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In the previous papers [6:1 and [7], the structure of L-compatible orthodox selnigroups has 

been studied. In particular, it has been showm that an orthodox semigroupi S is L-compatible if 

and only if S is an orthodox right regular bamd of left groups. Im this paper, a comstructiom 

theorem for L-compatible orthodox semigroups is established. Further, the constructiom of L-

amd H-compatible orthodox semigroups is also discussed. 

S 1. Introductiom 

A band B is said to be left regulal', right regular, regular, Ip..ft semi.regular or 

rig.ht selniregular if B satisfies the corresponding identity, xyx = xy, xyx = yx, xyxzx 

= xyzx, xyzxyxz = xyxz or zxyxzyx = zxyx. Let I be a band. A semigroup S is 
called a band I of semigroups Si if it satisfies the following conditions : 

(1.1) (1) S=~{Si: i e I} (disjoint sum), and 

(2) SjSkCSjk for all j, kel. 

In this case, we shall denote it by S ; ~ {Si : i e I}･ If S and each Si are orthodox 

semrgroups, then S is especially called an orthoclox band I of orthodox sem,igroups Si 

In Schein [2] , the construction of bands of monoids has been studied and in particular 

a mce construction was given for [1eft, right] regular bands of monoids. A semigroup 

S is said to be L [R, H]-compatible if the Green's L [R, H]-relation on S is a con-

gruence. In the previous papers [6], [7] of the author, the structure of L [R, H]-

compatible orthodox semigroups has been studied and the following results were 

established : 

I. An orthodox semigroup S is L-compatible if and only if S is an orthodox right 

regular band of left groups.1) 

II. An orthodox semigroup S is L- and H-compatible if and only if S is both an 

orthodox right regular band of left groups and a band of groups. 

In the case II, the set E(S) of idempotents of S is a right regular band of left zero 

senugroups (see [4]). Therefore, E(S) is a right semiregular band. Hence, the result 

1 ) A semigroup S is called a left group if S is isomorphic to the direct product of a left zero semigroup 

and a group. 
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II above can be rewritten as follows : 

III. An orthodox semigroup S rs L- and H-compatible if and only if S is an 

orthodox right semiregular band of groups 

The construction of L-compatible orthodox (or more generally, regular) semi-

groups has been investigated by Warne [3]･2) Let I denote a lower associative semi-

lattice Y of left groups, and J an associative semilattice Y of right zero semigroups 

Warne [3] proved that a semigroup S is a band of maximal left groups if and only if 

S is a Schreier product of I and J for some I and J. 

In this short note, we shall give a construction for L-compatible orthodox semi= 

groups and that for L- and H-compatible orthodox semigroups in the direction of the 

method given by Schem [2] . 

S 2. L-colnpatible orthodox semigroups 

Let S be an L-compatible orthodox semigroup, and E(S) the right semiregular 

band of idempotents of S. As was shown in [6], S is of course a right regular band 

A of left groups SA : S :~ ~ {Sh : ~ e A}. Let Gh be one of the maximal subgroups of 

SjL for each ~ e A. Then, every x e SjL can be written in the form x = eg, where e e 

E(S;L) (the set of idempotents of SJL) and g e GA. For any x, y e S~, it follows that 

x=eg, y=ft, e, feE(SA) and g, t e GJL imply xy=efgt=egt. Hence, the mapping 
ep : Sh->E(S;L) x GA (the direct product of E(SjL), GA) defined by xep=(e, g), if e e E(S~), 

g e Gh and x = eg, gives an isomorphism of SjL onto E(SA) x GA. 

Hereafter, we shall simply denote E(S~) by Eh. Now, define a relation p on S 

as follows : 

(2.1) xpy if and only if x, y e Sh for some A e A, and x = eg and y =fg for some 

e, f e EjL and g e GjL. 

It is easily seen that this condition (2.1) is equivalent to the following : 

(2.2) xpy if and only if x, y e SA for some ~ e A, and ex = ey for some e e EA. 

LEMMA 1. The relation p is a congruence on S, and S/p is an orthodox right 

regular band A of the groups Sh/p : S/p ~ ~{SA/p : ~ e A}-

PRooF. It is obvious that p is reflexive, symmetric and transitive. Now, Iet 

c e S, and xpy. Then, there exists ~ e A such that x, y e SA. Since xpy, there exists 

also e e EA such that ex = ey. Hence, xy~1 e E1 (where y~1 denotes an inverse of y 

in the maximal subgroup containing y). Now, cxy~1c~1=feSA* (since cxy~1c~1 
e S*A.=SA.), and f is an idempotent. Further, we have cxy~1c~1cy =fcy, cc~lcxy~1 . 

cc~1yy~1y=fcy, cxy~1y=fcy, cxx~1xy~1y=fcy, cx =fcy, and consequently fcx 

2) The general theory of orthodox unions of groups has been studied by many papers (for the outlines 

of their papers, see Clifford [1]) 
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=fcy. It is easy to see that cx, cy e S.h and both S,jL and SA* are contained in a rec-

tangular group component (kernel) of the greatest semilattice decomposition of S 

Hence, fhelcx =fhe2cy, where el' e2 are the identities of the maximal groups con-

tammg cx and cy respectively, and h is an element of E*A. Since fh e SA*h and A is a 

nght regular band, fh e S*A. Hence, fhcx =fh.cy and fh e S,h. This implies that 

cxpcy. Next, we shall show that xcpyc. First we have ex = ey, exc=eyc, eeA.xc 

= ee~,yc (where eh, and e~. are the identities of maximal subgroups containing xc 

and yc respectively), eh.eeA,xc = eh,ee~,yc, and consequently eA.xc = e~.yc. Thus, 

xcpyc. It is easily proved that each S;Jp is a group and S/p is an orthodox right 

regular band A of the groups SAlp. 

In S/p = ~ {SA/p : ~ e A}, define epA : SA/p-~Gh by egepjL = g (where eg is the p-class 

containing eg, and e e E;L, 9 e G~). Then, ep;L is an isornorphism. Therefore, if eg 

rs identified with g and if SjL/p is identified with G;L then S/p can be considered as an 

orthodox right regular band A of the groups G;L : S/p ~: ~ {GA : ~ e A}. We shall denote 

the multiplication in S/p by * 

Now, for eg e SA (e e EA, g e GA) and ft e S. (fe E*, t e G.), 

egft = egfg~1gft (g~1 denotes an inverse of g in Gh) . 

Define ~ : E->E by f~ ( = f~) = gfg~i (where E = E(S), that is, the band of all idem-

potents of S) 

For x e SA and y e S*, where x = eg, y =ft, e e E;L, 9 e GA, fe E, and t e G*, 

(2.3) xy = egft=ef~gft=ef~uA*g*t (where uJL. is some element of E;L.) = ef9uh*1jL*g*t 

(where IA is a representative of Eh for each h e A) = ef~1A,g*t (since f~ e E.~ 

and the elements f~, I h, and uA* are contained in the same rectangular band com-

ponent (kernel) of the greatest semilattice decomposition of E). 

Therefore, for z e S6 (where z = hv, h e E6 and v e Ga) 

(xy)z = x(yz) implies that e(f h~l .a)~lk*5x*y*z 

~ = ef ~lh.hg*tlh.6x*y*z . 

Hence, we have the following 

(_2.4) (1) For any g e Gh (A e A), ~ maps E. into E.;L (~ is necessarily a homomorphism 

on E.), and the restriction of ~ to EA (that is, ~ I E~) maps E;L to a single element of 

E~, 

(2) e(fh~l.a)~1;L.a=ef~1A.h~~~1h.6 for e e E~, feE., h e E5, g e G~ and t e 

G.. 

If we __ denote x_ by (e, g) if_ x = eg, e e Ek and g e Gh, then S = {(e, g) : e e E~, 9 e G;L, 
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~ e A} and the multiplication in S is given as follows : 

(2.5) Fdr x = (e, g), y = (f, t) (where x e SA, y e S*), 

(e, g)(f, t)=(ef~lk., g*t) . 

Conversely, Iet A be a right regular band. Suppose that G ~~ ~ {G~ : A e A} is an 

orthodox right regular band A of groups GA and E = ~ {EA : ~ e A} is a right regular 

band A of left zero semigroups E~. Let ljL be a representative of E~ for each A e A. 

For each g e G, Iet ~ be a mapping of E into E such that the system {~ : g e G} of ,all ~ 

satisfies the condition (2.4) above. Then, S = ~ {EA x GA : ~ e A} becomes an orthodox 

right regular band A of the left groups E;L x G1 under the multiplication defined as 

follows : 

For (e g) e E x G and (f t) e E, x G., (e, g) (f, t)=(efglh., g*t) , 

where * is the multiplication in G. 

Summarizing the results above, we obtain the following theorem : 

THEOREM 2. Let A be a right regular band. Let G~:~{Gh:~eA} be an ortho-

dox right regular band A of groups GjL, and E~ ~{Eh: ~eA} a right regular band 
A of left zero semigroups Eh. Let 1;L be a representative of EjL for each ~ e A. ~or 

each g e G, Iet ~ be a mapping of E into E such that the systeln {~ : g e G} sati~',fies 

(2.4). Then, S=~{EA x GA: ~ eA} becomes an orthodox right regular band A of 
the left groups EA x Gh under the Inultiplication defined as follows: 

(2.6) For (e, g) e E* x G. and (f, t) e Ep x Gp, (e, g)(f, t)=(efgl.p, g*t) , 

where * denotes the multiplication in G. Accordingly, S is an L-compatible orthodox 

semigroup. Conversely, every L-compatible orthodox selnigroup can be constructed 

in this way. 

REMARK I . A construction for orthodox right regular bands of groups can be 

obtained as a special case of Theorem 3 of Schein [2]. 

2. It has been proved by [7] that an orthodox semigroup S is both L- and R-com-

patible if and only if S is an orthodox regular band of groups. On the other hand, a 

construction for such semigroups can be obtaiped as a special case of Theorem 4 of 

Schem [2] 

S 3･ L--amd H-colnpatible orthodox selnigroups 

It has been shown by [6] that an orthodox semigroup S is both L- and H-com-

patib_le . if ~nd only if S is a band of groups and an orthoddx right regular band of left 
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groups. Accordingly, S is L- and H-compatible if and only if S is an orthod6x right 

semiregular band of groups. 

In this section, w~ shall consider the construction of L- and H-compatible orthodox 

senugroups 
Let S be an L- and H-compatible orthodox semigroup. Then, there exist a right 

semrregular band r which is a right regular band A of left zero semigroups r;L (that is, 

r ~ ~{rA : A e A}) and a left group Sh for each ~ e A such that 

(1) S is an orthodox right regular band A of the left groups SjL : S = ~ {S;L : ~ e A}, 

(2). S1 is a left zero semigroup F~ of groups G~i : S;L = ~ {G):i : hi e r~} (hereafter, ele-

ments of FIL are denoted by ~i, ~j, etc.), and 

(3) for any Ai e FA and Tj e F., G~iG,j c Ghilj holds. 

Denote the identity of G~t by ejLt' 

Now, we mtroduce a quasiorder ~ in A as follows (see [2]) : For oc, P e A, p ~:oc if 

and only if pocP = P･ Since A is a right regular band, ir; this case ocp = P holds. 

For any cci e ra' Pj e rF such that oc ~ p, define a mapping f.i.Pj : G*i->rJpj by 

x f*i,Pj = epjxepj 

For x y e G.i, we have epjxepjyepj epjxepje.tyepj epjxyeF (smce epje.i is the identity 

of Gpj"i (3 epjx)). Hence, f.i,Pj Is a homomorphism: Now, Iet us consider the system 

{f.i,Pj: oc, P e A, oe~ p, cci e r., pj e Fp}･ For oci e r., pj e rp and yk e Fv such that oc~~ P 

~ y, we can prove by simple calculation that xf.i,Pj fpj,vk = xf.i,vk for all x e G.i. Fur-

ther xfai"j=e xe = . plication 'by e.j. e x for oc,, OCJ e r and x e G Therefore, f.i,aj is the left multi-
'j "j ". 

From the results above, this system satisfies the following : 

(3.1) (1) For any oc e A and for any oei, ocj e ra' f.i,aj ~ the left-multiplication by eaj' 

(2) for oci e ra' fij e rp and yk erv such that oe:~P~y, 

fai. Pj fftj,vk = fai,vk' 

Now, it is easy to see that the multiplication in S is given as follows by using this 

system : 

(3.2) For x e Gai and y e Gpj, 

x y = xe.iepj y = xe.iPjy = (eaiPj , ye.iPj) xeaiPj) (eatp ' 

~ = (x fai,a~pJ) (y fpj,aiPj) '-: 

Conversely, we hav~ the following : 

LEMMA 3. Let r be a rtyht semirp_gular band which iS a ' right regular band-
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A of left zero semigroups rh: r= ~{rA: A eA}. For each A eA, Iet SA be a left zero 

semigroup FA of groups GAi (hence, SA is a left group): SA~~{GAi : Ai e r~}' Let 

eli be the identity of GAi for ~i eFA, ~ eA. Now, Iet F={f.i,pj: oe, peA, oc:~p, oci 

e r., pj e Fp} be a system of holnomorphisms f.i.Pj : G.i->Gpj such that it sati.",fies 

(3.1) (s'uch a system is called a direct systeln on {G;Li : F1' F(A)}). Then, S= ~{SA: 

A e A} becomes an orthodox right regular band A of the left groups SA and is a right 

semiregular band r of the groups Ghi under the multiplication * defined as follows: 

(3.3) For x e G.i and y e Gfj, 

x* y = (xfi ~ /1' f ) ,) v JPj,"iPj ' "i,"iP . 

That is, S(*) ts an L- and H-compati~1e oltlrodox semig7'oup. 

PROOF. Frrst we shall show that S(*) rs a semrgroup. For x e G.i, y e Gpj and 

z e Gvk' 

~( f (x* y)*z = ((x f.i Pjvky f )fi ) ¥ZJ vk,"iPjvk) 
. Pj,"ipj "iPj,"'Pjvk 

f
 

= (xJ.i,"iPjvk) (y fpj,",pjvk) (z fvk,"iPjvk) ' 

Smilarly, we have 

x*(y*z) = (xfi ) (y fpj,"ipjvk) (z fvk,"iPjvk) ' 
"i,"i P jvk 

Hence, S(*) is a semi~roup, Next, for x e G*i and y e G.j it follows that 

x*y = (x f.i,"i"j) (y f.j,"i"j) = (x f.i "i) (y f ) = e xe.iy 

, . "j,"i "i 

=xy (in S~ . 

Therefore, S. is embedded in S(*). Further, for any x e G.i and y e Gpj 

x* y = (x f.i,"iPj) (y fpj,aiPj) c G.iPj c S.p . 

Thus, S(*) is a right regular band A of the left groups S;L and is a right semiregular 

band F of the groups G*i. Especially, if we put e.i = x and epj = y in the equality abov~ 

then we have e.i*epj = e.iPje.iPj = e.iPj. Hence, the set E(S(*)) of idempotents of S(*) 

is a band which is isomorphic to r. Therefore, S(*) is an orthodox semigroup. 

From the results above, we have the following theorem 

THEOREM 4. Let r be a right semiregular band which is a right regular band 

A of left zero semigroups Fh: r~ ~{rk: h e A}. For each h e A, Iet S;L be a left zero 

semigroup rh of groups CAi : S~=~{Ghi : ~i e r~} (hence, SjL is a left group). Let 

ehi be the identity of G~i for ~i e rA, h e A. Let {f.i,Pj : oe, P e A, Qe~: P, oci e r., pj e Fp} 

be a direct system, on {Gii: rh, r(A)}. Then., S=-~{SjL: ~ e A} is ah orthodox 1;ight 
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regular band A of the left groups SA and is a right semiregular band r of the groups 

G~* under the multiplication * defined by (3.3). That is, S(*) is an L- and H-com-

patible orthodox semjgroup. Conversely, every L- and H-colnpatible orthodox semi-

group can be constructed in this way. 

REMARK The followrng result was established by [5] : Let F be a right semi-

regular band, and r - ~ {F6 : 6 e A } the structure decomposition3) of r. Let G be a 

semilattice A of groups G~ : G ~~ ~ {G6 : 6 e A } ･ Then, the spined product Fr~8G(A) 

of F and G is an orthodox right semiregular band of groups, and accordingly Fe~lG(A ) 

is an L- and H-compatible orthodox semigroup. Further, every L- and H-compatible 

orthodox semigroup can be constructed in this way 

Theorem 4 above gives another construction for L- an d H-compatible orthodox 

semigroups in the direction of the method given by Schein [2] 
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