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In this paper, we shall study the question of which classes of bands have the strong or the
special amalgamation properties. Let o7 be the variety of bands defined by an identity P=0Q.
Then 7 has the strong amalgamation property if and only if P=Q is a permutation identity
or heterotypical identity. Moreover, we shall show that the varieties of [left, right] regular
bands and left [right] quasinormal bands have the special amalgamation property.

§1. Introduction

A class of algebras ./ is said to have the strong amalgamation property if for any
family of algebras {4;: ie I} from 7, each having an algebra Ue .o as a subalgebra,
there exist an algebra B in &7 and monomorphisms ¢;: 4;—B, i€, such that

(i) ¢lU=¢;JU forall i,jel,
() Ap;nA;p;=U¢p, forall i, jel with i#j,

where ¢,|U denotes the restriction of ¢; to U. Omitting the condition (ii) gives us the
definition of the weak amalgamation property. Adding the condition that 4;=4;
for all i, je I, to the hypothesis of the definition of the strong amalgamation property
gives us the definition of the special amalgamation property.

Note that in a class of algebras closed under isomorphisms, the weak and the special
amalgamation properties together imply the strong amalgamation property. It is
well-known (see [4]) that in a class of algebras closed under isomorphisms and the
formation of the union of any ascending chain of algebras, each amalgamation proper-
ty follows from the case in which |I|=2. Hence we shall consider in this paper only
the case |I|=2. '

The classes of algebras for which the strong or the weak amalgamation properties
is known to hold are ‘“‘groups, groups with a given operator domain, commutative
groups, fields, differential fields of characteristic 0, partially ordered sets, lattices,
Boolean algebras, locally finite-dimensional cylindric algebras of a given infinite
dimension [7], pseudocomplemented distributive lattices %,, n=2 or n=ow[3],
semilattices, inverse semigroups [4], commutative inverse semigroups [5]”. However,
it is well-known (see [8], [1, Section 9.4]) that the class of semigroups does not have
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even the weak amalgamation property.

In section 2, we shall add the following classes of bands to the list above: *‘[left,
right] normal bands, rectangular bands, left [right] zero semigroups, one element
semigroups”. Moreover, the variety of bands defined by an identity P=Q has the
strong amalgamation property if and only if P=0 is a permutation identity or a hetro-
typical identity.

In section 3, we shall consider the congruence extension property of [left, right]
normal bands and give the another proof of the class of [left, right] normal bands to
have the weak amalgamation property.

In section 4, we shall show that the classes of [left, right] regular bands and left
[right] quasinormal bands do not have the weak amalgamation property, due to
T. E. Hall, but they have the special amalgamation property.

The notations and terminologies are those of [1] and [12], unless otherwise stated.

§2. Strong amalgamation property

We shall first show that the class of left normal bands has the strong amalgamation
property. Let L; and L, be left normal bands with a common subband U. Let
the structure decompositions of L,, L, and Ube L, ~2{L%: «eTl';}, Ly~2{L%: ael,}
and U~2{U,: a4}, respectively. We can assume without loss of generality that
LinL,=U,I'y'nI';=4 and L3nL%=U, for all aed. Let L=L, UL, and T
=P xTPN{(1, 1)}. It follows from [6, Corollary 2.2] that

E={(a, o, p)eLxT:aeLi U L5, ael'V, eIV}

is the free product of L, and L, in the variety of left normal bands, if its product
is defined by

(a-e(ay), ay, B5)  if aely,
(a’ o, ﬁ)(ba 12 5)=[ .
(a-e(Bo), oy, p3)  if aelh,

where e(«) denotes an element of L¢, i=1, 2. 'Hereafter, e(1) means 1.
We define a relation 6 on E as follows:

2.1 For elements (a, «, f), (b, y, 0) of E, define (a, o, B)0y(b, 7, ) to
mean that there exist 6 € 4 and u € U, such that
(a, @, py=(c1, &1, 1) (u, 0, 1) (¢35 &2, 112),
(b, 7, 0)=(c1, &1, 1) (, 1, 0) (c25 &2, 712),

for some (cy, &1, 11), (cp, €2, 13) €EL. Let 6, =0,U 85 U and let 0=6%.



Free Products with Amalgamation of Bands 9

Then of course 0 is the congruence on E generated by {((u, 0, 1), (u, 1, 0)): ueU,,
oced}. Let (a, a, B)0 denote the f-class containing (a, &, f). Since any homomor-
phic image of a left normal band is also a left normal band, E/6 is a left normal band.
In order to show that E/6 is the free product of L; and L, amalgamating U in the
variety of left normal bands, we need the following lemma.

LemMa 2.1. If (a, «, 1)0(b, B, y), then there exist €A and ueU, such that
u-e(y)eU and a=bu-e(y)) (in L) if bell,
bueU and a=(bu)-e(f) (in L,) if bel},
where U, ={1}, e(1)=1.

ProoOF. Let (a, o, 1)O(b, B, 7). By the definition (2.1), there exist (x;, 6y, &),
(X35 025 €2)5-+vr (Xps O &,) In E such that (a, a, 1)=(xy, 61, &), (b, B, 1)=(X,> Ops &)
and (x;, 6;, £)01(Xi4 1> Oir1» &44) for i=1,2,...,n—1.

We use induction on n. For n=1, it is obvious that the statement is true. So
we assume the statement is true for n—1. First we consider when (x,-1, 0,-1,
&,—1)00(Xp» Op» €,); then there exist 0 € 4 and u € U, such that

(xn;lo 5n—19 8n—1)=(cia éls 111)(“’ o, 1)(029 €2= 7’2),
(xm 6m En)':(cla 61: 111) (u’ 1, G)(cb 62& 12)5
for some (cl, 613 ”1)3 (C2, 62: ’72) in El'

Casel, x,_4, x,€L;. Then c,eL,. By the induction hypothesis, there exist
1€ A! and ve U, such that

2.2) ve(e,-)eU and a=x,_,(v-e(s,—1) (in Ly).
Then we have
v e(e)=0v"e(,0n)=v" e(nyn;) u=v-e(e,—;) uel,
and
XV ee)) =X, (v (8- 1) * %)

=cye(61&y) u- (v e(g-1))
(since u, v-e(g,~,) € U and L, is left normal)

=Xy 1(0" €(8,-1))

=a.

CaseIl, x,_;€L, and x,eL,. Then (cy, &, ny)=1, and there exist ted!
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and ve U, such that the condition (2.2) is satisfied. Then we have
X o=u-e(an,) v=uv-e(®,)=uv-e(e,_,) e U,
and
(xX40) " €(8,) = (uv - (g, - 1)) - e(£2)
=u-e(fs) (v e(gy-1))
=X, 1(v" &(g;-1))
=a.

Case ITl, x,_,€L, Then c;eL,, and hence x,eL,. It follows from the
induction hypothesis that there exist 1€ 4! and v e U, such that

X,-weU and a=(x,-.v)-e(d,-,) (in L,).
Then we have
X0=cy-e(n100,) v=cy e n,) uv=(x,_v)uecU,
and
(x,0) - €(6,) = (x,— yvu1) - (&1 5)

=Xy 10)u " e(§1&5)

=(Xy- 1) €(J,-1)

=a.

Similarly (x,, 6,, ,) satisfies the condition of the lemma when (x,_, 6,_1, &,—1)05!
U e(x,, 0,, €,). Hence we have the lemma.

THEOREM 2.2. We use the notations defined above. Then E/0 is the free product
of L, and L, amalgamating U, in the variety of left normal bands. Moreover, the
structure semilattice of E[0 is isomorphic to the free product of T’y and T', amalgamat-
ing 4, in the variety of semilattices.

Proor. Let ¢;: L,—~E/0, i=1, 2, be mappings defined by
xpy=(x, o, 1)0 if xelLs,
yo,=(, 1, p0  if yelh.

It is clear that ¢, and ¢, are homomorphisms. Let x and y be elements of L and L4,
respectively, such that x¢,=y¢,. Then (x, «, 1)0(y, B, 1). By the lemma above,
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there exist o, e A, ue U, and ve U, such that x=yu and y=xv. Therefore a=p
and x=xy=(yu)y=y. Hence ¢, is a monomorphism. Similarly ¢, is a monomor-
phism. By the definition (2.1), it is clear that ¢,|U=¢,|U.

Next, we shall show that Ly¢, N Ly¢,=U¢,. Let x and y be elements of L§
and L%, respectively, such that x¢,=y¢,. Then (x, o, 1)0(y, 1, f). By the lemma
above and its dual, there exist o, te 41, ue U, and ve U, such that

yueU and (yu) l=x (in L,),
xveU and (xv)-1=y (in L,).

Then x, yeU and x=y. Thus we have L;$p; NL,p,cU¢;. It is obvious L,¢;
NL,p,2U¢,;. Hence Lidpy NLrp,=Ud,.

Tt is clear that <L,¢, U L,¢,> =E/0 and that E/0 together with ¢, and ¢, is the
colimit of L, and L, amalgamating U. Hence E/f is the free product of L, and L,
amalgamating U, in the variety of left normal bands.

The later part of the theorem is clear.

COROLLARY 2.3. The variety of [left, right] normal bands has the strong amal-
gamation property.

ProOF. Let S, and S, be normal bands with a common subband U. It follows
from [14, Theorem 4] that S;=L;>R(I'y), S,=L,><IR,(I'y) and U=U,<U,(4),
where L,, L, and U, are left normal bands, R, R, and U, are right normal bands and
Iy, I'; and 4 are semilattices. We can assume without loss of generality that L, n L,
=U,,RiNRy,=U,and I'y nT',=4. By Theorem 2.2 and its dual, there exist the free
product T;, say, of L, and L, amalgamating U, in the variety of left normal bands,
and the free product Ty, say, of R; and R, amalgamating U in the variety of right nor-
mal bands. Since T, and T, have the same structure semilattice €, say, which is the
free product of I'y and I', amalgamating 4 in the variety of semilattices, let Ty ~Z{T%:
aeQ} and T,~Z{T§: aeQ} be the structure decompositions of T; and T,, respec-
tively. Then it is clear that the spined product T;><T,(€) is the free product of S,
and S, amalgamating U, in the variety of normal bands. Hence the variety of normal
bands has the strong amalgamation property.

COROLLARY 2.4. The class of M[L. N, R. N]-inversive semigroups has the strong
amalgamation property.

Proor. It follows from [13, Corollary 2 and 3] that an M[L. N, R. N]-inversive
semigroup is isomorphic to the spined product of a commutative inverse semigroup
and a [left, right] normal band. By a similar argument to the proof of Corollary 2.3
we have that the class of M[L.N, R. N]-inversive semigroups has the strong amal-
gamation property.
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The following example, due to T. E. Hall, shows that the variety of left [right]
regular bands does not have even the weak amalgamation property.

ExampLE. Let S={e, f, g, h}, T={f, g9, h, x, y} and U={e, f, g} be a left
regular band, a left normal band and a left zero semigroup, respectively, whose multi-
plications are defined as follows:

e f g h f 9 kh x vy
e| e g g h fFl Frr fxx
f1r5r r 5 919 9 9 vy
9|9 9 9 ¢ h | h h h x
h| h h h h x| x x x x

yivyv vy yyvy

Suppose that there exists a semigroup W such that S U Tcan be embedded in W. Then,
since W is associative,

ex=e(fx)=(efJx=gx=y,
ex=e(hx)=(eh)x=hx=x.
Thus the elements x and y must coincide in W, a contradiction.

THEOREM 2.5. Let o/ be the variety of bands defined by an identity P=0Q.
Then £ has the strong amalgamation property if and only if P=Q is a permutation
identity or a heterotypical identity.

Proor. Suppose that P=(Q is neither a permutation identity nor a heterotypical
identity. By [2], o contains the set of left regular bands or the set of right regular
bands. Then the example above implies that o7 does not have the strong amalgamation
property.

If P=0Q is a permutation identity, it follows from [14, Theorem 101, [5, Corollary
17 and Corollary 2.3 that & has the strong amalgamation property. So let P=Q
be a heterotypical identity. By [11, Theorem 2], & is one of the varieties of rectangular
bands, left zero semigroups, right zero semigroups and one element semigroups. Then
it is clear </ has the strong amalgamation property.

§3. Congruence extension property

TrEOREM 3.1.  Let U be any subband of a normal band E and let 6 be any con-
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gruence on U. Then 0 extends to a congruence on E in the following sense: let @
be the congruence on E generated by 0, then © n (U x U)=0.

Proor. Put
0,={(acb, adb)e EXE: (¢c,d)€0, a, be E'} U ¢.

Then @ =0} = 6 07. We make the convention that 89 =c¢;. Then O= COJ 0. Since
21 et

0=OnUx U)n, it remains to show the following: for n=0, 1, 2,..., and"fc?r a, beU,
if (a, b) € 0% then (a, b)€0.

We use induction on n. For n=0, the statement is trivial. So take any integer
n>0 and assume the statement for n—1 is true. Let (a, b)€ 0% N (U x U). Then there
exist x, y € E such that

af,x07"1bh, a0i"1y0,b.
Since 0, and hence 07! are compatible, we can obtain
3.1 ab, (ax)011(ab),
3.2 b0, (yb)01 1 (ab).

Now we prove the following lemma, before continuing the proof of Theorem
3.1.

LemMA 3.2. For any ce U and d€E, if c0,(cd) then cde U and c0(cd).

PRrOOF. Since it is obvious for c=cd, we assume c#cd. Then there exist (x, y)
€0 and u, ve E! such that c=uxv, cd=uyv and (u, v)#(1, 1).

Casel, u#1 and v#1:
cd=cced=cuxvuyv=cyuxv=cyce U,
cd=(cyc)f(cxc)=c.

CaseII, u#1 and v=1:
cd=ced=uxuy=uxy=cyeU,
cd=(cy)0(cx)=c.

CaseIIl, U=1 and v#1:
ed=cccd=cxvyv=cyxv=cyce U,

cd=(cyc)0(cxc)=c.
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This gives us the lemma.
Putting c=a, d=x in (3.1), we have

a0(ax) 011 (ab).
Since ax, abe U, it follows from the induction hypothesis that
a0(ax)6(ab).
Similarly it follows from (3.2) and the dual of Lemma 3.2 that
b0O(yb)6(ab).
Then (a, b) €0, giving the theorem.

CoRrROLLARY 3.3. Let U be any subband of a left [right] normal band, and let
0 be any congruence on U. Then 0 extends to a congruence on E in the sense of
Theorem 3.1.

From [3, Theorem 4], [6, Corollary 2.3], Theorem 3.1 and Corollary 3.3, we have
the following theorem.

THEOREM 3.4. The variety of [left, right] normal bands has the weak amal-
gamation property.

§4. Special amalgamation property

We have seen that the variety of [left, right] regular bands does not have the
weak amalgamation property. In this section, we shall show, however, that it has the
special amalgamation property. Let L~X{L,: xeI'} be a left regular band and U
~Z{U,: ae 4} a subband. We can assume without loss of generality that L2 U,
I'ocAdand L,2U,forallaed. LetL, and L, be left regular bands which are isomor-
phic to L such that L, n L,=[], and let v;: L—L, i=1, 2, be isomorphisms. Let
Ui=Uv;, Lt=L,v; and U¢=Uy, for all ael', B4 and i=1, 2.

Let S be the free product of L, and L, in the variety of left regular bands. Here-
after, let a; mean “‘g; is an element of L,”, where i=1 or 2. Define a relation § on S
as follows:

a;,a3,++a;,00b;,b;,---b;_ if and only if there exist u in U and ¢,c;,

i1 J1
“Chys Ay, ++d,,, in ST such that

A3y gy, = Cp Cpey+ Cpe UV )y Ay
bjlbjz---bjs=cklckz-'-ckp(uvz)dmldmz--‘qu.

Let 0;=0,U 05 U, and let 0=04.
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It follows from [1, Section 1.5] that 6 is the congruence on S. Then S/6 is a left
regular band.

DEFINITION 4.1. Let a be an element of L. A sequence (X, X;,,..., X;,) of
elements of L, UL, is said to have property P(a), i=1,2, if there exist Uy, Ug,...,
Uy, Ugs Ugyevns U, in U such that

(1) wuy=1,

(i)  ufx;vi;eU if i;#i,

n .
(i) a =j1;[1 u {(x; Vi, )vj.

LemMA 4.2. () If XX, %, =Y Viy;, (@n S) and (X, X x;) has
property Pya) for some a in L, then (y;,, ¥;,---» ¥;,) also has property Pa).

(i) If x;Xi, %, 01 95,Y5,Yj, (in S) and (X;, Xy, X;,) has property Pfa),
then (¥j,, ¥jyoe-+» ¥j,) also has property P(a).

Proor. In order to show (i), it is sufficient to prove that if (x;, Xi-.r Xi» Vi
Vigeees Vi Xigs Xigseees x;) has property Pga) then (Xigo Xigoevos Xips Vjus Vigsewws Vo)
also has property Pyfa). Let (X;p Xiyseeos Xipp Vs Vigseeos Vigr Xigs Xigpeees X3,)  have
property Py(a). Then there exist 1y, ts,..., Uspss V15 Vasers Vapps il Ul suchthat u; =1
and

(1) w5 o Uyt st 1Ki V5 Wras+k €U if i#i,

(i) w(ypviduel if j#i

r 1 rt+s 1 2r+s 1

(i)  a=(IT wlx i o) (TT wlypv7o( 11 (X3, V7 o) -

k=1 k=r+1 k=r+st+1
Let
Upss+kVr+s+k if ik=i9
Wk=

1 o s
(TR G 75 ) [/ S if i #l

and let v;+s=vr+s(f[ w,). Then it is clear that vj,,e U. Since L is a left regular
k=1
band, (X;,, Xiyseees Xips Vji» Vjgoeo» ¥j,) has property Pfa) With 1, Ugseees Uppg Vys Vasens
Vpts—15 D:..,_s.
By using (i) and the definition of 6, we can easily prove (ii).
The following corollary follows immediately from the lemma above.

COROLLARY 4.3. Let a be an element of L;, i=1,2. If a0x;x;,---x; (in S),
then (x;,, Xj,,..., X;,) has property Pyavit).

THEOREM 4.4. We use the notations defined above. Then S|0 is the free product
of L, and L, amalgamating U in the variety of left regular bands. Thus the variety
of left regular bands has the special amalgamation property. Moreover, the struc-
ture semilattice of S| is isomorphic to the free product I'iT’, say, of I' amalgamating
A in the variety of semilattices.
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Proor. Let ¢;: L;—S[0, i=1, 2, be mappings defined by
ap;=al  forall aeL,

It is obvious that each ¢;, i=1, 2, is a homomorphism. Let a and b be any elements
of L; satisfying ag;=b¢;. Then af=>b60. By the corollary above, there exist u and v
in U*! such that

a(uv)=>b and b(vv)=a.
Since L, is left regular,
a=>b(vv;)=bb(vv)=ba=bab
=a(uv;)ab=a(uv;)b=>b2=b,

and hence ¢; is a monomorphism.

By the definition of 0, it is obvious that v,¢,|U=v,¢,|U. Let a and b be ele-
ments of L, and L,, respectively, such that a¢; =b¢,. Then we have af=5bf. By
the corollary above, there exist u and v in U? such that (av;)u e U, (bvz)weU, by;!
=(avi')u and avi'=(bv)v3'. Then we have avi!=>bv;! e U, and hence L;¢, N L, ¢,
cUvi¢,. Itis obvious Lig, N Lyp,2Uv ¢p;. Therefore Ly, N Lyd,=Uv, ;.

By the definition of 0, it is clear that S/ is the free product of L, and L, amalgamat-
ing U in the variety of left regular bands, and that the structure semilattice of S/
is isomorphic to I'*T".

It follows from [10, Theorem 1] and [9, Theorem 2] that a regular band is the
spined product of a left regular band and a right regular band, and that a left [right]
quasinormal band is the spined product of a left [right] regular band and a right [left]
normal band. By a similar argument to the proof of Corollary 2.3, we have the fol-
lowing corollary.

COROLLARY 4.5. The varieties of [right] regular bands and left [right] quasi-
normal bands have the special amalgamation property.
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