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Balanced Sets in Countably A-Ultrabarrelled Spaces
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In this paper we define a countably 4-ultrabarrelled space and A-UDF space, and we study
a countably A-ultrabarrelled space with an increasing sequence of balanced subsets.

In this paper, we study a linear topological space which has an increasing sequence
of balanced subsets. '

Let E be a linear topological space (1. t.s). Let AcP(E) and U A,=E. Then
a balanced set U, is said to be an A-suprabarrel in E if there is a sequence (U,) of balanc-
ed subsets of E satisfying Uyo>U,;+ U, and U,oU,,,+ U, for all n such that each
U, absorbs all 4,€ A. If in addition U, is closed, in which case each U, can be chosen
to be closed, then U, is called an A-ultrabarrel in E. In any case, we say that (U,)
is a defining sequence for U,.

DEerFINITION 1. An I.t.s E[T] is said to be A-ultrabarrelled if every A-ulfra-
barrel in E is a neighbourhood of the origin.

Let E be an 1. t. s and in special a family A be contained in the family of all bounded
sets in E.  Then for each positive integer n, (U{)%, be a sequence of closed balanced

neighbourhoods in E such that U{*D 4+ UU+Dc U forall j. If U= A U is
n=1

an A-ultrabarrel, we call U‘® an A-ultrabarrel of type ().

DEFINITION 2.  We say that an l.t.s E[Z] is a countably A-ultrabarrelled space
if in E, every A-ultrabarrel of type (&) is a neighbourhood of the origin.

THEOREM 1. Let (A,) be an increasing sequence of balanced sets of a countably
A-ultrabarrelled space E[T] such that E= U Ay Ay+A,c A, q for n=1,2,..., and
an arbitrary A,€ A is absorbed by some A,. Let (V) be a balanced sequence such
that VO o VWY VDS YUrD L yG+HD, - Then if V0 A, is a neighbour-
hood of the origin in A, for any j=0, 1, 2,... and any n=1, 2,..., V%) is a neighbour-
hood of the origin in E[T].

Proor. By virtue of our assumption, there exists a balanced closed neighbourhood
U of the origin such that A,,, N U <A,,, n V. Then we have 4,n U<
A,n V. Tt is easy to see that there exists a defining sequence (U!/ Nz, of balanced
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closed neighbourhoods of the origin for each U{® such that 4,n U’ =A4,n Vu+D
for n, j>1. Since 4, ;c=A, for j<n, we have A, ;nUY cA,_;nVU+D for any
n>1and any 0<j<n.

We shall construct a sequence (W{®)2 , of balanced closed neighbourhoods of
the origin such that each W) has a deﬁning sequence (W¢”) of balanced closed neigh-

bourhoods of the origin, each W)= f\ W, (j=0, 1, 2,...) absorbs all 4,4 and

W@ cV©, Then W is a nelghbourhood of the origin which is contained in V(9.
If we set

. (A,—;n VU4 gy+D for j=0,1,..,n—1
W =
! yy+n for j=n, n+1,...,

then each W% is a closed balanced neighbourhood of the origin and (W{))%, isa
defining sequence of W for each n. In fact, we have for 1< j<n.

WS:j)_l_WSAj)’:(An—jn V(j+1))+ Uf,j+1)+(A,,_jﬂ V(j+1))+ ngj+1)

C(A,,_jﬂ V(j“))-l-(A,,_jﬂ YUty 4 Uf,j+1)+U§,j+1)

For j=n, we have
WSzn) + Wﬁn) = Ustn+1)+ U£n+1) = USt”)C Wsln-—l)_

For j>n, since (U{)) is a defining sequence of U9, the insistence is also true.
Now we show that each W)= n W' absorbs all A, A. In fact for an arbitra-

rily fixed j and an arbitrarily fixed A e A, there exist a positive real number p, and a
positive integer ny>j such that

A, p(Ay-; N UP) S p(A,- ;0 VD)
Cpn(An—j+p n V(j+ 1))Can51{.l-)p
forall n>n, andall p=1,2,..
Hence 4, Pt m w¢,. Since WU)—( /\ w)n (/\ wh, ;) and (r\ W) absorbs
Ay A, is absorbed by W), Therefore each W absorbs all 4, eAd

Finally we shall show that W(®) is contained in V(°),

WO =(4,n VIN+UPc4,nVO+UL +UP

A, n VD +UD.
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Therefore we have
AN WO {4, 0 [(4, 0 VD) + U]}
<{(A, N VD) +[(4,+4,) 0 U}
E( Ayt N VD) +(4ye 1 N UL)
(A N VD) (Ayyy N VD) for n=L,2,...

Consequently we have

WO = (4,0 W)
n=1
& U [y N VD) +( Ay 0 VD]
-

& U (Ui N VD)4 T (Ayis 0 VD)
n= n=
S V7ED I 7S P T

The proof is complete.
The following proposition follows from the above theorem.

ProPoSITION 1. Let U be a collection of linear mappings which map a countably
A-ultrabarrelled space E[T] into an l.t.s F[T'] and let (A,) be an increasing sequence
of balanced sets such that E= U A,y A+ A,c A,y for n=1,2,... and an arbitrary

n=1
A, € Ais absorbed by some A,. Then W is equicontinuous if and only if the restriction
of Won any A,(n=1, 2,...) is equicontinuous at the origin. In special a linear map-
ping from E[X] into F[X'] is continuous if and only if on any A, it is continuous at
the origin.

CoroLLARY. Let (E,) be an increasing sequence of linear subspaces of a count-
ably A-ultrabarrelled space E[T] such that E= V) E, and an arbitrary A,€A is

n=1
absorbed by some E,, and let T, be the induced topology of T on E,. Then E[T]
is the strict inductive limit of E,[X,]-

Proor. Let ¥ be the topology of the inductive limit on E[T]. Then ¥’ is finer
than T. In fact, all canonical mapping I,: E,[¥,]— E[Z] is continuous. Therefore
it is sufficient to show that the identity mapping I from E[T] onto E[2'] is continuous.
The mapping IoI,, is restriction of I on E,[T,]. Therefore I is continuous on all E,[T,]
and by Proposition 1 on E[¥]. Hence E[T] is the inductive limit of {E,[T,]}. Since

3,., induces the topology ¥, on E,, E[T]= 61 E,[T,] is the strict inductive limit.
n=
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The proof is complete.

THEOREM 2. Let (A4,) be an increasing sequence of closed balanced sets of a count-
ably A-ultrabarrelled space E[X] such that E= V) A, Ay +A,c 4,44 for n=1,2,...

n=1
and each A,e A is absorbed by some A,, and let {1,}%-, be a sequence of non-zero

real numbers such that lim A,=o0. Then if B is an arbitrarily given bounded set,
n—>ow

there exists a positive integer ny such that B< A, A,,.

Proor. For each positive integer n, if B is not contained in 4,4, it will be possible
to find an x, € B such that x,¢ 4,4, and hence y,= %anéA,,. Since A, is closed it is

possible to find balanced neighbourhoods V, of the Srigin such that (y,+V,)n 4,=¢
(n=1,2,...), and hence taking a sequence (V{/))%, of balanced neighbourhoods of the
origin such that V,oV{V+ V(D VDS yl+D Lyt - for any n=1, 2,..., we
have (y,+V{")n(A4,+V V)=¢. Therefore we have y,¢A,+ VD for n=1,2,....
The each set A4,+ V(! (n=1,2,...) is a balanced neighbourhood of the origin and

hence V= A (A, + V) is a balanced set. The sequence (y,)?=, converges to 0 and all
n=1

their terms are not contained in V. If we prove that Vis a neighbourhood of the origin,
we have a contradiction and the theorem is proved. If we set

W(f)—[ Ay i+ p+D for j=0,1,...,n—1
" pi+n for j=n,n+1,...,
(WP)g-, is a defining sequence of W(®. In fact, for 1< j<n we have
Wf,j)+ Wﬁj)=A,,_j+ Vi,j+1)+A,,_j+ VS’J’+1)
CA,,—j+An_j+ Vf,j+1)+ Vf;”“
CAn—(j—l)+ Vn(j)= VV"(J‘—I)
Forj=n, we have -
Wf,") + vWLn) = Vr(z"+1) + V$l;:+ 1) = Vgln) - fon—l).
For j>n, we have
ng)_'_ Wsli)= V$'J'+1)+ VS‘J'+1)C VS;j)z»szj_U X

Here V= W, If we set W)= ~ WS, each W n A4, is a neighbourhood of

n=1 n=1
the origin in A,. Therefore by Theorem 1 W(®) =V is a neighbourhood of the origin.
The proof is complete.

ProrosiTion 2. Let (4,) be an increasing sequence of closed balanced sets of a
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countably A-ultrabarrelled space E[X] such that E= U A, A,+A,cA,+1 (=1,

2,...) and each A,€ A is absorbed by some A,, and let each Und,(n=1,2,..) be
sequentially closed in A,. Then U is sequentially closed in E[X].

ProoOF. Let {x,} be elements of U such that it converges to x in E[T]. Thena
set {X, Xy, X5,...} is bounded. Therefore by Theorem 2 it is contained in some 4,.
Since U n A, is sequentially closed in 4,, x is contained in U. The proof is complete.

ProrosiTION 3. Let (A,) be an increasing sequence of closed balanced sets of a
countably A-ultrabarrelled space E[X] such that E= \J Ay A+ A,c A, (n=1,
2,..) and each A, A is absorbed by some A,. Then tffm every sequence (x,)<E

there is a sequence (p,) of positive real numbers such that the sequence (p,x,) is bounded
in E[X], then A, is absorbent for some n.

Proor. If none of the sets 4, is absorbent, there is a sequence (x,) in E such that
x, is not absorbed by 4,. By assumption there is a sequence (p,) of positive real num-
bers such that (p,x,: neN) is bounded. By Theorem 2, this set is absorbed by 4,
for some m. This contradicts the choice of x,,. The proof is complete.

DEFINITION 3. Let A be a family of bounded subsets of an I.t.s E[T] and let
\U A,=E. If E[Z] satisfies the following condition, then we call E[X] an A-UDF
Ag=d

space:

(@) A has a fundamental sequence (A,) of balanced closed sets.

(b) Let (U®)=, be a sequence of balanced closed neighbourhoods and let
(U)2., be a defining sequence of balanced closed neighbourhoods of U, Then if

each set U= A U absorbs all sets of fundamental sequence (4,), U is a neigh-
n=1
bourhood of the origin in E[X].

TaEOREM 3. If a ulnabanelled space E[T] has a numerable family {A,} of
balanced sets in A such that E= U A, and for B,Ce A, BUC, B+C and B are
contained in A, then E[TX] is an A- UDF space.

Proor. We construct the following sets
111—_—.2, Z2=A1UA2+A1UA2,..., Zn=(A1U . UAn)+...+(A1U .. UA,,),....
on= 1
Then by Theorem 2 any A,€ A is contained in some A,. Therefore (4,)%, is a
fundamental sequence of A. The proof is complete.

LemMA 1. Let(A4,)%- be an increasing sequence of balanced sets of a countably
A-ultrabarrelled space E[T] such that E= Ul Ay Ayt A,c Ay (n=1,2,...) and
ne=
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each A,€ A is absorbed by some A,. Let & be Canchy filter in E[T] and & is the
filter which basis is constituted by all set of the form M+ U, where M varis in &
and U in filter of the neighbourhood of the origin in E[T]. Then there exists a posi-
tive integer ng such that & induces a filter in 4,,.

Proor. If the lemma is false there exists a decreasing sequence (V)2 , of closed
balanced neighbourhoods of the origin and a sequence (M,)%; of elements of & such
that (M, +V,) N A,,.3=¢ for n=1, 2,.... If we set

) (A,—; n VG4 LD for j=0,1,..,n—1
W%I) =
Z45AA for j=n,n+1,...

where we assume that V; oV, +V,,..., V,oV,.1+V,41,..., that (V{?)is a sequence of
closed balanced neighbourhoods of the origin such that V,o V(D 4+ V(D v
pUrD L pU+D | and that VD, <V for n, j=1,2,....

Then the sequence (W{?)%, is a defining sequence of W{?. In fact we have for
1<j<n

WD+ WD = (A n VIO +VIED) + (4, 0 VOTD) + V5D

(A, ; N VID) L (A, n VD) y PIED T 7TED

(A= NV + ViR, = ‘Wﬁj"“ :
We have for j=n
W+ W=V, + ViR, eV e wi=v,
Since (V{#,)%, is a defining sequence of V. ,, the insistence is also true. Since W)

= A W is an A-suprabarrel, W(® is a neighbourhood of the origin in E[].
n=1
If we set

S=WO=(A, NVO+V) N (U, n VDO +TE) ceeennenn ,
Si=A nVDO+YY,
Sy=(ANVIO+VP) +(Asn VD + V),
Sy = (A VO VAR 4 (A N VD4 VD) 4o+ (Aze g 0 VO£ VD),
then each S, is a neighbourhood of the origin and S<=S, (n=1, 2,...).
Here if we take P,e % such that P,—P,=S,, we have (P,+S,)NAzps.=0¢

(n=1,2,..). In fact if x,eP,NnM,eZ and yeP,, then y—x,€ P,—P,=S,, which
implies y—xo=a,+a,, 1+ - +dy,_1+0,, where a;e A;n VE-"+1) for j=n,...,,2n—1
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and v,e V&, + V{2, +.-+V§). If zeP,+S,, we can write z=y+b,+c, where
b,eS, and c,€S,. Therefore we can write z=xq+a,+ - +a5,-1+0,+e,+e, 4y
ot ey Uy fot o fon 1+, Where f, g€ 4,0 VETD for i=n,..., 2n—1
and u,, t,e Vi, + VP, 4+ +V., If we set g=a,+-+dy_+e,+e,.q+-
+ey_q+fut o+ fon_1, We have ge d,,,,. Here we have xo+v,+u,+t,e M, +V,.
If we set g=v,+u,+1, by our assumption we have xo+q¢A4,,.3. If zed,, s,
Xo+q=z—g€Ayss+As,42SAs,r3, Which is a contradiction. Hence (P,+S,)
NAzmi2=9.

Assume that P—P<S. If z, € P, there exists a positive integer n, such that z,
€ Agpy+2- If wis an arbitrary element of P,;, then zoéw+S,;, that is, zo—wé¢S,,.
Since S<8,,, we obtain zo—w¢S. Furthermore P—PcS and z,€ P and hence we
deduce w¢P, that is, P n P, ,=¢, which is clearly non true and the lemma has been
proved.

Taeorem 4. Let (A,,),, 1 be an increasing sequence of balanced sets of a count-
ably A-ultrabrraelled space E[T] such that E= U A, A, +A,c4,4, (n=1,2,..)
and each A, e A is absorbed by some A,. Then if each A, is complete, E is complete.

Proor. Let & be a Cauchy filter of E. Then there exists a positive integer n,
such that the filter # described in this lemma, induces in 4, a filter ¥’. Obviously
@' is a Cauchy filter and therefore there exists an x € 4,, such that ¢’ converges to x
and also & converges to x. The proof is complete.

THEOREM 5. Let (4,) be an increasing sequence of closed balanced sets of a coun-
tably A-ultrabarrelled space E[T] such that E= @ Ay A+ A,cA4,; n=1,2,..)

n=1 A
and each A, € A is absorbed by some A,. Then if completion E[X] is a Baire set,
there exists. an A, which have an inner point.

Proor. Let x be an arbitrary element of E[AS] and & be a filter in E converging
to x. Since & is a Cauchy filter, there exists a positive integer n, such that the filter
@ described in Lemma 1, induces a Cauchy filter ¢’ in A4,,, converging to 'x. Hence

if 4, is the closure of 4,, in B[2], then xe 4, and therefore E[3]= U 4,  Since
E[‘I] is a Baire set, there ex1sts a positive number n, such that 4, has an 1nner pomt

in E [Z] Hence 4,, N E=A,, has an inner point in E. The proof is complete.

CoROLLARY 1. Let E[X] be a countably A-ultrabarrelled space whose comple-
tion E[ﬁ] is'a Baire space. Let us assume that there exists a numerable sequence
(B,) of balanced bounded sets such that v, B,=E and each A,e A is absorbed by

n=1

some B,. Then E[X] is a quasinormed space.

ProoF. Letus put A,=B,, A,=B;+B,+B;+B,,...
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A,=B;++B)+-+Bi+ - +By,....
on—1

Then \J A,=E. Therefore by Theorem 5, there exists an 4, which has an inner point.

n=1
Consequently E[X] is quasinormed. The proof is complete.

COROLLARY 2. Let E[T] be a countably A-ultrabarrelled space, let each A, A

be finite dimension and let E[X] be a Baire space. Then if E, is a closed subspace
of E with at most numerable codimension, this codimension is finite.

‘Proor. If the codimension of E, is infinite, there exists a sequence (x,)®, of
linearly independent vectors such that the space generated by them is the algebraic
complementary of E;. Let E, be the space generated by E; U {x,,..., X,—}, for n=2,
3,.... Since E, is closed, E, is also closed and in general E,, n=1, 2,... are closed
subspaces. Each of the set of the sequence (E,)%, is closed, balanced and without

inner point. Theorem 5 contradicts the fact that E= U E,.
. n=1
DEFINITION 4. We denote by T4* the topology on E[X] which has all T-closed
A-suprabarrel as a basis of neighbourhoods of the origin.

LemMA 2. Let A be a family of bounded sets and let E[X] be a countably A-
ultrabarrelled space. Then a set B is T-precompact if and only if it is T4*-precompact.

This can be shown similarly as in I, (1) in [1].

PROPOSITION 3. Let (4,) be an increasing sequence of balanced sets of a count-
ably A-ultrabarrelled space E[X] such that E= V] A, A+ A, A4, (n=1,2,...)
=1

and each A, € A is absorbed by some A,. Then 1'f(217,);’,°=1 is a sequence of metrizable
sets in E[X], E[X] is an A-ultrabarrelled space.

ProoF. A sequence (x,)%, converges in E[T] if and only if it converges in E[T4"].
In fact since T=I4*, x,—»x in E[T4*] implies x,—»x in E[T]. Conversely if x,—x
in E[T], a set {X, X, X3,..+, Xp,...} 15 & T-compact set. Therefore it is a T4*-precom-
pact set and hence the topologies induced by E[X] and E[T4*] are equivalent on {x,
Xy, X5,...}. Consequently x,—x in E[T4"].

Let V, be an A-ultrabarrel with a defining sequence (V;)%-, of closed balanced sets
and let (x,) be a sequence of 4, such that x,—0 in E[T]. Then x,—0 in E[T4"].
Therefore there exists a positive integer n; such that x,e V;n 4,, for any n>n;. Since
A,, is metrizable, each V; is a neighbourhood of the origin on 4,, for any m=1, 2,....
Consequently an A-ultrabarrel Vj, is a neighbourhood of the origin in E[T]. The proof
is complete.
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