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We extemd two kinds of comcepts, (19 ;e)-absolutely summimg operators and (Z ; p)-absolute-

l,. ' summing operators9 to (Z ; 19 p)-absolutely summing operators. 

lptroductiom 

Pietsch [1l] introduced the concept of absolutely p-summing operators in normed 

spaces. This concept was extended in Ramanujan [12] to absolutely ~-summing 

operators by using the symmetric sequence space ~. Also, Mityagin and Pelczyiski 

[8] introduced the concept of (p, 1')-absolutely summing operators in Banach spaces 

and this was extended in Miyazaki [9] to (p, q ; r)-absolutely summing operators by 

using the sequence spaces lp,q and l.. We extended the above concepts to (~, I/)-

absolutely summing operators in normed spaces by the aid of abstract sequence spaces 

~ and /1. On the other hand, the first concept was recently extended in Ceitlin [2] 

to (Z, p)-absolutely summing operators by making use of the Banach space Z 

The main object of this paper is to extend these two kinds of concepts, (A, I/)-

absolutely summing operators and (Z, p)-absolutely summing operators, to (Z ; ~, ,l)-

absolutely summing operators by using the above A, // and the Banach space Z and to 

develop a theory of such operators. We also investigate (Z ; ~, //)-quasi-integrable 

operators which extend the concept of (~, //)-absolutely summing operators. 

In Section I , we define the (Z ; ~, //)-quasi-integrable operators and the (Z ; ~, /1)-

absolutely summing '~ operators. In Section 2, we state some general properties of 

(Z ; ~, pt)-quasi-integrable operators and (Z ; A, p)-absolutely summing operators. We 

investigate in Section 3 some inclusion relations between the spaces of the above 

operators. Section 4 rs devoted to studying the composition theorem of two 
(Z ; ~, //)-absolutely summing operators. In Section 5, we investigate (Z ; A, I/)-

quasi-integrable operators and (Z ; h, pt)-absolutely summing operators, when their 

domain and range are particular normed spaces. 

S 1. Notatioms amd De~mitions 

For a.sequence space h the oc-dual is denoted by ~". If ~xx = ~, then h is said to 

be a K6the space. We start with the sequence space co of all scalar sequences converg-
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mg to zero and the sequence space co of all scalar sequences in which an extended 

quasl-norm p and an extended norm q are given respectively. We shall then define the 

sequence space ~ c co (resp. // c co) to be the space consisting of all x e co (resp. x e co) 

such that p(x) 

(resp. the extended norm q) by ll ･ llA (resp. Il ･ Ilp)-

We assume that A and // satisfy the following conditions : 

(a) If for any x=(xl""'x*,...)eco and y=(yl""'yn"")eco we set x 
(xl,..., xi, O, ..) and yi=(yl""' yi, O,...) for i=1, 2,.., then p(xi)~p(x) and q(yi) 

~> q( y). 

(b) p and q are both absolutely Inonotone. 

(c) ~ and p are both the K-symmetric spcrces. That is, if x* i-s the sequence 

which is obtained as a rearrangement of the sequence x corresponding to a permuta-

tion lc of the positive integers, then p(x) =p(x*) for each x e ~ and each le, and q(y) 

= q(y~ for each y e /1 and each lc. 

(d) // is a Kdthe space. 

(e) The topology given by the norm q on // is the Mackey topology of the dual 

pair (u, I/*) so that //* =(p, q)'. 

(f) ~ and p have the norm preservation property. That is, ifx=(xi) is such that 

xi=0 for all i~ n, then p(x)= Ix~1 and q(x)= Ix~1. 

We say the above ~ and l* to be spaces of type A and say the above p to be a 

space of type M. 

If p is of type M, then we have ll C/lc lco and either p c co or /1= Ico' 

We showed in [6] that the Lorentz space lp,q (1 ~ p, q ~ oo) is of type A and the 

space lp (1 ~p_

Next we start with two normed spaces (E, Il lD and (F, Il ID and a Banach space 

(Z, Il lD. Let // be of type M. Then we denoted in [6] by //(E) the vector sequences 

x = (x.), x~ e E, which are weakly contained in /1 in the sense that for each a e E' the 

sequence ( 

 ) of scalars is in p. Here we denote by S(E, Z) the unit sphere in the space L(E, Z) of all continuous linear operators of E to Z. Then we shall denote 

by p~(E) (resp. pz(E)) the vector sequences x = (x~), x~ e E such that for each A e K c 

S(E, Z) with K compact in the simple convergence topology (resp. for each A e 
L(E, Z)), the sequence (IIAx*lD of scalars is in ll' 

If x = (x*) belongs to //(E), we showed in [6] that sup q(( I 

 D) ll* ~1 
denoted by 8/1 the functional - defined on //(E) by 8p(x) = sup q((1 

 D). -We shall ~"Il~1 
denote by 8uZK (resp. 8~) the functional defined ion pK(E) (resp. pz(E)) by ' 8pzK(x) = 

sup q((llAx.lD) (resp. el(x) = sup q((llAx lD)). Here 8 ez and eZ can easily be 
A~s(E,z) 

verified to be semi-norms 

LEMMA 1. Let E be a normed space, Iet Z be a Banach space and let u be of 

type M. 'Then we have the following properties: 
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(1) Let a set KcS(E, Z) be compact in. th,e sim,ple con,vergence topology. 
Then if x = (x~) e //~(E), epZ

(2) Ifx=(x~) e/lz(E), e~(x)= sup ll(llAx~ll)llp
A~s(E,z) 

PRooF. We shall prove (1). The proof of (2) is similar. Let B/e' be the unit 

sphere in // * as the dual space and let x = (x,*) e //~(E). Then we set 

W((x.), Bp")={A e .~/1 nF(K)1 ~ Ioe~1 IIAxnll ~ I for any (oc ) e B,t'} 

= ~=1 
We can easily prove that W((xn)' Bp.) is absolutely convex and closed in the sirnple 

" convergence topology. Here W((x*). Bp.) is absorbing in *_~I nr(K). In fact, Iet A 

co 

be an arbitrary element in ~_Vi nF(K). Since Bp. is a bounded set in ,lx, it follows that 

* ~ Ioe.1 llAxnll ~p for any (oe~) eBp. , 
n=1 

" that rs A e pW((x~), Bp.). Consequently W((x~), Bp.) is a barrel in ._VI nF(K) in the 

simple convergence topology. Since K is compact in the simple convergence topology, 

it follows that 

" sup ~ Ioe.1 IIAx.II ~pl for all (ee ) eBll . 
A=K *=1 

Therefore we have sup ll(IIAx~ ID[lp

A=K 

Let ~ be of type A . Then we define ~[F] as the space of all vector sequences 

y = (y~), y~ e F, such that the sequence (lly~ [De~. We denote by OCA the functional 

defined on ~[F] by cc~(y) = p((Ilyn lD) which is also denoted by ll(y.) IIA[Fl' Thus A[F] 

is topologised in a natural way by quasi-norm oe;L(J')' We can easily show that kt~(E) 

D ,lz(E) ~ //[E] for any ll of type M. 

We now recall the definition of (h, /4)-absolutely summing operators [6] . 

DEFINITION 1. Let E and F be normed spaces, Iet h and // be of type A and of 

type M respectively and let T be a linear operator of E to F. .Then the operator T 

is said to be (~, /4)-absolutely summing if there exists a number p>0 s~ch, that 

II(Txi)lll[F]~p sup ll(1 

 Dllp _~ -' ."-' ' -Ilall~1' - - - ' - ' '-'._ 

fo~ allfiniie sets of ~lements xi,..:, xn in E. 

For each (~, //)-absolu~qly summing opera~or .T: E~F ~'e put 

l~;,p(T) = inf p, 
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wh,ere the infimum is taken over all p with the properties indicated. We den,ote by 

7ch,p(E, F) the collection of all (.A, ll)-absolutely summing operators of E to F. 

An operator Te L(E, F) is called finite if its image space is finite dimensional and 

the collection of all finite operators is denoted by A(E, F). Then we give the following 

definitions 

DEFINITION 2. Let E and F be normed spaces, Iet Z be a Banach space, Iet ~ 

and // be of type A and of type M respectively and let T be a linear operator of E to 

F. Then the operator T is said to be (Z; ~, ,t)-quasi-integrable (resp. finitely 

(Z; ~, /1)-quasi-integrable) if there exists a set KcS(E, Z) (resp. KcS(E. Z) n 

A(E, Z)), colnpact in the sifnple c_ onvergence topologJ', an,d p >0 such t/･cat 

ll (Txi) jl ~tF] ~ p sAu.pK 11 ( 11 Axi ID Il p, 

for each,finite set of elelnents xl""' x~ in E. Let pK be th.e infimum ofsuch p forfixed 

K and let aAZ,p be the infimum, of the nulllber pK over all K. We denote by Qlkz,,t(E, F) 

(resp. FQl~,p) the collection of all (Z; ~, //)-q'uasi-integrable operators (resp. 

finitely (Z; A, //)-quasi-integrable operators) of E to F 

DEFINITION 3. Let E and F be norlned space, Iet Z be a Banach space, Iet ~ 

and ,1 be of type A and of type M respectively and let T be a linear operator of E 

to F. Then the operator T is said to be (Z; ~, ,1)-absolutely summing if there exists 

a number p>0 such that 

ll(Tx~llh[F]~p sup ll(llAxilDllll 
A~s(E,z) 

for eachfinite set of elements xl""' xn in E. 

For each (Z; ~, /4)-absolutely summing operator T: E->F we put 

lc~ p(T) = inf p , 

where the infimum is taken over all p with the properties indicated. We denote by 

lcAz,p(E, F) the collection of all (Z; ~, //)-absolutely summing operalors of E to F. 

REMARK. II(Txi) IIA[F] appearing above is to be interpreted as the quasi-norm 

of the element (Txl,..., Tx~, O,...) in the vector sequence space A[F], and ll(llAxilDIIll 

is sunilarly interpreted 

PROPOSITION 1. Let E and F be normed spaces, Iet Z be a Banach space and 

let h and /1 be of type A and of type M respectjvely. Then we have the following 

propertres : 

(1) It;L,,1(E, F) c FQl~ p(E, F) c Ql~ p(E, F) c lchz,ll(E, F) . 
(2) If Z isfinite dimen-sional, weL~rive ' : . 
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lri,u(E, F) = FQI~ p(E F) Ql~ p(E F) 1~:~ p(E F) 

PRooF. We shall prove (2). If Z is finite dimensional, the identity operator 

I : Z~Z is (//, //)-absolutely summing. Therefore if T e ITjLz,1'(E, F), we have the 
following inequalities for each finite set of elements x I , . . . , x~ in E ~ 

ll(llTxilDllh~p sup ll(llAxilDllp 
A*s(E,z) 

~pp' sup sup jl(
)Ilp A=s(E,z)Il~ll~l 

~pp' sup sup ll(
)ll A=s(E,z)Il~Il~1 

~pp' sup ll(

)llp . 
ll*ll~1 

Therefore we have Te lch,p(E, F). The proof of (2) rs complete We omit the proof of 

(1). 

S 2. Gemerau properties 

PROPOSITION 2. Let L(E,-F) be the normed space of all bounded linear 'oper-

ators with, the norm 11 Tll = sup 11 Txll, Iet A be of type A and let // be of type M. Then : 
l* I~1 

(1) QI;LZ,p(E, F) CL(E, F) and ll Tll ~ a~ p(T) for every Te Ql~ p(E F) 

(2) 71;~,~(E, F) c L(E, F) and ll T Il ~ 77:~ u(T) for every Te7c~ p(E, F) 

PRooF. If Te QI~,p(E, F), for any e > O there exists pK 

we have 

II(IITxll. O,...)IIA

A=K 

~ pK(T) sup 11 Ax ll 

A=K 

~(a~,p(T) +e) Ilxll . 

Consequently we have l[ Tll ~ a~ p(T). Thus (1) has been proved. (2) can be similarly 

proved. 

THEOREM 1. Let E and F be normed spaces, Iet Z be a Bana-ch space and let ~ 

and p be of type A and of type M respectively. Then : 

(a) Let ~ be of type M. Then if a set KcS(E, F) is colnpact jn the sil?rple 

convergence topology, the following properties of T: E->F are equivalent: 
(1) Il(IITxilDllh~psup lkIIAxilDllP ' 

A~K 
for eachfinite set {xl""' x~} in E. , 

(2) If x =(x~ e /l~(E), then ~x =(Txi) e ),[F]. 
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(b) Let us consider thefollowing properties qf T:E->F. 

( i ) T is a (Z; A, ll)-absolutely sumlning operator. 

(ii ) If x = (xi) e l~z(E) n co(E), ~x = (Txi) e ~[F] . 

('iii) If x=(xi) e /lz(E), then Tx=(Txi) e ~[F] . 

Then 
(1) (i) and (ii) are equivalen.t. 

(2) If ~ is of type M, (i), (ii)'an,d (iii) are equivalent. 

(3) Let A be of type M. Then. even if ~ and // do not satisfy the condition (f), 

(i) and (iii) are equivalent. 

PRooF. We shall prove (a). Thy proof of (b) is similar 

(1)~'(2) : Let (1) be valid and let x = (xi) e /l~(E). Then for each fixed i, we 

consider x' =(xi,. . ., xi, O,. . .) and obtain 

ll(ll Txl ll,. , ., Il Txill, O,. . .)ll~~ p sup ll(llAxl ll,. . ., IIAxill, O,. . .)llu 

A=K 

and since the norm 11 ･ llp is absolutely monotone, the above expression is ~ p8pz*(x). 

Since ~ sat.isfies the condition (a), we have II(ll TxilDIIJL

~[F]. Thus (1)~(2) is proved. 

(2)~(1): Let (2) be valid and let (1) be not valid. Then for any positive integer 

j there exists a finite set {x~}l~i~*(j) m E satisfying sAu=~ ll(IIAx~ lDllu~ I and ll(ll Tx~ lDll;L 

> j2J . By our assumption it follows that the sequence x of vectors 

x}/2,. . ., x~(1)/2, x'l~/22,.. ., x~(2)/22,, . ., x{/2J,.. ., x~(j)/2j .. . 

is in p~(E). Also since the norm defining the topology ~ is absolutely monotone, it 

follows that Tx ~:~[F]. This is a contradiction. The proof rs complete 

THEOREM 2. Let E and F be normed spaces, Iet Z be a Banach space and let ~ 

and p be of type M. Then we have thefollowing p7'operties: 

(1) The space Ql~,p(E, F) is a nol'med space with the norm. cr~ u(T) and if 

F is a Banach space, Ql~,p(E, F) is coln,plete. 

(2) The space 7c~,p(E, F) is a n,ormed space with the norm lz:~,p(T) and if F 

is a Banach space, Ic~ u(E, F) is complete. 

PRooF. We shall only prove (1), since the proof of (2) is similar. First we prove 

that a~,p(T) is a norm. If Te QI~,u(E, F), for any e > o there exists pK(T) 

+ e. Therefore for each finite set of elements x i , . . . , x~ in E we have the following 

inequality 

ll(II TxilDllA~pK(T) sup ll(IIAx.IDll ~. 

' p 
A=K * Hence we have 

ll (II a Txi ID Il ~ ~ Ia l pK(T) su p ll ( Il Axi 11 ) Il P. 

A~K 
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Consequent1y　we　lhaYe

　　　　　　　　　　　σ矛，μ（・T）≦ρ。（ατ）≦1・1ρ・（T）≦j・1（σ至，μ（τ）十ε）・

Henceσ多，μ（oT）≦1剛σ多，μ（T）　In　the　same　way　we　hav－e　1刻σ免μ（η≦σ茅，μ（oτ）。

Therefore　we　haYe

　　　　　　　　　　　　　　　　　　l・1σ髪，μ（T）：σ茅，μ（・T）・

Next　we　show　the　fo11owing　i鵬qua1ity：

　　　　　　　σ矛，μ（8＋τ）≦σ茅，μ（∫）十σ茅，μ（η．的…y8，τ∈蛾，μ（瓦F）・、

Foヱanyε＞O　th遣鵡e：虹就ρ亙（8）a皿diρK。（τ）一su£h　th就．

　　　　　　　　　　　σ菱，μ（8）十ε＞ρ亙（τ）・皿dσ琵，μ（τ）十ε＞ρ・・（τ）・

Therefore　for　each丘nite　set｛x1，　，x”｝m　E，we　have　the　fo11owmg1nequa11tie眺

　　　　　　　　　　　　　　　11（1∫剛）llλ≦ρ五（8）suplK1幽11ル

　　　　　　　　　　　　　　　　　　　　　　　　　　メεK

and．

　　　　　　　　　　　　　　　ll（“τ拘11）nλ≦；ρK・（T）sup　ll（1レ4均11）llμ・

　　　　　　　　　　　　　　　　　　　　　　　　　　五εK’

Consequent1y　we　have

　　　　　　　　　　　ll（l1（8＋τ）x二1）1し≦（ρ。（の十ρ。・（τ））supll（1μx－1）nμ・

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　メεKuK’

This1mp11es　thatρK（8）十ρK。（T）；≧ρKUK。（∫十丁）．　Therefore　we　have

　　　　　　　　　　　　　　　　σ髪，μ（⑳十σ多，μ（T）≧σ髪，μ（8＋T）・

Ths　pro∀es　thatσ象μ1s　a　nor皿。

　　Second．1y，assu㎜皿1g　that　F1s　a　lBanach　space，we　prove　that　g1多，μ（五，亙）1s

co㎜p1ete．　Let｛町｝be　a　Cauchy　sequence血g巧，μ（E，F）．　Then　for　g1venε＞0the

：mequa肚y　l1叫一TLl1≦σ髪，μ（η一丁㍍）＜εho1ds　for仏閉＞1V・　Thus｛叫｝1s　a　Cauchy

sequence　in　the　lBanach　space　L（亙，F）and　theref；ore　there　ex1sts　aτ∈工（亙　F）such　that

此皿11叫一Tll＝O・　S1nceσ気μ（T二一1㌃）＜εf；orπ。榊＞1V，for仏肋＞！V　and　f；or　e乱ch丘n1te
”一夢oo

set｛x、｝1≦，＜”m五there　ex1sts　a　set　K⊂∫（E多Z）、co血pact㎜the　smp1e　convergence

topo1ogy，and　we　get

　　　　　　　　　　　　　　lKl11二巧一1ふ抑11）llλ≦；εsup1Klレ4均11）llμ・

　　　　　　　　　　　　　　　　　　　　　　　　　　　五ε亙

丁肚s　imphes

　　　　　　　　　　　σ至，μ（η一τ）≦；ρ。（叫一η≦ε　for・・y醐＞1V・
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The　proof1s　comp1ete

　　　PR0PosITI0N3．　工功Eαη∂Fわθη6閉犯∂sρocω，1αZわθo週αηρcんsρoc2αη∂

肋一λo砂μ加ψ〃〃・〃ψ岬θ〃閉岬肋吻・η1θη1
　　　（1）榊∩・。年λ，伽η婦，μ（庖，F）＝｛O｝・

　　　（2）Fg巧。。，μ（凪F）＝L（凪F）・

　　　PR00F（1）Ifp・s・1b1・，1・tτ（キO）∈π髪，μ（E，F）・・d1・t（・”）∈μ∩・。＼λH…

α。may　be　assumed－to　be　pos1t1ve　forト1，2，　　Let　xo　be　an　e1ement　m　E　such

that．■xoII：1a皿d　Iぽxo”：o（キo）．　Then　we　have（■Iτ（0f／o）xo11）：（αf）∈μn　co＼λbut

（ll（oご／o）xoll）：（03／o）∈μ∩co．　For　anyλ∈工（亙，’z）we　ha▽e

　　　　　　　　　　　　　　ll（1μ（ψ）・。11洲、≦l1（1刈11（ψ）・。1）1μく…

Therefore　for　anyλ∈z（五，z），we　have（■1λ（o，／o）xo■I）∈μ　　consequent1y（（o，1o）xo）

εμz（五）∩co（E）　丁出s　contrad1ctsτ∈π髪，μ（E，F），wh1ch　proves（1）

　　　（2）　lBy　Propos1t1on1，we　haye

　　　　　　　　　　　　　　　π1。。，μ（E，F）⊂理現，μ（五，F）⊂L（凪F）・

A1so，by［6］，weha▽eπ1印，μ（E，一F）＝L（五，F）．This　imp1ies　F2巧，μ（亙，F）：L（五，F）．The

proof1s　comp1ete．

　　　THE0REM3　　L所E，Fαη∂G加〃or舳〃Ψocθ8，1θ¢Z加o週oηoc〃spocθoη∂1所

λ伽∂μ加ψ〃θλα〃ψ〃θ〃閉ρθc伽1γ．η閉：
　　　（1）（i）48∈L（E，F）・〃T∈9巧，μ（F，G），伽ηT8∈g巧，μ（厄，G）α〃σ髪，μ（τ8）

≦llsl1σ髪，μ（T）・

　　　（ii）η8∈螂，μ（五，F）α〃τ∈工（瓦G），伽附丁8∈蛾，μ（五，G）剛σ茅，μ（T∫）

≦l1τl1σ茅，μ（∫）・

　　　（2）（i）∬8∈L（週，F）伽∂咋π多，μ（F，G）、伽砲∬∈π茅，μ（瓦G）・〃π多，μ（τS）

≦l1酬π雰，μ（τ）・

　　　（五）∬∫∈π髪，、（万，亙）・〃T∈L（F，G），伽ηT∫∈π茅、μ（万，G）・・〃π髪，μ（∬）

≦llτl1π麦，μ（8）・

　　　PR00F　We　sha11prove（1）　Theproofof（2）1s　sm11ar

　　　（1）　For　each　in1te　set　of　e1e㎜ents　x1，，x”1n　E，by　our　assumpt1on　the　fo11ow一

工ng1nequaht1eS　are　VaHd：

　　　　　　　　　　　　　ll（ll　T8x－1）l1λ≦ρK（τ）sup　ll（11■4∫抑11）1lμ

　　　　　　　　　　　　　　　　　　　　　　　　　　λεK

　　　　　　　　　　　　　　　　　　　　≦ρ亙（T）I1予I惚1I（！Iイ（8／H81I）刈）Il1

　　　　　　　　　　　　　　　　　　　　≦ρK（τ）H∫ll　sup　ll（llλ均11）1し・

　　　　　　　　　　　　　　　　　　　　　　　　　　　　易εK’

Therefbreτ8∈ρ1’茅，μ（E，G）．　For　anyε＞O　there　existsρK（T）＜σ気μ（τ）十εand　by　the
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above inequality the following inequality is valid : 

a~ p(TS) ~ pK.(TS) ~ pK(T) Il Sll ~ Il Sll (a~ p(T) + 8) . 

Consequently we have cr~ p(TS) ~ IISlla~ p(T), which proves (i) 

(n) By our assumption there exists a set K c S(F, Z), compact in the simple con-

vergence topology, and for each finite set of elements xl,..., x~ in E the following 

inequality is valid 

ll (ll TSxilD Il ~ ~ Il T 11 Il (ll SxilD 11 ~ ~ Il T Il pK(S) sup 11 (llAxilDll P. 

A=K 

Therefore we have TS e Ql~ p(E, G). For any 8 > O there exists pK(S) such that 
PK(S) 

z
 _ ~ (TS) ~ 11 Tll pK(S) ~ 11 Tll (a~ p(S) + 8) . ah . P 

Therefore a~,p(TS) ~ Il TllaAz,p(S). The proof is complete 

COROLLARY. Let E be a normed space, Iet Z be a Ban,ach space and let ~ and 

// be of type A and of type M respectively. Then QI~ p(E, E) (resp. Ic~ u(E, E)) 

is a two side ideal in L(E, E) and for S e QI~ u(E, E) (resp. S e lcAz,p(E, E)) and T 

e L(E, E), the following inequalities h,old : a~ p(ST) 
z
 ~1cA,P(S) Il TID and a~ p(TS) 

We use the following result of [6] . ' ' 

LEMMA 2. Let h be of type A. Then'we have AREc~[E] 
Now we denote by ~ R *. F the quasi-normed space ~ RF with the topology induced 

by the quasi-norm oeh and also by pR,~ E (resp. //R*~* E) the normed space l/RE 

(resp. the semi-normed space // RE) with the topology induced by the norm 8~ (resp 

the semi-norm 8pz*). 

PROPOSITION 4. Let E and F be normed spaces, Iet Z be a Banach space and 
let ~ and ,l be'of type'A and~of type M 'respectively. If T: 'E->F, 'we have the fbllow-

ing properties : _ - ' ' ' (1) Let ~ be of type M and let Ql~ p(E, F) ~ {O}. Then T belongs to Ql~,p(E, F) 
if and only if there exists a set Kc~(E, Z), compact in the simple convergence 

topology, such th.at IRT: //R,~* E->hR.AF is continuous. 

(2) Let /1~/* and let 7z:~,p(E, F)~{O}･ T-hen T belongs to lc~,p(E, F) if and 

only if l~)r: //R,~ E~:AR.* r is continuous. 

PRooF. We shall prove (1). The proof of (2) is similar]. . Assume ' that there 

exlsts a: set K c S(E, Z), compact in the Lsimple convergence topology, such that IRT: 

,lR,~~ E~hR.. F is continuou. s and T do~s not belong to. Ql~ p(~, F), _' Then~for any 

positive integer j the~re exists a fi~hite set {x~ } i~i~.(j)' in E satisfying dA((Tx~)) > j8pz*((x~)): 
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Smce i~il eiRxi= ~ (O,..., O, xi, O,...)=(xl""' xn' O,.. .), we have 

.= i=1 
och(IRT( ~ eiRx!)) = ocA( ~. eiRTxi) -

i= I ~ i=1 
= oc~L(( Tx~)) > j8/lZK((x~)) 

= j811ZK( i~il eiRxi) . 

Consequently IRT: //R.uZk E~hRaJL F is not continuous. This is a contradiction. 

Thus the sufficiency is proved. Conversely, assume that Te QI;Lz,Il(E. F). Then' there 

exrsts a set K c S(E, Z), ccuirpact in the simple convergence topology, such that . T : 

//~(E)~~[F] is continuous. Therefore IRT: /lR,~k E->hRaA F is continuous, for 

pRc~ E c//~(E) and t and IRThave the same values on ,lRE. This completes the 

proof . 

S 3. Sorne imclusion relatioms 

Suppose that cc and p are sequence spaces. We define oc ' P = {(x~y*)1(x~ e oc, 

(J'*) e P} . Here we denote by D(p, oc) the set of diagonal matrices carrying P into oc. 

We use the following results of Crofts [4] . 

LEMMA 3 D(p oc) c(p oe")* and, if oc is a K6the space, D(p, oe) =(P ･ oc*)*. 

PROPOSITION 5. Let E and F be normed spaces, Iet Z be a Banach, space, Iet 

~1 and A2 be of type A and let pl and /l2 be of type M. T/-ren : 

(1) Let ~l and A2 be of type M. Then if plDp2 and ~2D~l' then QI;Lzi.Pi(E, F) 

c QljLZ2 p2(E, F). 

(2~ If/11~)p2 Qnd h2Dhl' then ~hzl'pi(E, F)clc~ p2(E, F). 

THEOREM 4. Let E and F be normed spaces, Iet Z be a Banach space, Iet A and 

~ be of type A and let // and p be of type M. Then: 

(1) Let h and h be of type M. If there exists a sequence space v cl~ satisfying 

the condition v ' PC/1 and (v ' ~")" cA~, then we have QI~,p(E, F) c Ql~,p(E, F). 

(2) If there exists a sequence space vcl* satisfying the condition v ' PCp and 
(v ' h")' ch~, then we have lr~ p(E F) clc~ p(E F) 

PROoF. We shall only prove (1), since the proof of (2) is similar. Let 
Te Ql~ ~(E, - F.), " Theli- thete' exists a Set. K c S(~,~ Z), .60rtLpact in _ther ~ simple - eOhver-

gence ..topology)~ such -that ' ()cD e-p~(E) implies (Txi) e ~[F]. If~-(x~ e p~~(E), for~ aily 

oe~(oci) e v and for any A e K Wle have (6cillA~ilD=0e(IIA)cilD ~ v ! pcp. Therefore we 

have focl:(If Txil[)=(ll T(oeix,.)ID-eh. Since h is ~solid, oc(II TxilD-e h and therefore' we have 
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(ll TxilDeD(v, h). Hence by Lemma 3 (ll TxilDe(v ' ~*)*cA~. Thus T is (Z; ~~, p)-

quasi-integrable operator. The proof is complete. 

COROLLARY. Let H be a Hilbert space, Iet F be a Banach space and let A and 

ll be of type A 'and of type M respectively. Then ifADp and ~ is a K6the space, we 

have lc~ p(H, F) = L(H, F). 

PRooF. Set v=(If･//)*=/1*' Then v'llcll and (//*'I~)*=//**cA"*=A. By 
Theorem 4 we have lc~ p(H, F) :D IclZi,li(H, F) and by [2] we have lclz;,1*(H, F) 

= L(H, F). Therefore we have IT~ u(H, F) = L(H, F). The proof is complete 

S 4. The cemposit'lom theorem 

DEFINITION 4' A Banach space F is said to have the extension property if each 

operator To e L(Eo, F), Eo being anJ' Iinear subspace of an arbitrary Banach space 

E, can be extended to a Te L(E, F) preserving its norm. 

THEOREM 5. Let E, F and G be normed spaces, Iet I ~p
(i= 1, 2) be real numbers such that 1/p+ 1/rl ~; 1lr2' Iet hl and ~2 be sequence spaces 

of type A satisfying ~2 D~l ' Ip, and let us assume that Z is a Banach space having the 

extension property. Then for any TeQll;.,lp(E, F) and S e ~~l'l'l(F, G) the 

composition ST belongs to Ql~2'1'2(E, G) and satisfies aAZ2'1'2(ST) ~ C7zjLZ1'1'i(S) . 

alzp,lp(T), where C is a constant. 

PRooF. It suffices to prove the assertion under assumption 1/r2 = 1/p + 1lrl' 

Since T is a (Z ; Ip, Ip)-quasi-integrable operator, by [2] there is a probability measure, 

that is, a regular positive Borel measure // with total mass I on a set K c S(E, Z), 
compact in the simple convergence topology, such that ll Tx ll ~ pK(T)(J IIAX llPd//)1/P 

K 
for every x e E. Let {xi}1~i~~ be an arbitrary finite set of elements in E. Put xi = 
x~~i Where ~i = (J llAxill'2dll)1/P Then by our assumption, it follows that 

K 

II (II STxi lD Il A2 ~ CII(ll STx~ ID 11 ;LI ' II(ll ~i lD Il lp 

' i B=s(F,z) i (,"I JKlIAX Il'2d// 1/P 
)
,
 

~C1~:~ il' (S) sup ll(lIBTx~IDlll' 'l ,~.___ I i 

where C is a constant. Here there exists a Z-scalarly measurable and Z'-valued deriva-

tive gn such that the terms of form 

 , n e Z', can be written as 

f
 

 = 
dp K 

wrth gn e Lz'w(K, //) for all n e Z' satisfying the inequality 

l/P )
 

ll9nll P'd/ / -

K 
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In fact, Iet E~(K, ll) be the subspace of L~(K, //) which is constituted by the rest class 

ip^* for ip*(A) = Ax e L(K, Z). Then for each B e L(F, Z), there exists a linear operator 

PB on E~(K, p) into Z defined by 

 = BTx. It satisfies 
ll 

 Il - - (jK ) . 
Since Z has the extension property, we obtain the above result by [1]. Hence by 

Holder's inequality, we obtain 

I

l~J IIAXll ll9nlldll K 

- iK 

Replacing x by x~ in the above inequality, we obtain 

'i/'~ l 

 l'i~()C IIAxill'21l9nIIP'dp)()C Il9nIIP'd//) ' 

lIBTx~ll'i= sup I 

 l'l 
llnl ~l 

)
(
J
 

(sup ll9nlDP' d// ' 

K Ilnl ~1 K llnll~l 
Finally, we get 

i/'1 
( ~ IIBTx~ll'i)1/'1~~) ( ~ IIAxill")(sup ll9 lDP'dll 

l n ~1 Ki i=1 

(
J
 

x sup ll9nllP'dll)1/'~ 

K Iln ~1 

~ sup ( ~ llAxill'2)1/'i sup ll9 IIP'd// 1/P' 

_ ( J n ) -1 Inl~1 K A=K i 

Consequently we have 

ll(lISTx lDll 
- A1'1'1 A=K i=1 

The proof is complete. 

PROPOSITION 6. Let E, F and G be normed spaces, Iet I ~p
1/p+ 1/r~ 1, Iet ~ be of type A sati~"'fyin9 Ip ' A c ll and assume that'Z is a Banach space 

havin9 the extension prop~rty. Thenfor an,y Te Qllz.,1'(E, F) qnd any S e lc~,1'(F, G) 
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the composition ST belongs to. STe Qllz*,1*(E, G). 

PRooF. In case of p = 1,_this is clear by Theorem 3. We shall show this in case 

of p>1. Put 1/p + 1/p' = 1. Then it satisfies ~ c lp, and l.Dlp,. By Proposition 5, 

S e 7c~,1'(F, G) c7clz..,1.'(F, G). - Hence applying Theorem 5 to S and T, we obtain 

STe Qllzl'll(E, G). Thus the proof is complete. 

S 5. Special cases 

LEMMA 4. Let E be isolnorphic to a su.bspace of L1(//) for a measure space 

(K, ~, /1), Iet F be any norlned space, Iet Z be a Banach space and let ~ be of type M. 

Then Te L(E, F) belongs to FQI~ l*(E, F) if and only if for any S e L(co, E) the 
composition TS belongs to FQI~,1*(~o' F). 

PRooF. By virtue of Theorem 3 it is clear that if TeFQI~, l*(E, F) and S e L(co' E), 

then T S e FQl~, l*(co' F). Conversely, we assume that T e L (E, F) satisfies the 

condition TS e FQl~,1*(co' F) for any S e L(co' E) but T~:FQl~ l'(E, F). Then 
there exists a sequence {xi} c E such that ~xi converges unconditionall~ and ll(ll TxilDll ;L 

= oo . Here we define S e L(co' E) by S((~i)) = ~ aixi for each (ai) e co' Then we have 

II(II TS(ei)lDllk=0o. Since by [3] L(co' Z)=11(i), we have ~ IIAeill 

L(co' Z) n A(co' Z). By virtue of Theorem 1, this is a contradiction and the proof is 

complete . 

THEOREM: 6. Let E and F be normed spaces and let Z be a Banach space. Then : 

(1) Let ~l and ~2 be of type M (resp. A). Then if 12 ' A1 ::)~~ and ~2 is a Kdthe 

space, we have Qlhz,,1*(E, F) c QI~, l'(E, F) (resp. 7cjLz, l'(E, F) c 7c~ l'(E. F)). 

(2) Let ~l and ~2 be of type M, Iet E and F be the salne spaces as in Lemma 3 

and assume that Z has the extension property. Then if 12 ' ~~c~~ and ~l' ~2 are 

Kdthe spaces, we have FQl~*,1*(E, F) DFQljLZ.,1'(E, F). 

PRooF. (1) Putting v=(I~ ･ 12)"=12' we have (12 ' A~)*c~~*=~2 and 12 ' 12 C 11' 

Therefore by Theorem 4 QI~*,1*(E, F) c QI~. , l'(E, F). 

(2) Let TeFQl~, , l'(E. F), S e L(co' E) is always 2-absolutely summing and 

therefore (Z ; 12' 12)-quasi-integrable by Proposition I . Since (12 ' A~) c ~~, it follows 

that 12 ' ~2 C A1' Therefore by Theorem 5 we have TS e FQlhz*,1'(co' F). Hence by 

Lemma 4, we have Te FQIAZ* , l*(E, F), which completes the proof. 
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