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This is a supplernent to the previous papers [8]9 [9] and [10] . In [8]9 [9] ancl [10]g 

the concept of a complete regular product S of a band B and an inverse se2nigroup r9 

and the concept of a half-direct product T of a left regular band E, an inverse semi-

group r ' and a right regular ba~ad F were introduced. Iha this paper9 We first show 

that a semigroup M is inversive [quasi-(C)-inversive] if and only if M is isomorphic to 

a complete regular product of a band and a weakly C-inversive semigroup [a half-di-

rect product of a left regular band9 a weakny C-inversive semigroup and a right 
regular band] . If in particular r and r ' are weakly C'-inversive9 both the spined 

product of B9 r and that of E9 r '9 F can be considered. When r [r '] is weakly C-

inversive9 We 'mvestigate the relationship between the coniplete regular products of 

B9 r and the spined product of B9 r [the half-direct products of E9 r '9 F and the 
spined produLct of E9 r '9 F] . 

S O. Iutroduction. 

Hereafter, the notation "an inversive semigroup I ) G ~ ~ {Gy : y e F}" will mean 

an inversive semigroup G whose structure semilattice is F and whose structure decom-

position is G- ~{Gv : y e F} (see [5]). Since a band is inversive, "a band GE~ ~{Gv : 

y e F}" means a band G whose structure semilattice is r and whose structure decom-

position is G - ~ {GV : y e F}. If a band T has K as its structure semilattice, T is some-

times denoted by T(K). Similarly, an inverse semigroup M having N as its basic 

semilattice (see [5]) will be sometimes denoted by M(N). Now, Iet F(A) ~ ~ {rjL 

~ e A} (where A is the basic semilattice ( = the structure semilattice) of F and each rh 

is the greatest subgroup containing ~) be a weakly C-inversive semigroup (that is, an 

inverse semigroup which is a union of groups), and B(A) ~ ~ {Bk : ~ e A} a band. Of 

course, each ~-kernel B;L (see [5]) is a rectangular bubband of B. Let IA be a maximal 

left zero subsemigroup of BA, and JA a maximal right zero subsemigroup of BA. Then 

as was shown in [9], U {IA : ~ e A} and U {J;L : ~ e A} are a lower partial chain of the left 

zero semigroups {1;L : ~ e A} and an upper partial chain of the right zero semigroups 

{Jh : ~ e A} respectively with respect to the multiplication in B. We shall denote these 

10wer partial chain U {Ih : h e A}, upper partial chain U {JjL : ~ e A} by f = Cl~ : ~ e A) , 

l ) A regular semigroup G is said to be inversive if the set of idempotents of G is a subsemigroup and 

if for any dement a of G there exists an inverse a* of a such that aa* = a*a 



2 Miyuki YAMADA 
~ = CJA : ~ e A] respectively. Let uA be a representative of BA for each ~ e A. By 

[7], each element x of B can be uniquely expressed in the form x = iuAj, i e IA, j e Jh, 

A e A, and B is written in the form B= {iuAj : ~ e A, i e lh, j e JA}. Let {uA: ~ e A} = U. 

Then, the following result follows from Warne [3] (also the author [9]) : For each 

pair (y, ~) of y, 6 e F, Iet c((y,8)' P(y,~) be mappings such that c((y,6) : Jy_iyX166-1~> 

lv8(ya)- 12) and p(v,6): Jv~ Iy x 166- 1->J(y6)_1y~' If the system A = {o((v,6) : y, 5 e F} U {P(y,5･) 

V, ~ e F} satisfies the condition 

(C 1) for j e Jy_ Iv' P e 16a- 1' q e J _ ~ 16' Inel~~-1 , 

(j, P)oc(y,~)((j, P)p(y,a)q, m)o((y6,~) = (j, p((q, m)o((6,~))oc(y.6~) 

an d 

(j, p((q, In)c((~,~)))P(v,6~)(q, ln)p(~,~) ~((j, P)P(v,6)q, m)P(v~,~) ' 

then S= {(i, V, j) : y e F, i e lvv~1' j e Jv~iv} becomes an orthodox semigroup (see Hall 

[2]) with respect to the multiplication defined by 

(i, y, j)(h, ~, k) = (i((j, h)cc(v,6))' y5, (j, h)p(v,6)k) . 

Further, it follows from the author [9] that if the subset Q = {oc(~,n) : ~, n e A} U {p(~,,1) 

~, n e A} of A satisfies the conditron 

l'lAjku?=((j, k)oe(A,.))uA*((j, k)p(h,.))_ for ~, T e A, j e JA, k e lc ' (C 2) 

then B is embedded as the band of idempotents of S. 

In this case, S is called the complete regular product of B(A) and F(A) determined 

by {f, f, {uA}, A} , and denoted by C(r(A), B(A); f, ~, {uA}, {ce(y,6)}' {p(v,~)})' We 

shall call A (whose subset Q satisfies (C 2)) above a CR-factor set in B = {iuAj : ~ e A, 

i e IA, j e JA} belonging to F(A) (see [10]). In [9], it has been shown that every regular 

extension of B(A) by F(A) can be obtained as a complete regular product of B(A) 

and F(A) (_up to isomorphism). Since F(A) E ~ {FA : ~ e A} is weakly C-inversive (hence 

each rh is a group), we can consider the spined product B ~>

and F(A) with respect to A. In this paper, we shall show a necessary and sufficient 

condition on {o((),,6) : V, 6 e F} U {p(y,6) : y, ~ e F} in order that C(F(.A), B(.A) ; f / 

{u;L}' {oc(y,6)}' {p(y,6)}) be isomorphic to B>

Next, Iet E(A) Es ~ {EA : ~ e Aj., F(A) ~E ~ {F~ : ~ e A} be a left regular band, a right 

regular band (see [7], [8]) respectively. The concept of a half-direct product (abbrev., 

an H.D-product) of E(A), F(A) and F(A) was introduced by the author [8] as follows : 

2) If G is an inversive semigroup, then for each element x of G there exists a unique inverse x* of x ' 

such that xx*=x*x. This x* is denoted by x~1, ff G is in particular a weakly C-inversive semi-

group, then G is of course an inverse semigroup and hence x~1 is a unique inverse of x for each x e G 

(see [l]). The notation "~: X->Y" means "~) rs a mappmg of X mto Y" 
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Let ip : F->End (E) (where End (E) is the semigroup of all endomorphisms on E), 

~ : F->End (F) be two mappings, and put Vip=py, y~ = av for all y e F. If {pv : y e F}, 

{av : y e F} satisfy 

(C 3) each py [ay] maps E. [F.] into E(.y)-1.y[F(.y)-1ay] for all oc e A ; especially, py 

[av] rs an mner endomorphism (see [8]) on E [F] for y e A, 

and 

(C 4) for any e e Ep- ift [Fp- Ip], f e E(ap)~ l'p[F(.p)- iap] ' 

p.pp8f8. = p.p6f6. [a.ap6f6e = aap6f5'] 

where 8h denotes the inner endomorphism on E [F] induced by h (see [8]), then M = 

{(e, y, f) : y e F, e e Eyv~1' fe Fv~ Iv (=Fvv~ i)} becomes a quasi-inverse semigroup with 

respect to the multiplication defined by 

(C5) (e, y,f)(u T v) (eu v ie VT vf v) (eupv I yT, f"'v), 

where xpv- I [x"'] means xpv~ I [xa*] . 

(See Theorem 6 of [8]). 

This M is called the ha,If-direct product (the H.D-pl'oduct) of E(A), F(A) and F(A) 

determined bJ' {ip, ~}, and denoted by E x F x F. If the band of idempotents of an 

cip inversrve semrgroup H ' rs a regular band (see [8]), then H is said to be quasi-(C)-

inversive. We shall show in S 2 that a semigroup is a quasi-(C)-inversive semigroup 

if and only if it is isomorphic to an H.D-product of a left regular band, a weakly C-

inversive semigroup and a right regular band. On the other hand, we can consider 

the spined product E ~>

necessary and suflicient condition on {ip, ~} in order that E x F x F be isomorphic to 

c ip E ~>

Throughout this paper, F(A) E {rA : ~ e A}, B(A) E ~{BA : ~ e A}, E(A) ~~ ~{EjL : 

~ e A}, F(A) E ~ {FA : ~ e A} will denote a weakly C=inversive semigroup, a band, a 

left regular band, a right regular band respectively (their structure decompositions are 

F(A) - ~ {F ~ e A} (A the baslc semilattice ( the structure semilattice) of r ; each 

F~ is the greatest subsemrgroup contammg ~) B(A) - ~ {B ~ e A} . E(A) - ~ {E 

~ e A} and F(A)- ~{FA ~ e A}) For each ~ e A IA, JjL Will denote a maximal left 

zero subsemrgroup of B, a maximal right zero subsemigroup of B~ respectively. Let 

f, f be the lower partial chain of {IA : ~ e A}, the upper partial chain of {JjL : ~ e A} 

(with respect to the multiplication in B). Hence, f = Clh : ~ e A) and f = CJA : ~ e 

3) Let Ai (A) ~ ~ {A~:1eE A} (i= I , 2,. . ., n) be an inversi¥'e semigroup having A as its structure senailat-

tice. Then, A= {[ai, a2""' a~] : ai ~:A~ (i= 1, 2,..., n), ReEA} becomes a semigroup with respect to 

the muhiplication defined by [al' a2""' a~] [b b b J = [a bl, a2b2' ' a~b~] Thrs A Is caned 
1' 2""' ~ 

the spined product of A1(A), A2(A),..., A~(A), and denoted by AiX!A2~!"'XI A~ (A) 
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A) . Any other notation and terminology should be referred to [5], [8] and [9], unless 

otherwise stated. 

S 1. Complete regular products. 

Let S = C(F(A), B(A) ; f, f, {uA}, {ce(v,~)}' {P(v,6)}) be the complete regular prod-

uct of B(A) and r(A) introduced in S O. Let B* be the set of all idempotents of S 

LEMMA 1. S is an inversive semigroup. 

PROOF. The set B* of all idempotents of S is {(i, ~, j) : ~ e A, i e IA, j e JA}. 

It is obvious from Lemma 5 of [9] that B* is isomorphic to B. Hence, B* is a band. 

For any element (h, y, k) e S, the element (h, y~1, k) is an inverse of (h, y, k) and 

satisfies (h, y, k) (h, V~1, k) = (h, y~ I , k) (ll, y, k) (since for any element V of r the equal-

ities vy~1 = y~1y and (y~1)~1 = y are satisfied in F). Therefore, S is an inversive semi-

group . 

THEOREM 2. A semigl'oup is inversi've if and only if it is isomorphic to a com-

plete regular product of a band and a weakly C-inversive semigroup. 

PRooF. The if part rs obvlous from Lemma I Let T be an mversrve serm ''. ,, 

group, and n the least inverse semigroup congruence (see [2], [6]) on' T. Let A be the 

band of idempotents of T. Then, it follows from S 6 of [9] that T is isomorphic to a 

complete regular product of A and T/n (where T/n denotes the factor semigroup of T 

mod n). Since T is a union of groups and since T/n is a homomorphic image of T, 

the factor semigroup T/n is also a union of groups. Hence, T/n is a weakly C-inversive 

semrgrou p 

According to [4], S is isomorphic to the spined product B*~

B*(A) and a weakly C-inversive semigroup C(A) if and only if S is strictly inversive, 

that is, S satisfies the following condition (1.1) 

(1.1) e, f e B*, x e S, xx~1 =e, f~ e imply xf=fx~. 

By using this fact, we have 

THEOREM 3. S is isomorp/･7ic to the spined product B~IC (A) of the band B(A) 

and a weakly C-inversive sell7igroup C(A) if and only if the CR-factor set A = {oc(y,~) : 

y, ~ e Fl･ U {p(v,6): y, ~ er} satisfies the following (1.2): 

(1.2) ' v e F, ~ e A, yy~1 =p~A, i e lp, j e Ju imply 

cc(v,A)~i=0c(u,j.)~i on Jp x il~, and 

P(A,v)vj = P(h u)vJ on J J x I 
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where ~i, vj are the left Inultiplication by i and the right multiplication by j respec-

tivel y4) . 

Further, in this case r(A) can be selected as C(A). 

PROOF. Suppose that S is isomorphic to the spined product B ~! C (A) of the band 

B(A) and a weakly C-inversive semigroup C(A). Then, it follows from [4] that S is 

strictly inversive. Let y e r, ~ e A, yy~1 = p ~ A, i e lp and j e Jp. For any idempotent 

(u, ~, v) e B*, (i, p, j)(iu, ~, vj) =(i((j, iu)oc(u.A)), ~, ((j, iu)P(u.A))vj) =(i((j, iu)oc(u,h)), ~, 

vj). On the other hand, i(upjiuuA) = i((j, iu)oc(u.A))uuh(j, iu)p(p,;L)' Hence, iu = i((j, 

iu)oc(p,~))' Therefore, (i, p, j)(iu, h, vj) = (iu, ~, vj). Similarly, we have (iu, ~, vj)(i, 

ll, j) = (iu, A, vj). Since S is strictly inversive and since (i, y, j)-1 = (i, y~i, j), the equal-

ity (iu, A, vj)(i, y, j) = (.i, y, j)(iu, ~, vj) holds. Hence, (iu., Ay, (vj, i)p(;L,v)j) = (iu, h, 

vj)(i, y, j) =(i, y, j)(iu, A, vj) =(i((j, Iu)cc(v,A))' yA, vj), and hence i((j, iu)oc(v,h)) = iu and 

((vj, i)p(A,v))j=vj. That is, the condition (1.2) holds. In this case, if we put {(i, y, j) e 

S : i e IA, j e Jjt' y e F with yy~1 = ~} = SA for each ~ e A then each S~ is a rectangular 

group (that is, the direct product of a rectangular band and a group) and S is a semi-

lattice A of rectangular groups SA. Let B~ be the set of idempotents of S;L' Then 

the structure decomposition of B* is clearly B*- ~ {B~ : ~ e A}. It follows from the 

proof of Theorem 4 of [4] that the relation ~ on S defined by 

(1.3) x~y if and only if x, y e S, and x~ly e B~ for some T e A 

is a congruence on S, and S is isomorphic to the spined product of B*(A) and S/~(A). 

Now, for x = (i, y, j), y = (h, ~, k) it is easily seen that 

(1.4) (1, y, J)~(h 6 k) if and only if y=~. 

Hence the mappmg ep S/~~r(A) defined by (i, y, j)q) = y is an isomorphism, where 
''. (i, V, j) denotes the ~ class contammg (1, y, J) Smce B ~; B* (where ~; means rsomor-

phic") and since S/~ ~; F(A), S is isomorphic to the spined product B ~

Conversely, suppose that S = C(F(A), B(A) ; f, f, {uA}, {oc(v,6)}, {P(v,a)}) satisfies 

the condition (1.2). If S is strictly inversive then S is isomorphic to the spined product 

of B*(A) and a weakly C-inversive semigroup C(A) (Theorem 4 of [4]). Hence, in 
this case S ~; B ~~! C (A) since B* ~; B. Therefore, we next prove that S is strictly inver-

sive. Let (i, V, j) e S, (u, ~, v) e B* be two elements such that (i, y, j)(i, V~1, j) =(i, 

yy J)>(u ~ v) and put yy p Then ~
A, v) = (i((j, u)oc(v.A))' y~, v) and (u, ~, v)(i, y, j) = (u, ~y,P((v, l)P(A v))J) On the other 

hand, (u, ~, v) = (i, //, j)(u, ~, v) = (i((j, u)oc(p,A)), A, v) and (u, ~, v) = (u. A, v)(i, p, j) = 

(u, ~, ((v, i)p(jL,P))j). Since i((j, u)oe(p,;L)) = u and ((v, i)p(h,P))j=v, it follows that iu = u 

and vj = v. Hence by (1.2), i((j, iu)oc(v,;L)) = i((j, iu)oc(p.A)) = iu = u and ((vj, i)p(A,v))j= 

((vj, i)p(A,u))j=vj = v. Since y~=Ay, this implies that (i, y, j)(u, ~, v)=(u, y~, v) = 

4) That is, Ii, vj are mappmgs such that xl lx and xv XJ 



6 Miyuki YAMADA 
(u, ~, v)(i, y, j). 

From the theorem above, we obtain the following result 

COROLLARY 4. If in particular B(A) is a normal band5), then a complete 
regular product of B(A) and F(A) is uniquely deterlnined up to isolnorphism and is 

isomorphic to the spined product of B(A) and F(A). 

PROoF. We need only to show that for any complete regular product S = C(r(A), 

B(A); f f {uA}, {oc(v,6)}, {p(v,6)}) of B(A) and F(A) the system A = {Qc(v.6) : y, ~ e F} U 

{p(v,~) : y, 5 e F} necessarily satisfies the condition (1.2). Let y e F, ~ e A, yy~1= 

/1 ~ ~, i e Iu and j e Ju. For e e I;~, we have ilA = ilAe= ielAe (by the normality of B(A)) 

= ie. Similarly, for feJ;L We have JAj =fj. Therefore, each of ilA and J;Lj consists of 

a single element. Hence, A satisfies the condition (1.2) 

REMARK. The spined product B ~>

semigroup F(A) is always isomorphic to some complete regular product of B(A) and 

F(A). In fact : 

B~

(1.5) the multiplication in B ~l F (A) is given by 

[e, y][f, 6] = [ef, y~] 

Let ujL be a representative of BJL for each ~ of A. For e e B, e is uniquely expressed in 

the form e = e'ujLe", ~ e A, e' e IA, e" e J;L' In this case, we shall denote e', e" by el' e. 

respectively. Hence, e = eluAe. ( = ele.). Now, for each pair (~, T) of ~, T e A, define 

mappmgs oc(A,.) : JjL X I.->IA. and p(~,.) : JjL x I.~,JA, by 

u fhu ((f h)oc(jL .))u;L.((f h)p(A .)) for feJ;L, h e I. . 

Then, for e = ele. e BA, f=flf. e B., we have ef= el(e., fl)Qc(A,.)u;1;'(e., fl)P(A,.)f.. Next, 

for v, 6 e r, define mappings oc(v,6), P(v,6) by oc(v,6) = oc(vy~',~~~') and p(v,6) =P(vv~1.~~~i) 

Then, A = {c((y,~) : y, ~ e r} U {P(v,6) : y, 8 e F} becomes a CR-factor set in B = {iuhj : 

i e ljL, j e JjL, ~ e A} belonging to F(A). Hence, we can consider the complete regular 

product C(F(A), B(A); f, ~, {uh}, {o((v,6)}, {p(v,6)}) =A. If we define a mapping 

ep : A->B~lr (A) by (el' y, e.)q) = [ele., V], then it is easily verified that ep is an isomor-

phism. Hence, B ~

5) A band is said to be normal [left normal, right normal] if it satisfies the identity xlx2x8x4 =xlx3x2x4 

[xlxzx8 =xlx8x2, xlx2x3 =x2xlx3]' 
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S 2. H. D-prodwcts. 

Let M = E x F x F be the H.D-product of E(A), F(A) and F(A) introduced in S O 

c ~ Let V be the set of all idempotents of M 

LEMMA 5. A selnigrotip is quasi-(C)-inversive if and only if it is isomorphic to 

an H.D-product of a left regular band, a weakly C-inversive selnigroup and a right 

regular band. 

PRooF. By [8],M=ExFxFis a quasi-inverse semigroup. Since F(A) is a union 

c ~ of groups, it is easily proved that M is inversive. Hence, M is a quasi-(C)-inversive 

semigroup. From this result, it follows that if a semigroup A is isomorphic to an 

H.D-product of a left regular band, a weakly C-inversive semigroup and a right regular 

band then A is quasi-(C)-inversive. Conversely, assume that a semigroup A is quasi-

(C)-inversive. Then, A is of course a quasi-inverse semigroup. Hence, it follows from 

[8] that if ~ is the least inverse semigroup congruence on A then A is isomorphic to an 

H.D-product of a left regular band, A/~ and a right regular band. Since A/~ is a homo-

morphic image of A and since A is a union of groups, A/~ is also a union of groups. 

Therefore, A/~ is a weakly C-inversive semigroup 

Next, consider the spined product of E(A), F(A) and F(A) 

E~IF~

(.2.1) and the multiplication in E ~>

[e, y, f][u, ~, v] = [eu, y~, fv] . 

For each ~ e A, Iet eA, f;L be representatives of EA, FA respectively. Define mappings 

(pl:r->End (E), q)2:F->End(.F) by vepl=6..._1, yep2=6f..-i respectively, where 

~.A[~fA] denotes the inner endomorphism on E [F] induced by e;L [f~] . For each y e 

r, put yepl ~ Pv and yq92 = crv' Then, it is easy to see that each of the systems {pv: y e F} 

and {crv : V e F} satisfies (C 3) and (C 4). Accordingly, we can consider the H.D-

product E x F x F. For any (e, V, f), (u, 8, v) e E x F x F, (e, V, f)(u, ~, v)=(eup'-i 

ep* ep2 epl ep' y6, f"iv)=(eevv~1ueyy-1, y6,fo~6~Iff6~-1v)=(eu, V~, fv). Hence, ep: E~!F~

 E x F x F defined by [e, y, f]ep=(e, y,f) is an isomorphism. From this result, we 
epl ~2 

can say that the spined product of E(A), F(A) and F(A) is isomorphic to an H.D-product 

of E(A), F(A) and F(A). Conversely, next we shall investigate about necessary and 

sufficient conditions on {c, ~} in order that M = E x F x F be isomorphic to the spined 

product E ~>~:r ~IF (A). c ~ 
LEMMA 6. M is strictly inversive if and on.ly if it sati.~,fies thefollowing (2.1): 

(2.1) y e r, ~ e A, yy~1 =1/~A, i e Ep, j e Eu illrply 
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PyAi= the Identity mapping on iE;L' and 

avvj= tl're identity mapping on FjLj. 

PROoF. Assume that M is strictly inversive. Let y e F, ~ e A, yy~1=p~A, 
i e Eu and j e Fll' For an element (u, ~, v) e M, (iu, ~, vj)(i, u, j) = (iu, ~, vj). Simi-

larly, (i, p, j)(iu, ~, vj) = (iu, A, vj). Since M is strictly inversive, we have (i, y, j)(iu, 

A, vj) = (iu, ~, vj)(i, y, j). Therefore, we have (i(iu)p'-1, y~, (j"h)vj) =(iu(iph), ~y, 

(vj)""j), whence i(iu)p'-1=iu and (vj)"'j=vj. That is, py-1~i =the identity mapping 

on iE;L' while ervvj = the' identity mapping on FAj. Since y~1v=vV~1, it follows that 

pv~i = the identity mapping on iE~ and ~vvj = the identity mapping on FAj. Thus, the 

condition (2.1) holds 

Conversely, assume that M satisfies (2.1). Let (u, ~, v), (i, //, j) be idempotents 

of M such that (u, ~, v)(i, ll, j) = (i, u, j)(u, h, v) = (u, h, v), and (t, y, s) an element of 

M such that (t, y, s)(t, y, s)~1=(1 u J) Smce (ulpA ~ll v "J) (rup~ /l~ J Av) 

(u, ~, v), we have ~~//, u = iuP~ and v"uj=v. Further (t y s)(t, y, s) (1 // J) 

implies yy~1 = /1 ~ ~. Hence by (2.1), py~i = the identity mapping on iEA and avvj = 

the identity mapping on FAj. Since iu = u and vj = v, we have also iu = i(iup*)= 

i((iu)p*) and vj =(vj)""j. The equality (t, y, s)(t, y~1, s) =(i, //, j) implies (ttpv-1 

yy~1, s"v-Is) = (i, /1, j), and hence (t, //, s) = (i, ll, j). That is, (t, y, s) = (i, y, j). From 

this result, it follows that (i, y, j)(u, A, v) =(iup'- 1, y~, j"lv) =(iup'- 1, V~, v) = (i(iu)pv- 1, 

y~, v)=(i(iu), Vh, v)=(iu, V~, v)=(u, V~, v). Similarly, (u, ~, v)(i, V, j)=(u, ~V, v) 

Since Ay = y~ is satisfied, the equality (i, y, j)(u, ~, v) = (u, ~, v)(i, y, j) holds. Hence, 

M is strictly inversive. 

THEOREM 7. M is isomorphic to the spined product of a regular band and a 

weakly C-inversive semigroup if and only if it satisfies (2.1). Further, in this case 

M is isomorphic to E>

PRooF. If M satisfles the condition (2.1), then it follows from Lemma 6 that M 

rs strictly mversive. Hence, in this case M is isomorphic to the spined product of the 

regular band V (the band of idempotents of M) and a weakly C-inversive semigroup 

T (Theorem 4 of [4]). It is also easily seen that V~; E ~i F (A). For each A e A, put 

Mh={(h, V, k) : yy~1 = ~, v e r, h e Evv~1' k e Fvv~i}' Then, the structure decomposi-

tion of M rs M - ~ {M ~ e A} If we define a relation ~ on M by 

(2 2) for any (h, y, k), (u, ~, v) e M, (h, V, k) ~ (u, 8, v) if and only if 

(h, y, k), (u, ~, v) e Mh and (h, y, k)(u ~ v) I e E(M ) for some ~ e A 

where E(MA) is the set of idempotents of M~ , 

then M-E~IM/~~>
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other hand, it is easily proved that (h., y, k) ~ (u, 6, v) if and only if v = 6. Hence, c : 

M/~->r defined by (h, y, k)c=y, where (h, y, k) is the ~-class containing (h, V, k), is 

an isomorphism. Hence M/~~;r, and accordingly M ~; E >

Conversely, if M is isomorphic to the spined product of a regular band and a 

weakly C-inversive semigroup then M is clearly strictly inversive (Theorem 4 of [4]). 

Hence, in this case it follows from Lemma 6 that M satisfies the condition (2.1) 

COROLLARY 8. If in particular E(A), F(A) are a left normal band, a right 

normal band respectively, then an H.D-product of E(A), F(A) and F(A) is uniquely 

determined up to isomorphism and is isomorphic to the spjned product of E(A), F(A) 

and F(A). 

PROoF. We need only to show that for any H.D-product E x r x F, {c, ~} 

c ~ (hence, {py : y e F} U {ay : y e F}, where pv =vip and ay = y~) satisfies the condition (2.1) 

For //, A, e, f, i such that ~, kt e A, p~~, i e Eu and e, feEA, we have ie= ief= Ife= if. 

Hence, iEh consists of a single element. Therefore, pv~i = the identity mapping on 

iEh if yy~1 =p. Similarly, avvj=the identity mapping on FAj if j e Fu, // ~~, y e F, 

y y~ I = p. 

S 3. Speciall cases. 

In [8], the concept of an L.H.D-product of a left regular band and an inverse 

semigroup [an R.H.D-product of an inverse semigroup and a right regular band] 

has been introduced. For L.H.D-products and R.H.D-products, we can obtain the 

following results in the same manner as we established Theorem 7 and Corollary 8 . 

THEOREM 9. An L.H.D-product E x F [an R.H.D-product r x F] is isomorphic 
~
 

c
 to the spined product of a left regular band and a weakly C-inversive semigroup 

[a weakly C-inversive selnigroup and a right regular band] if and only if it sati.~,fies 

the following (3.1) : 

(3.1) y e F, ~ e A, yy~1 =ll~~, i e Eu imply 

pvAi= the identity mapping on iE~, where pv=vip. 

[y eF, AeA, yV~1=1/~A J eF Imply 

avvj = the identity Inapping on FAj, where av = y~] . 

Further, in this case E x F~;E~

COROLLARY 10. If E(A) [F(A)] is a left normal band [a right normal band], 

then an L. H.D-pl'oduct of E(A) and r(A) [an R.H.D-product of r(A) and F(A)] is 
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uniquely determined up to isomol'phisln and is isornorphic to the spined product of 

E(A) and F(A) [r(A) and F(A)] . 

EXAMPLE. Let Q and K be the weakly C-inversive semigroup and the band given 

by the multiplication tables (D 1) and (D 2) respectively. The basic semilattice H of 

Q consists of two elements O, 1, and the structure decomposition of Q is Q - ~ {QA 

~ e H} , where Qo = {O} and Q1 = {1, y}. On the other hand, the structure decomposi-

tion of K is K- ~{KA : ~ e H}, where Ko = {e, f}, K1 = {1}. K is clearly a right regular 

band. Now, Q~iK(J~r)={[O, e], [O, f], [1, I], [y, I]}. Let ao, al be the inner 

e
 

1 O I y f 
(D 1) (_D _') 

endomorphisms on K(H) induced by O, I , and cry an endomorphism on K(H) such 
that av maps 1, e, fto 1, f, e respectively. Define ~ : Q->End (K) by T~ =p. (T = O, 1, y) 

Since {ao' al' av} satisfies (C 3) and (C 4), we can consider the R.H.D-product ~ x K. 
e
p
 

Of course, Q x K = {(O, e), (O, f), (1, 1), (y, 1)}. However, Q x K is not strictly 
e
p
 

e
p
 

inversive. In fact: (1, 1)>(O, e) and (y, 1)(y, 1)-1 =(1, 1), but (O, e)(y, 1)=(y, e"~)= 

(O, f)~(O, e)=(O, 1"~e)=(y, 1)(O, e). Hence, Q x K~Q~IK (J~). Thus, we can say 
e
p
 

that an R.H.D-product of a weakly C-inversive semigroup C and a right regular band 

R is not necessarily isomorphic to the spined product of C and R. 
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