ~ E A}. Let El be the ri*aht zero subsemigroup of idempotents 

of Jd , and put ~~' -~{E~ : ~ E A}. Then, it is easy to see from the section 

2 that f and / are a lower partial chain of left groups {1~ : ~ E A} and 

an upper partial chain of ri*'ht groups {JI : ~ F_ A}. Now, Iet P(A, B) denote 

the set of partial transformatiorLs of A into ~ (see [5]). Suppose that ip : r2 

~P( ~X f X ~ , f ) and ~ : r2~>P( ~ Xf X ~ ~ ) satisfy 
the following conditrons (A) (B) and (C) Put (T O^) ip c~(1 6) and (~ O*) ip 

p(~,6) for (T, o*) E r2. 

(A) D(c~(1 6) ) D(p(r ) ) ~ E _ XI..-1 X E.- . ' R(c~(T .))~I and 

, ' '* 1 1 ' , r'(r')~1 rT 
R (~(T,.) ) Cl E(T.)-1T. , where D(~~), R(~) denote the domain and the range 

of ~ respectively. 

(B).If q E ET-1T , t E I..-1 ' h E E.-It ' v E 166-1 and w E E~_1~ ? then 

(q, t h)oc(T..)((q, t, h)~(T,.), v, w)c~(rr'6) 

- (q, t(h, v, w)o!(.,6)' (h, v, w) ~~A,6) )a'(r,"6) 

and ((q, t, h)~(r,') ' v, w) ~(Tt'6) 

(q, t(h, v, w)cr(1'6)' (h, v, w) ~(.,6))~(r"f6) ' 

(C) For T E r p E ITT 1, q E Er~1T' there ' exrst k E IT r and n E ETT_1 such 

that p(q, k, n)c~(r r ) ((q k, n)~(T,r~1) )P p q)a(rr 1'r) p 

and ((q, k, n)~(r r~1) ' p q)~ _1'r) q. 

' ' (rr In this case, for the_ set (r, .f , ~ , {c~ } {~(r ')}) {(i, T j) : T E 'r 

(T,') ', , , l F ITT 1, j E ET_1T} we have 

LEMMA 3. (r, f , ~ ; {c~ } {~ } ) is a regular semigroup under 
(T") ' (r") 

the multiplication defined by 

(i, T, j) (p, r, q) (i(j, p, q)c~ , Tr, (j, p q)~ ). 

(r'r) ' (r,') Proof. It is easily seen from the conditions (A), (B) and by simple calculation 

that (r, f , ~ , {a(T,.) }, {~(r") }) is a semigroup. Also, the regularity 

follows from the condition (C). In fact, for (ip T, j), take k E I r~1r and n E 

ErT~1 which satisfy the condition (C). Then (k, T~1, n) satisfies 

(i, T, j) (k, T~1, n) (i, T, j) - (i, T, j). 

Now let M ~ {M ~ E ~} be a Cliffordian semigroup. Let u be a 
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・・p・・…t・t・…f皿λf・・…hλ∈9，・・dムλヲRl・・2一・1…，・・身一・1…

of－Mλrespect1▽e1y．Let巧be　the　set　of1d－empotents　of　Rλ。Then　by　Lem皿a

2，for　anyα∈〃λthere　ex1st　a　uniqueク∈1二λand　a　un1queα∈1弓　such　that

α＝ク〃、¢Nowl　for（λ，τ）∈！2・def1neα（λ，、）1巧×ムλ×夙→五λτandβ（、，、）1

巧×ム、×4→巧、…f・11・w・：

　（9。ηフω）α（λ，τ）＝¢and・（α，ηフω）β（λ，、）＝んif〃λα㈱λω＝肋λんヲ1whereα∈巧，

η∈ム、ヲω∈具，Z∈ムλ、・・dん∈巧、。

　It1s　easy　to　see　that　such｛α（λ，、）｝and｛β（λ，τ）｝sat1sfy　the　cond．1t1ons（A）ヲ

（B）ヲ（C）。　Hence　we　can　cons．der（9，ム瓦　｛α（λ，、）｝フ｛β（λ，τ）｝），whereム＝

■仏λλ∈糾・ndF＝■｛巧。λ∈9｝。

　　Now，weobta1n

　五亙1Vル岨4・　”z3z30脇oゆんκ乏o（9フムF多｛α（λ，、）｝，｛β（λ，、）｝）・

　Proof．By　Le皿皿a2，〃＝｛脇λ！　λ∈9フz∈五λ〕∈巧｝。Defmeφ。〃→

（9ヲエヲF・｛α（λ，、）｝フ｛β（λ，、）｝）by（脇λフ）φ＝（ちλ〃）・　Thenφ・s　c1ear1y　sur］ect・▽e

and1n〕ect・ve面　Further，（（脇λノ）（肋λh））φ＝（・（五島ん）α（λ，、）〃γ、（カ島ん）β（λ，、））φ＝

（｛（五尾力）α（λ，、）ヲλτ・（五島ん）β（、，で））＝（らλ・ノ）（息τヲん）＝（（加λノ）φ）（（細λん）φ）・

　In〃＝・｛泌λプ。λ∈9，z∈工λ，1∈1＝7λ｝，the　m．u1t1p11cat1on1s　g1ven　by

（脇〃）（細λみ）＝・・（ム尾，ん）α（λ，、）・・λ、（／フ尾ん）β（λ，、）。　In　genera1ヲfOr皿＝｛・巧ノ：λ∈9ヲ

差∈五〃ノ∈巧｝，aSyStem∠＝｛α（λ，、）1λヲτ∈9｝U｛β（λ，、）二λヲτ∈9｝

sat1sfy1ng（A），（B），（C）and－the　fonowmg

　（D）μ1伽λん＝（〃・尻）α（λ，、）ωれ（〃・ん）β（λ，、）f・・λ1τ∈9一∈Fλパ∈ムl1

　　ん∈Fτ

is　unique1y　determ1ned，We　sha11ca11th1s　system山he6ん榊6妙肋げα伽1ツ

Of”＝｛仏ノ：λ∈9・づ∈ムλ・ノ∈巧｝。工f∠＝｛α（λ，、）1λ・τ∈9｝U｛β（λ，、）1

λ，τ∈9｝1s　the　charactenst1c　fam11y　of皿＝｛〃λ！：λ∈9，z∈工λ，1∈Fλ｝，

then　of　course　the　rαu1t1p11cat1on1nルτ1s　g1yen　by

　　（加λゴ）（肋τ尻）＝づ（ノ尾ん）α（λ，、）〃λ、（五島ん）β（λ，、）・

N・w・・・…d・・th…g・1・…m・g…p（1「・ノ1ぎ1α（、，、）｝1｛β（、，、）｝）・b・附

Take　a　representat1ye〃λfrom　each　Kλタλ∈1，and．expエess　K　as　fouows：

K＝｛倣λ／：λ∈！，z∈4，／∈亙λ｝。　Then，we　ha▽e

　五亙㎜5・1ア｛α（λ，、）：λ・τ∈！｝U｛β（λ，、）1λ・τ∈1｝ゐ挽θ6肋閉6柘ブ三5ガ6

グ㈱伽げK＝伽λノ：λ∈ノ，ク∈4，ゴ∈Eλ｝夕伽・・伽㈹1眺αん・肌・刎・ゆ肱榊

φφ（几　J7ヲ　ぎ，｛α（λ，、）｝，｛β（λ，、）｝）o肋o1「鋤oん　妨励∪加ブφ；K（ω加解

U居θブφ肋脇郷扮θ伽40〃q戸刎θ肌6θブ3φ砺θ尾θ閉40グφ4））。

　Proo£　Def1neφ　as　fo11ows：（z，γ，ノ）φ＝γヲ（・，γ，ノ）∈（1「，レ9，ぎ　，

4）、If　kerΦ＝｛K三：λ∈！｝，then　U　kerΦmeans∪｛Kλ：λ∈ノ｝
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{a (r") }' {~(T,.) }). This mapping ip is clearly a homomorphism of (r, f, 

~~~ {c~ } {~(T .) }) onto r. Now it is obvious that U ker c = 

' (r") ' , ' {(i, ~, j) : ~ E A, i E IA , j E E1}~ Define ~ : K~> U ker ip by (iulj)~ -

(i, ~, j). Then by the definition of characteristic families, for iudj, ku.h E K 

(where i E Id, j E Ed, k E I., h E E.) 

((lu j)(ku h)) ~ (z(j' k, h)c~(i .) ul'(j' k, h) ~(A,.) ) ~ = 

(i(j, k, h)a(1') ' ~r, (j, k, h)~(~,') ) (i, ~, j) (k, r, h) - ((iulj) ~) ((ku,h) ~). 

Since ~ is clearly injective, ~ is an isomorphism 

The semigroup (r, f , ~ , {c~(T,.) }, {~(T,.) }) is particularly denoted by 

R(r, K(A) ; f , ~~ , {u~}, {c~(T,.) }, {~(T,.) }) if there exists a set {uA : ~ E 

~, r E A} is the : ~, r E A} U {~ : A}9 where u~ E K1 ' such that {c~ (A,*) (1,*) 

characteristic family of K {i'ulj : ~ E A, i E I/ , j E E1 } ' We call this R(r, 

K(A) ; f, ~ , {ul}' {c~(T,.) }, {P(T,.)}) a regular product of K(A) and r(A). 

COROLLARY The regula7 product R(r K(A) ; f, ~ {uA}, {c~(T .) } 

/o above is a generalized orthodox semigroup. {1' (T,*) }) 

Proof. Consider the mappings ip, ~ defined in the proof of Lemma 5. Then 

U ker ip - K by ~. Since {iu~ j : i E 11 ' j E E1} - K1 is clearly isomorphic 

to {(i, ~, j) : i E IA , j E E1} - ~ip-1 and since K is a Cliffordian semigroup, 

U ker ip is a normal Cliffordian subsemigroup of R(r, K(A) ; f, ~ , {ul } , 

{a }, {~(T .) }). Therefore R(r K(A) ; f , ~ {uA}, {a } {~ .) }) (T,') , * (T, 

(r, *) ' ' ' is a generalized orthodox semigroup. 

4 The structure of generalized orthodox semigroups 

The structure of generalized orthodox semigroups can be described by slightly 

modifying the method given by Warne [5] for orthodox semigroups to describe 

their structure. Now, consider the generalized orthodox semigroup S in the 

section 2. Then, S - ~{Sr: T E r} - {iurj : T E r, i E ITT_1, j E E,r~1r}' For 

each pair (T, r) of T, r E r, there exist a unique ce.(r'l) : Er~1rXltT-1 X E _ ~ 
r lr 

lrr(Tr)~1 and a unique ~ ru;rj such that for ' ' E -1 XI XEr~It ~E (Tt)-lTt (r ' t) 

' r r rr~1 
and kurh of S (where i E Irr~1' j E Er~1r' k E Irr~1 ' h E Et_If)' urjkurh 

(j, k, h)cv u (j k h)~(T t)(hence m Jku h z(J k h)c~ u (j, k, h)~(T t) )' 
(T't) rl ' (T'f) rr ' ' , 

It is easy to see that the set {c~ (T,t) : T, r E r} U {~(r't) : T, r E r} satisfies 

the conditions (A), (B) and (C). In fact : The condition (A) obviously holds. 

Let q E Er~1r' t Eltt-1 ' h E Er~1cp v E 166-1 and w E E6-16' Then 

(urqtu7h) vu6 w = ((q, t, h) c~ (q, t, h)~ )vu w -(r , r)uT f 

' (r , T) '6 
(q, t, h) ce ((q, t, h)~(r T) 'v, w) a u ((q, t, h)~(r r)' v, w)~)(rr'6) ' On the 

(rt'6) rt6 , (T'r) ' 
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other hand zt qt(u hvu zg)) u q(t(h, v, w)a(. 6)u.6(h v, w)~(r'6~~ -

(q t(h, v, w)c~ (h v w)~(f 6)) cic(T t6) urr6(q, t(h, v, w) c~~c 6) (h, v, w) ~ ')~ 

' ,(1'6)' ' ' ' , ' ' ' (r'6)' (r'r6)' 
Hence, the condition (B) holds. Next, Iet T E r, p E Irr~i and q E Er~1r' 

Since S is regular) there exists ku.~ n (k E I~~~1 and n E E~-1~) such that 

purqku~npuT q - pur q and ku~n - ku~npuTqku~ n. It is easy to see that ~ ~ T~1. 

Hence k E Ir~1r and n C ETr~1 ' Nowp pzbrqkur~1:npurq ~ purq implies the condition 

(C). Further, {c~(1'r) E A} is clearly the characteristic : ~, r EA} U {~(~,t) : ~p r 

family of K - {iu~j Hence R(r, K(A) ; f, ~~' , : ~ E A, iE 11' jE Ei}. 

{ul }' {c~ } {~(T r)}) (where f ~ {1 ~ 1 : E A} and ~~ ~{E~ : ~ E (T'r) ' ' 
A}) can be considered, and we have the following : 

THEOREM 4, S is isomorphic to R(r, K(A) ; f , ~ {ui }, {oc } 
' (T,t) ' { ~(T , t)} ) ' 

Proof. Let us define ip : S ~ R(r' K(A) ' f ~ {uA}, {a } {~ }) 
' ' ' ' (T'r) ' (r") by (iu j)ip (i, T, j). Then, ((iu j) (ku h))ip - (i(j k h)c~ u (j k h)~(r r)) c 

T r ' ' ' (T,r) Tf ' ' ' - (i(j k h)o( rr (j k h)~(T t)) - (i T j) (k r h) - ((iu j)ip) ((ku h)ip). 

' ' (T'r)' ' ' ' ' ' ' ' ' r t Since ip is clearly surjective and iniective, ip is an isomorphism 

By the theorem above and Corollary to Lemma 5, we have the following 
result : 

COROLLARY. Any generalized orthodox semigroup is isomorphic to a 
regular product of a Cliffol-dian selnigroup and an inverse semig710up. Conversely, 

any regular product of a Cliff07'dian semigroup and an inverse semigroup is a 

generalized orthodox semigroup. 

5 . Preorthodox semigroups. 

Let S be a regular semigroup. If there exist an epimorphism (i. e., onto-

homomorphism) ip : S ~ r of S onto an inverse semigroup r and a homo-

morphism ip : r ~ S such that 

(1) ipc - I (identity mapping) and 

(2) U ker ip a Cliffordian subsemigroup K ~{K~ : ~ E A} of r, and 
KA = ~ip-1 for all ~ E A, 

then S is called a '.'plit extension of K ~ {K7 : ~ E A} by r(A). 

The following results are obvious from the preceding sections : Let S be a 

split extension of a ClifL0rdian subsem_igroup K ~{K~ : ~ E A} by an inverse 

semigroup r(A). Then, there exist an epimorphism ip : S~rand a homomor-

phism ~ : r ~> S such that ip and ip satisfy the conditions (1), (2) above. Since 

K is clearly a normal Cliffordian subsemigroup of S, the decomposition of S 
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determined by the kernel {K, : ~ E A} of ip is S/K - {ST : r E r} , where ST 

= Tc~1 for T E r and especially S1 - K1 for ~ E A, and (i) S* Sp C S*~ for 

a, ~ E r ; (ii) S = ~{ST : T E r}. Further, Iet Tip ur for T E r. Then, 

(iii) uTE Sr for all T E r and the set T - {ur : T E r} is isomorphic to r 

since ip is a monomorphism (i. e., l-1, into-homomorphism). Therefore, of 

course T is an inverse subsemigroup of S. 

Now, Iet S be the above-mentioned split extension of K ~! {KA: ~ E A} by 

r(A). For each ~ E A, Iet l~p J1 be the ~;~-class, ~ -class of KA respectively 

such that 11 E u~ and j~,E ud. Put ~{11 :~ E A} = f and ~{JA : ~ E A} 

= / ･ Then, it follows that f and / are a lower partial chain of left 

groups {11 : ~ E A} and an upper partial chain of right groups {J~ : ~ E A} 

respectively. Let EA be the set' of idempotents of J'I ' and put ~{Ex : ~ E A} 

= ~~ . Of course, each E1 is a right zero semigroup. Further, we have the 

following : 

LEMMA 6. ~~ J{EA : ~ E A} is an upper partial chain of right zero 

semigroups {E~ : ~ E A}. 

Proof. Let ~ 

' xyupulxy = xupuA xy xu xy (smce T {ud : ~ E A} is a semilattice and hence 

upul = uA ) ~ x2y = xy. Hence, xy' is an idempotent. Since xy E J1 ' we have 

xy E Ed . Thus, ~ is an upper partal chain of {E/ : ~ E'A}. 

A Cliffordiian semigroup M ~{M~ : ~ E A} is called a left [right] Cliffo-

rdian semigroup if there exists a system {11 : ~ E A} [ {JX : ~ E A}] of ~~_ 

classes 11 of'MA 's [ ~) -classes Jx of M~ 's] (each I,1 [J.1 1 is an ~P -class [ ~-

class] of MA ) such that ~{FI : ~ E A} ~~ , where F~ is the set of idemp-

otents of 1~ [JI J, is a lower [upper] partial chain of {FA : ~ ~E A}. A generalized 

orthodox semigroup G is called a preorthodox semigroup if there exists a 

normal left Cliffordian subsemigroup or a normal right Cliffordian subsemigroup 

in G. Therefore, the split extension S of K ~{KI : ~ E A} by r (A) above 

is of course a preorthodox semigroup. In this case, it is easily seen from the 

dual result of Lemma 6 with ' respect to "left and right" that K should .be 

necessarily also left ClifL0r'dian. Further, it is also easily seen that any orthodox 

union of groups is both left and right Cliffordian and hence any orthodox 

semigroup is a preorthodox semigroup. Hence, we have 

LEMMA 7. A split extension of a Cliffordian semigroup K _ ~ {Ki : ~ E 

A} by an inverse semigroup r (A) is a preort7･rodox semigroup. In this case, K 

should be necessarily left and right Cliffordian. 
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6 . Semidurect products 

Let S be a preorthodox semigroup. Then, there exists a normal iright or 

left Cliffordian subsemigroup K ~ {K,1 : ~ E A}. We assume without loss 

of generality that K is a normal right Cliffordian subsemigroup. Let {11 : ~ ~ 

A}, {J] : ~ E A} be two systems such that (i) each IA is an ~-class of K1 

and each J1 rs an ~ -class 0L K1 and (ii) ~~ - ~{Ed : ~ E A}, where each 

EA is the set of idempotents' of J1 ' is an upper partial chain of {EI : ~ E A}. 

Since K = ~ {KA : ~ E A} is a normal Cliffordian subsemigroup of S, there 

exists the congruence 7rk determined by the normal system {KI : ~ E A} of 

subsets of S5); that is, S/K - S/7~k. There exists an inverse semigroup r 

having A as its basic semilattice such that (i) S/K = {Sr : T E r}, (ii) S1 - KA 

for ~ E A and (iii) S ~ {Sr : T E r} and Sa S~ C Soip for a, ~ E r. 

The L0110wing results is obvious from the preceding sections : Take a re-

presentative ur from each ST . Then, each element x can b'e uniquely expres-

sed in the form x - iurj, where T E r, i E ITT-1 and j E ET~1r' Hence, S 

- {iurj : T E r, i E ITT-1 ' j E Er~1T}' and iurj = ku.h, where i E IrT~1' j E 

ET-iT, k E I..-1 and h E E.-1rp implies T - r, i k ~nd j = h. For T, r E r, 

deLine a(T,.) : Er~1rXI..-1 X E.-It~lr'(r')~1 and ~(r,') : Er~1T X I..-1 X Et-1' ~> 

E(T.)-1rr as follows : For j E ET-1T, k E I..-1 and h E Et-1rg (j, k, h)c~(r,') ~ t and 

(J' k, h) p(r ') v if u jku h tu .v where t E I and v E E(r')~1T" Then, 
r Tc(T')~1 the system A - {ce ' T, r E r} U {~(T,f) : T, r E r} satisfies A, E;. C of (T,') . 

the section 3. 

Further, the system {ce(1,6) : ~, ~ E A} U {~(1,6) : ~, ~ E A} is the characteristic 

family of K - {iulj : ~ E A, i E 11 ' j E EA } . Therefore we can consider the 

regular product R(r, K(A) ; f , ~ , {u } , {a: } , {~(T .)} ) (of K(A) and 
d (T,') , r(A)), where f - ~ {IA : ~ E A} , and the mapping ip : S ~ R(r, K(A) ; f , 

~ , {ua} ' {ce(T,.)} , {~(T,.) } ) defined by (iuTj) lp - (i, T, j) gives an isomorphism 

Now define other mappings a~(T f) : E. -1 X I..-1 ~ I -1 and ~(T .) : E -1 X 
T'(r') 

I..-1 ~ E for each palr (T r) 0L T, r E r as follows (T')-1r' 

For j E ET-1T and k E I -1 
r' ' 

(j, k) a(T .) - t and (j k) ~ - v if ur' jklkl = turlv where t E I and 

v E E(Tt)-1T" 

Let A~= {c~,(T,.) : T, r E r} U {~(r,t) : T, r E r}. Then, this system A~ 

satisfies the following A~, B~ C~ : 

A. D(q;(r ')) = D(~(T 1)) -Er~1rXltr~1 ' R(c~: ) Clrr(Tt)~1' R(~(T r)) Cl E(Tr)~1T" 

5) If {RR : R E A} is a normal system of subsets of a regular semigroup R, then there exists 

a umgue congruence p on R such that each R; is a complete p-class. This congruence p 
is caned the congruenee on R determined by {RA : h I~ A,}. (see also [1] .) 
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B. for q E ET-1r' t E I..-1' hEE.-1rand v E I"~6-1 ' 

(~, t)a(T,t) ((q, t)~(T,.) h', v) ce(r',6) = (q, t (h, v)c~,(.,6) )'a(r,'6) and 

(q_, t (h, v)c~(r'6))~~(r"6) (h, v)~~(.,6) =((q t) ~~(r ') h v)~~ . 

' , ' (rf'6) ' 
C. for T E r, p E I;T-1 and' q E Er~1r' there exist k E IT_1r and n E E 

,TT-1 

such that 

p(q k) c~ ((q k)~ (r'r~1) n; p) c~(rr~1'r) ~ p. ' (T'r~1) ' 

Further {a : ~, ~ E A} U {~,(1,6) : ~, ~ E A} satisfies ' (1'6) 
(~) u jku = (j k)c~ u (j k)~(1 6) for ~ ~E A j ~~ E and k E I 

d 6 ' (1'6) A6 ' , ' ' A 6 
Now, for iurj, kur h E S (where i E ITT-1, j E Er~1r' k E I.._1 and h E' E:c~It) 

u jku h - (j k h)o; u (j, k, h)~ 
r ' ' ' (T,.) rt (T") ' On the other hand u jku h' - (j k)~: u (j k)~(T,.) h 

' r ' ' (T,') r' 
Hence, 

(6. l) (j k h)c~ = -, (j k)c~(T,.) and (j k h)~ (j, k) ~(T,r)h. 
' ' (T ') ' ' ' (T,*) Accordingly, the multiplication in R(r, K(A) ; f, ~, {ux}' {c~ } , {~(r ')}) 

'(r'*) ' 
is given by 

(6. 2) (i, T, j) (k, r h) - (i(j k h)a , Tr (j k h)~(T .) ) 

, , , (T,') , , , , - (i(j, k) c~(T,.), Tr, (j, k)~(T,1) h). 

Next, we shall introduce the concept of a complete regular pro'duct of a 

right Lleft] Cliffordian semigroup and an inverse semigroup. Let r be an 

inverse semigroup, and A its basic semilattice. Let K~ ~{K~ : ~ E A} be a 

right ClifL0rdian semigroup. Let 11 ' JA be an ~P-class, an ~ -class of K~ 

respectively such that ~ ~ {EI : ~ E A} , where E~ is the set of idempotents 

of J1 ' rs an upper partial chain of {EI : ~ E A} . Suppose that a system A -

{a(T,.) : T r E r} U {~~(r ')': T r E r} satisfies ~ ~: ~r and {clc ' ~, o' E 

A} U {~~(J.6) :~, ~ E A} satisfies (D~) with respect to a set {ul : ~ E A}, where 

uA is a representative of K1 ' Then, the set G - {(i, T' j) : T E r, i E ITT-1, 

j E ET-1T} becomes a regular extension of K(A) by r(A), accordingly to a 

preorthodox semigroup, under the multiplication defined by (6. 2) 

In fact : If we define 'a(T,t) ' ~(r") by using a(T,t) ~~(T,.) and (6. 1) then the 

system A {a(T..) :T, r E r} U {~(T,.) : T, r E r} satisfies A, ~, C and also 

{a(1,6) : ~, ~ E A} U {~ : ~, o* E A} becomes the characteristic family of (A.6) 

K = {iulj: ~ E A, i E IA , j E EA }. Hence, a regular product R(r, K(A) ; 

f, ~, {u } {c~ } {P(T t) }) (where f ~{1 ~ E A}) of K(A) and 1 ' (T,') ' 
r(A) can be considered and corncides wrth the regular semrgroup G above 

Since R(r K(A) ' f ~~ {uk}, {c~ } {~(T .) }) is clearly a preorthodox 

' ' ' ' (T,t) ' ' semigroup, G is also a preorthodox semigroup. We shall call such a G a 
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conrplete regular product of K(A) and r(A), and denote G by C(r K(A) f 

~:, {uA,}, {ce(T,.)}, {~(T,.)}). 

By the results above, we have 

THEOREM 5 . A regular semigroup S is a preorthodox semiqroup if a7id 

only if S is isomorphic to a complete regular' product of a right or left Cliffo-

rdian semigroup K(A) and an inverse semigroup r~A). 

Proof. Obvious. 

Remark. A complete regular product of a left Cliffordian semigroup and 

an inverse semigroup can be defined by the dual method concerning c(left and 

right". 

Consider a complete regular product C(r, K(A) ' f ~ {u'l } ' {c~ } 
, , , (T,') ' {~(r ' } ) as above If there exrsts a system {z T E r} U {jr : T E r}, 

where ir E ITr~1 and jr E ET_,T, such that 

i and (J i )p (6. 3) i (jr 'i*)c~ ' . ' - , then we shall j jr' for T r E r 
r (T,') T' * , * 

(T *) T' 

call such special complete regular product a semidzrect prod,uct , of K(A) and 
r(A), and denote it especially by S(r, K(A) ; .f, ~~_ , {ul}' {~~ }, {~ }) 

(T,*) (T,') 
When K - ~{K~ : ~ E A} is a left Cliffordian semigroup, we can also define 

the concept of "semidirect products of K(A) and r(A)" by the dual method 

concernin>' "left and right" 

7 . Split extensions 

In this section, we establish necessary and sufLicient conditions L0r a regular 

semigroup to be a split extension of a normal right Cliffordian subsemigroup 

by an inverse semigroup. IL S is a split extension of a normal right Cliffordian 

subsemigroup K ~{KI : ~ E A} by an inverse semigroup r(A), then it 

follows from Lemma 7 that K(A) is necessarily also left Cliffordian. Hence, S 

is a split extension 0L a normal left Cliffordian subsemigroup by an inverse 

semigroup. 

THEOREM 6. For a regular semigroup S, the following three conditions 

are equivalent 

(1) S is a split extension of a normal 7-ight Cliffordian subseln:igroup by an 

inverse semi~:roup. 

(2) S contains a normal ri*cht Chffordian subsemig7-0up K ~! {KX : ~ E A} 

and an inverse subsemigroup N such that 
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(i) K1 n N a single eZement uh for all ~ E A, and 

(ii) S K'NoK U {K(uu~1) uK(u~lu) : u E N}, I~vhere K(x) means the 

class K1 coutailling x and u~1 means the inverse of u ilZ N. 

(3) S is isomorphic to a semidirect prod'uct of a right Cliffordian semi*~roup 

and an inverse semigroup. 

Pro0L. (1) ~> (2) : A~sume that S is a split extension of a normal right 

Cliffordian subsemigroup K ~{KI : ~ E A} by an inverse semi**roup r(A). 

By the definition of split extensions, there exist an epimorphisn] ip : S ~ r'(A) 

and a homomorphism ~' : r(A) ~> S such 'that ~ip-1 KA for all ~ E A and 

cip - l. Put {T~ : T E r} N. Then, ~ is an isomorphism of r(A) onto N. 

Hence, N is an inverse subsemigroup of S. Put Tip-1 - Sr for all T E r (hence 

Kl = S.1 for ~ E A). If KA n N ~) a, then aip - ~. Let T be an element of r 

such that a - Tip. Then, Tcc ~. Since ipc l, this implies T ~ ~. Therefore 

T is uniquely determined, and hence a is also unique. That is, K, n N consists 

of a single element, say u~ ' Now', L0r each ~ E A, Iet lx ' Jl be the ~P-class, 

the ~-class of Kx such that l~ ~ u~ and ,yl E3 ul respectively. Let E1 be the 

set of idempotents of .TI ' Since S is clearly a generalized orthodox semigroup 

and ur E Sr ' any x of Sr can be uniquely expressed in the form x - iurj where 

i E ITT-1 and j E E . Since' uTl't~1 E KTT-1 ' u~1uTE KT_1T, it follows that x E 
T-1T 

K(uru~r' ) urK(u~1ur)' Thus, (i) and (ii) are satisfied. 

(2) :> (3) : Assume the condition (2). Since {K~ : ~ E A} constitutes a 

normal system 0L subsets of S, there exists the inverse semigroup congruence 

p determined by {KI : ~ E A} ; that is, Slp-{Sr : T E r} (where r is an 

inverse semigroup containing A as its basic semilattice) and KA - Sx for ~ E A. 

For any T E r and for any x ~~ Sr ' x can be expressed in the form x zuw, 

where u E N _~ E K(uu~1) and w E K(u~1 u). Since zuw E S(uu~1) S (u) S(u~1 u), 

where S(x) means the p class contammg x we have zuw E S(u) Hence u E 

Sr ' Therefore, Sr contains at least one element of N. Suppose that ST n N 

E~ ul' u2' There exist K6 ' K~ such that S(ulurl) S(u2u~l) _ K~ and S(u~lul) 

- S(u~lu2) = K~ . Since each of K6 ' K~ contains only one element of N, it 

follows that ulul I ~ u2u~l and u~lul = u~lu2' Hence, ul ~ ulurlul u2 u~lul 

u2u~lu2 - u2' . Thus, Sr n N consists of a single element, say ur' for all T E r 

Hence, ip : r ~ N defined by Top = ur is an isomorphism. For each ~ E A, 

let lu2 be t.he ~:-class of KR that contains ul ' Ju' the ~ -class of K1 that 

contains uA , and EuR the set of all idempotents of Ju" Then, of course S 

{iurj : urEN, i E Iur uri ' j EuFi ur}' Let ip be the natural homomorphism 

of S onto S/p. Then, ipip - I and hence S is a split extension of K ~{K1 
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~ E A} by r(A). Hence ~ - ~{Eu ul ET} where T rs the basrc senu 
lattice of N is an upper partial chain of {Eu ' u E T} . Now define c~(ur' u.) : 

Euriur X Iu'u~1~>]uT'uT;1' (ur' u')' ' E -i X I -1 ~ Eur~'1 ur' by ~
 'ur ur u*u* 

u jku. = (j k)ci!(ur' u ) uTt(j k)~- L0r .i E Eu-r~1 u and k E 1~.u~'f' , 

r t ' * . ' (u'r' u*) 
(ur' u.) : ur' ut E N} ur' u. E N} U {~ Then, as was shown above, {ct(ur' u.) : 

satisfies A~'~. B, C and {c~ ' u u ET} satisfies (uA, u6)': ul.' u~ E T} U {~ 
(uR, u6)' d ' 6 

(D). Hence, S is isomorphic to -the complete regular product C (N, K(T) ; 

f ~~ {ud }, {a(ur' u )r {~ ･ }) (where f - ~{Iu' : u~ E T}) under the 
' ' . ' (ur' u.)' 

following mapping lp : (i, ur 'j) ip - iurj 

u-1 i u lu zu urju ' iu. E Iuru;1 ' jur E Eur uT ' - , - jur' Then, ur ' Now, put u -r r 'ur' r T 
u ' iu u~ju ' iu E I - -1' ju E Eu~1u ; and url~ iuT'ur-juT." iuT' E Iur'u;;, jur' E 

" ' ' i * u*u* ' * * . * . Eur~'1uT.' ur' T juT. ~ 1:u' (ju ' iu ) a(uT, u.) uT1(j~ ' iu ) ~(ur' u ) jti and accor-Hence i u I ' T r ' _ T ' ' " 
dingly iu (ju ' iu )~~ I i i and (jur' iu.)~(uT, u.)ju. ~ jur' ~ juru.' Thus 

r ' ' (u~, u*) uT' uTu* 
C(N, K(T) ; f, ~~ , {ul r ' {c~(uT, u.)}' {~~(uT, u.) }) is a semidirect product of --

K(T) and N(T). Consequently. S is isomorphic to S(N, K(T) ; f , ~, {ul } ' 

{c~(ur' u )} {~( )}). 
* ' ur' u* 

(3) :> (1) : Let K _ ~{Kd : ~ E A} be a right Cliffordian semigroup, and 

r (A) an inverse semigroup having A as its basic semilattice. Let IA be an 

~P-class - of - K~ ' for each ~ E A, and JA an ~-class of KA L0r each ~ E A 

such that ~~ - ~{EA : ~ E A}, where EA is the set of idempotents of JA , 

is an upper partial chain of {E~ : ~ E A}. Let S(r, K(A) ; f, ~ , {uA }, 

{c~ } {~ } ) be the semidirect product of K(A) and r(A) determined by 
(T,') ' (T,') 

f ~{IA : ~ E A} and ~f and by a system {{uA }, {c~ },{~(T .)}} satisfying 
I(T'c) ' 

A, ~;, C, (D) and (6. 3). By the deLinition of semidirect products, there exist a 

system {ir : T E r} U {jr : T ~: r}, where ir'E Irr~1 and jrE E,r~1r' such that 

T (jT, ir)c~(T .) Tr i ._ , ~ ' and(jr' ir)~(T,r)j* -j:r' , . Put {(ir' T' jr ): T E r} N, and define 

~/J : r~N and ip : S(r. K(A) ; f, ~~, {u }, {~, } {~(T r)})'~ r as 
d ,(T,') ' , 

follows : T~ - (ir' T' jr ) and (i, r, j) c = r. Then, c and ip are an isomorphism 

and an epimorphism respectively, and satisfy ipip - 1. Let M1 {(k, ~, h) 

k ~ IA,h E EA} for each ~ E A. Then, ker ip {M:A : ~ E A}. Since MI~ 

Kd (see [4]), M1 rs a completely simple semigroup. Hence, S(r, K(A) ; f, 

~~ , {ul}' {c~ }, {p }) is a split extensron of M ~{MI ~ E A} by (T , ') (T , *) 

r(A). 

Remark. If a group G is a split extension (in the sense of this paper) of a 

normal right Cliffordian subsemigroup K and an inverse semigroup r, then K 

and r should be necessarily groups. Also, if G is isomorphic to a semidirect 

product (in the sense of this paper) of a right Cliffordian semigroup K/ and an 
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inverse semigroup r/ then K/ and r/ should be necessarily groups. Moreover, 

it is easily prove that for the class of groups, the concepts of split extensions 

and semidirect products in the sense of this paper completely coincide with 

those in the group theory respectively. Further, if we restrict S to groups 

then K(A), N in the theorem above are also groups, especially N is a normal 

subgroup of S, and K.NOK- KN. Hence as a special case, if we restrict S 

to groups then the theorem above means the following well-known result in 

the group theory : For a group S, the following three conditions are equivalent 

(1) S is a split extension of a normal .subgroup H by a group ' G 

(2) There exist a normal subgroup H of S and a subgroup N of S such 

that (i) S - HN and (ii) H n N = 1 

(3) S is isomorphic to a semidirect product of a group M and a group G 
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