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INTRODUCTION

In 1993, Burstall-Ferus-Pedit-Pinkall([BFPP]) found a certain class of solu-
tions to the harmonic map equations of R? into compact symmetric space and
they called a harmonic map which belongs to this class a harmonic map of finite
type. In case of two-torus, a sufficient condition for a harmonic map into com-
pact symmetric space be of finite type is semisimplicity of the (1,0)-part of the
pullback of the Maurer-Cartan form for target symmetric space, which is denoted
by al,. In this case, the corresponding harmonic map is said to be of semisimple
finite type. These results and notions were extended as primitive harmonic map
of semisimple finite type for k-symmetric spaces as target in [BP] and [B]. Using
this sufficient condition, they showed that any non-conformal harmonic map of
two-torus into compact symmetric space of rank one is of finite type. After their
works, it was shown that some harmonic maps of two-torus are lifted to primitive
harmonic maps of semisimple finite type into some k-symmetric space. For ex-
amples, non-isotropic weakly conformal harmonic two-torus essentially has such
a characterization when the target manifold is

(1) a sphere or a complex projective space([B]),

(2) G2(CY) or HP¥([U1], [U2)),
where G5(C*) is a complex Grassmannian manifold of 2-planes in C* and HP? is
a 3-dimensional quaternionic projective space. After a while, Burstall and Pedit
([BP2]) showed that any primitive harmonic map of semisimple finite type of
R? into a k-symmetric space is in a dressing orbit of a vacuum solution, where
vacuum solution is a primitive harmonic map with «aj,(0/0z) being a constant
normal matrix for fixed coordinate z on R?, hence of semisimple finite type. After
that, McIntosh([M2], [M3]) gave another method of constructing non-isotropic
harmonic maps (which is covered by primitive harmonic map of semisimple finite
type)of R? into a complex projective space. Moreover, he showed that there is
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a bijective correspondence between the spectral data {w : X — P! L} which
satisfies the certain conditions and the linearly full non-isotropic harmonic maps
of R? into a complex projective space, which are of finite type by a recent result
obtained in [OU].

In this paper, we review the Mclntosh’s construction of harmonic maps into
complex projective space and give some examples coming from some spectral
curves of genus zero and one. Moreover, we give some examples of harmonic
maps of R? into G3(C*) extending the method of McIntosh’s construction. They
are harmonic maps of non-semisimple finite type. When the pullback of the
Maurer-Cartan form o/(0/0z) is a constant matrix for fixed coordinate z, the
corresponding harmonic map is R2?-equivariant and of finite type. If o/(9/0z)
is a constant matrix with respect to some fixed coordinate system, then it is a
semisimple matrix, however, a/, (0/0z) is not always semisimple. When o, (0/0z)
is non-semisimple matrix, there are essentially two types of o’ after some choices
of the basis and their S!-families. One of them is obtained by spectral curve
of genus zero and some hyperplane line bundle of degree 3. The other one is
obtained by dressing action of the former one. It is observed that the dressing
actions preserves the isotropy order of the harmonic map. The harmonic map
obtained by the spectral curves of higher genus is in the dressing orbit of the
harmonic map with same isotropy order obtained by the spectral curves of genus
zero. In fact, the relation between the dressing actions on harmonic maps of finite
type and the dressing actions on the spectral data is made clear.

1. REVIEW OF MCINTOSH’S THEORY

First of all, we give a definition of the spectral data :

Definition. A triple (X, m, £) is said to be a spectral data if they satisfy the
following conditions ;
(1) X is a compact Riemann surface of genus p with real structure (i.e., anti-
holomorphic involution) px,
(2) there is a holomorphic covering map 7 : X — P! with deg(n) = n + 1 such
that 7o px = 7 !(=a real structure of P') and the divisor of 7 is given by

(7T>:(m+1)PO+P1+"'Pn—m_(m+1)QO_Ql_"'_Qn—ma

where Q; = px(P;) for j =0,1,--- ,n—m,
(3) L is a complex line bundle over X of degree (n+p) such that f : L&px. L —
Ox(R) is a px-equivariant (px.f = f) isomorphism, where R is the ramification
divisor of m and Ox (R) is the line bundle corresponding to R,
(4) px fixes each point of the preimage Xgr of th equator S} of P}, 7 has no
branch points on Xg and f is non-negative on Xg.

Given a spectral data (X, m, L), we see from the Riemann-Hurwitz formula
that deg(R) = 2n + 2p. Then, the condition (4) above guarantees that there
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is some positive divisor D on X with deg(D) = n + p such that R = D +
px«(D). If we identify £ with a divisor line bundle Ox (D) for some divisor
Dy on X, the condition (3) above implies that f is a rational function on X
with a divisor (f) given by (f) = (Do + px«(Do) — D — px.«(D)). We introduce
a Hermitian inner product on HY(X, £), which is the vector space of all global
holomorphic sections of £. Denote by 7,L the direct image sheaf of £ by m,
ie., [(U,mL) = I'(m~Y(U), L) for arbitrary open subset U of PX. Therefore,
HY(X,L)=H(P}, m.L). Set A=Pi\{0,00} and I = Iy U I, where I (resp.
I) is an open neighborhood around A = 0 (resp. A = oo) which contains no
branch points except A = 0 (resp. except A = co). Hence, P} = AUI. Next, set
XA =7"YA) and X; = 7~ 1(I) so that X = X4, UX;. Then we define a bilinear
form h on I'(X 4, L) x I'(X 4, £) by

h:T(Xa, L) xT(X4,L) 3 (v,w) — Tr(f-v@px-w) € CIAH N,

where C[A\71, )] is the ring generated by A\, A\~! over the field C. Notice that
f v ® pxsw is a holomorphic section of Ox(R) over X 4, whence its trace is a
holomorphic function on A. Take a point P of P}. Then we have

h(v,w)(P) =Y f(z)-v(@)wlpx(z)).

zem—1(P)

The summation is taken over all points {xq, -+ ,z,} = 7~ 1(P) and it is counted
with multiplicities if P is a (or an image of) branch point. Since a global holomor-
phic function on P} is a constant and f is px-equivariant, we see that h |goy go
defines a Hermitian symmetric form. The positive definiteness of h | oy o de-
pends on the choice of f. The condition (4) of the spectral data guarantees that
h | o go is positive definite. Thus, A |goy go is a Hermitian inner product.

Lemma 1.1([M2]). m.L is a rank (n + 1) trivial bundle over P .

Since h°(X, L) = dimH°(X, L) = n + 1, it follows from the Riemann-Roch
formula that h'(X, £) = 0, in which case L is called non-special.

To construct a map from R?, we need to define a parallel transport of a
section of £ to a section of a line bundle over R?. Let J(X) be the Jacobian
variety of the spectral curve X. The set of all line bundles L € J(X) which satisfy
px+L = L™! forms a subgroup of .J(X) by a tensor product. We denote by Jg (X)
the connected component of the identity of this subgroup. For any L € Jr(X),
we see that a line bundle £ ® L satisfies (L ® L) ® px«(L® L) =2 Ox(R). In
this case, we say that £ ® L is real. Note that when we replace £ by £ ® L
for L € Jr(X) we see that f is still non-negative on the preimage Xgr of the
equator S3. Since deg(L£ ® L) = n+ p, it follows from Lemma 1.1 that 7, (L ® L)
is a rank (n + 1) trivial bundle and h°(X,£ ® L) = n + 1. Now, consider a
complex vector bundle H°(X) — Jgr(X) of which the fibre at L € Jr(X) is



90 SEIICHI UDAGAWA

given by a (n + 1)-dimensional complex vector space H%(X, L ® L). Recall that
X = X4 U Xy, Aline bundle L € J(X) is trivialized over X4 or X;. We denote
by 6 4 and 60; trivializing sections over X 4 and X, respectively. Over X 4N X7, we
have a transition relation §; = e*84. Thus, for L € Jg(X), we have a 1-cocycle
(e®, X 4, X1). Conversely, a 1-cocycle (e, X 4, X1) defines a line bundle L with e®
as a transition function. Then, consider amap L : g =I'(XaNX;, Ox) — J(X)
defined by a — L(a), where L(a) is a line bundle with a transition function e®.
Set gr = {a € g | px«a = —a}. Then, we see that Im(L |¢,) = Jr(X). Now,
fix a trivializing section 6 for £ over X; such that Tr(f -6 ® px.«0) = 1. For
a € gr, set 0, = 0 ® 07, which is a trivializing section for £ ® L(a) over Xj.
For 0, € I'(X 4, L ® L(a)), define 1,(04) by to(0s) = €*(04,0;1)0. Then, we have
ta(0q) € T'(X 4, L)(see [M2]).

Consider a map a : R? — ggr defined by z — a(2,%z) = 2! — 2¢, where
¢ is considered only on X4 N (Up U Us), where Uy (resp. Us) is a connected
component of Xy (resp. X)) which contains Py (resp. Qo). Then L(a) is a 2-
parameter subgroup of Jr(X). Fix h-orthonormal basis {r;} for H°(X, £) such
that (HY(X,L),h) — (C""1 < >) is isometric. We decompose the vector
bundle H°(X) — R? into line subbundles which are orthogonal to each other.
For the purpose, define the following line bundles, of which the sheaf of germs of
holomorphic sections are subsheaves of the sheaf of germs of holomorphic sections

of L :

(1.1)
Li=L@Ox(—(m—j)P—jQo— Y P) for j=0,1,---,m—1,
=1
Em =L & OX(_mQO).

Then, each £; is non-special for j = 0,1,---,m. Therefore, we also see that
each £; ® L(a) is non-special for j = 0,1,--- ,m and for arbitrary a € gr. The
Riemann-Roch theorem yields that

1 for j=0,1,---,m—1,

n+1l—m for j=m.

(X, L; ® L(a)) = {
We have
H(X,L® L(a)) = é H°(X,L; ® L(a)) (h— orthogonal sum).
§=0
Let {so, -, sn} be an orthonormal basis for HY(X, £) such that s; € H°(X, L;)

for j =0,1,---,m—1and sy, -, 8, € H(X, Ly,). Set s;(z) = ¢;%(s;). Then
{s0(2),++,sn(2)} is an orthonormal basis for H°(X, £ ® L(a)) such that s;(z) €
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HY(X,L;®L(a)) for j =0,1,---m—1 and 8,,(2),- -, sn(2) € H*(X, L, ® L(a))
(see [M2]). Define F'(z, A), which depends only on z and A by

(1.2) (so(2),+ -+ ,8n(2)) = (80, ,8n)F (2, \).

Let f(¢) be arbitrary regular algebraic function of ¢ on X 4. Define Y (z, A) by

(s0(2),- -5 8n(2))Y (2, A) = f(Q)(s0(2), -+ sn(2)),

Then we obtain Y(z,\) = AdF(z,A\)"!-Y(0,)\) and dY = [Y,F~1dF], i.e.,
Y (z,\) is a polynomial Killing field. Thus, the corresponding map is a primitive
harmonic map of finite type and a non-isotropic harmonic map ¢ : R?> — CP"
is given by the first column vector of F(z,1). To obtain an explicit form of the
non-isotropic harmonic map ¢, we may use (1.2). Let {Co, - - - , (,} be the element
of 771(1), which are different from each other by the condition of the spectral
data (4). We evaluate the equation (1.2) at ¢ = (o, ,(pn. Set

SO('Z) |C0 T Sn(z) |Co
(1.3) M(z) = S :

0 e a2 e

Then, (1.3), together with (1.2), yields that M (z) = M(0)F(z,1). Now, we must
show that M (0) is non-singular. Let So,- - ,S, be a local frame around 7~!(1)
which has the properties S;((;) = 0 for ¢ # j and f - S;((;)px«Si(¢;) = 1. If we
express s; around 77 1(1) as s; = Z?:o v;;9;, then we see that

52']' = h(Si, Sk)

DD vaSi(6)D ] vkmSm(pxGs)
l

j=0 m

:E VijUkj

=0

S |l

which shows that M (0) is non-singular. Therefore, we have F\(z,1) = M (0) M (z).

2. SOME EXAMPLES OF HARMONIC MAPS OF R? INTO CP"

In this section, we give some examples of harmonic maps of R? into complex
projective space via McIntosh’s construction.
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Example 2.1. Consider 7 : CPC1 — CP} defined by ¢ — X\ = (3. Then
(m) = 3(c0) — 3(0) and R = 2(c0) + 2(0), we must regard Py = {{ = oo},
Qo = {¢ = 0}. Define £ by £ = Ox(2(c0)). Then we have

Lo=L®Ox(—2F) = 0x,
Ly =L®Ox(—P— Qo) = Ox((c0) — (0)),
Ly =L ®Ox(—2Q0) = Ox(2(c0) —2(0)),

which implies that we may set sg = 1,51 = (,s2 = (2 and 59(2) = €%,s1(2) =
e?(, 82(2) = €%, where a = 2{ — z¢~!. Since 77 1(1) = {1,w,w?}, where

w = (—1—+/=3)/2, we have

1 1 1 e?Z e? % e? %
M = 1 w w? , M(Z) — prW—EW pAW—ZW ezw—zww2
2_,.,2 2_,.,2 2_,.,2
1 w? w pFW  —zw pFW  —zw w? erw —2w?

Therefore, we can easily obtain F(z,1) = M ~1-M(z) and we see that ¢ : R? —
CP? is a harmonic map of isotropy order 2. Note that ¢ is doubly periodic.
We recommend the readers to obtain the explicit form of F(z,1). In the same
way, we may calculate F(z,1) in the case where 7 is given by 7(¢) = ¢~(+1),
where we choose £ = Ox(n(o0)) and obtain a harmonic map ¢ : R? — CP"
of isotropy order n (cf. [T]), which is doubly periodic for n = 1,2,3,5. The case
of m(¢) = ¢™*! is also similar, where we choose £ = Ox (n(0)) and we see that
1,(7 1 .-, (™™ are global sections, respectively, of Lo, L1, , L.

Ezample 2.2. Consider m : X — P} defined by n(¢) = +¢3 (g(E_ofi)l) =\
where 0 < a < 1. Then we have (7) = 3(0) + (a) — 3(c<) — (a™1), (R) =
2(0) + (p) + (p~1) + 2(c0) and X = Pé, where

a?+2—+vVat—5a% +4
3 '

Hence, there is no branch points on Xg. In this case, Py = {¢ = 0}, P, =
{¢ =a},Qo = {¢ =} and Q1 = {¢ = a™!}. Define £L = Ox(3F) Then
[ L®pxL — Ox(R) is given by

—C
C=p)(¢—p71)

which is non-negative on Xgr. We have

f=

Lo=L® Ox(—QPQ — Pl) = OX(PO — Pl),
L1 =L@Ox(—FPy—Qo— P1) =0x(2P) — Qo — P1),
£2 == £ ® OX(—QQ()) == Ox(gpo - 2@0)
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Set
(—«a 1 (—«

1
S0 = /_305 ’ S1 = /_304 CQ ’

C 1—a?1 1 (-aQ
PV B0 P VB @

We see that s is a global section of Ly, s; is a global section of £ and ss, s3
global sections of L5. Evaluating h(s;,s;) at A = 0(x=1(0) = {0,0,0,a}), we
easily see that sg,---,s3 are orthonormal basis of H°(X,L£). A s;(z) is given
by si(z) = e**%s; for i = 0,---,3, where a(z,¢() = ("2 — (Z. We obtain
F(z,1) = AdM (0)~diag(a(z, o), - - ,a(z,(3)), where {Co, -+, (3} =7 1(1).
Ezxample 2.3. We will give an example of which the spectral curve is an elliptic
curve. First of all, we will address some fundamental facts on elliptic functions.
[ Weierstrass zeta-function]
Let L = Z @& 7Z, where 7 is a complex number with Im(7) > 0. The Weierstrass
zeta-function (,(u) is defined by

<<>—1+ > o +1},

w
w€eL\(0,0)

which has a pole of order 1 at © = 0. Set

Plu) = =)

This function uniformly converges on each compact subset and it is called Weier-
strass P—function. We have

B =23 oo

weL

The definition of the summation means that --P(u) is invariant under the trans-
lations u — u + 1 and uw — u + 7. Hence, --P(u) is doubly-periodic function.
Therefore we may set

Plu+1) =Pu) =1

Pu+71)—P(u) =co
where ¢y, co are some complex numbers. On the other hand, since P(u) is obvi-
ously even function, by setting u = —1/2 or u = —7/2 in the above equations

we have ¢ = ¢ = 0. Therefore we see that the Weierstrass P—function is
doubly-periodic with periods 1, 7. Integrating P—function, we have

Cu(u+1) = Cu(u) =A
Cw(u+7)—Cuw(u) =B
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where A, B are some complex numbers. Notice that the residue theorem yields
that

1

271_7\/__1 op, Cw (u)du =1

where P, is some fundamental domain of the torus R?/L. The integration of
Cw(u) on P, turns out to be A7 — B, which yields, so-called, Legendre’s relation :

AT — B =27y —1.

[Jacobi’s 1st theta function]
Let p(u) = exp(mv/—1u), g = exp(mwy/—17). Then the Jacobi’s 1st theta function
01(u) is defined by

\/—Z 2n 1 (n——)2

neZ

By changing n — —n + 1 in the summation we see that 6;(u) is an odd function.
In particular, we have 61 (0) = 0. Moreover, since (n—%)2+(2n—1) = (n+3)*—1,
the definition of the summation gives the following relations :

O1(u+1) = —01(u)
(2.1) { 01(u+7) = —p(u) 3¢ 01 (u)

With these facts in mind, we may construct a meromorphic function on some
elliptic curve.
Let X = R?/L be a two-torus with lattice L = Z & \/—1tZ, where t is some

positive real number. In this case, we have (,(u) = (,(u). Define a function
Y(z,Z,u) on X by

(2.2)
(2,7, u) = exp((Cuw(u — Fo) — Au)z — (Cuw(u — Qo) — Au)Zz)x
91(U — Fl) B 91(U — Fk)Hl(u - Po)m91(u - Pl) c 91(u - Pn_m)91<u - G)
01(u — E1)91(u — Eg) cee 91(u — En+k+1)

where
( n+k+1
L= 0x (D), Z ZFZ,
GZD—mPQ—anIPZ‘—i—Z—g.
\ =1
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Hence, £ is a divisor line bundle of degree (n + 1). It follows from (2.1) that
V(z,Z,u+1) =9(z,Z,u),¥(2,Z,u + V—1t) = (2, Z,u), i.e., ¥(z,Z,u) is a mero-
morphic function on X with fixed z,Z. Moreover, since ¢ behaves like exp(z{ !+
O(¢)) near Py and behaves like exp(—z¢ + O(1/()) near Qo and 9 has a divisor
—D on X \{Py, Qo},we see that 1)(z,z,u)0 4 belongs to H°(X, Ox (D)® L(a))(see
T)).

Now, consider a function
01(u— Ry)\4
u) = exp(drv—1u)(————=
o) = explamy/=Tu) (G- —11)
on X, where Ry = v/—1/4, Ry = 3\/—1/4 = px(R:) and px(P) = P mod L. It
follows from (2.1) that g(u) is a meromorphic function on X. Define a covering
map 7 : X — CP! by m(u) = g(u)/g(v/=1/2). Then we have

(m) = 4(Ry1) — 4(R2)
R =3(R1)+ (R3) + (px(R3)) + 3(R2)

for some point Ry € X \ Xgr. Therefore, we have Py = R1,Q¢ = Ry. Let
L = Ox(3R; + R3) be a line bundle over X of degree 4. We see that 771(1) =
{0,1/2,/=1/2,1/2 + /—1/2}. Tt follows that each point of 7=1(1) is fixed by
the real structure px. In this case, we have Lo = Ox(R3),L1 = Ox(R1 + R3 —
Rg),ﬁg = Ox(QRl + Rg — 2R2),£3 = Ox(3R1 + R3 — 3R2) Set o = 0,771 =
1/2,m = v/=1/2,m3 = 1/2 + /—1/2. By choosing some constants cg, c1, ca, 3,
we may define an orthonormal basis {s;} of H°(X, L) by

A R U
7 (2 91(u _ R1)391<U _ Rg) )

where 1, = 3R1 + Rs — (no + -+ mi—1 + Mit1 + - - +13). In fact, it follows from
the positive definiteness of h that 7; # n;. Now, we set

)= e e e ] U )
= e PP
)= ey )
900 = & o o sy =P

where f(z,u) = exp((Cw(u — R1) — Au)z — (Cw(u — R2) — Au)Z). Then F(z,1) =
M~1.M(z) is computable and the first column vector of F(z,1) gives a harmonic
map of R? into CP3 with isotropy order 3(i.e., superconformal harmonic map).
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3. NON-ISOTROPIC HARMONIC MAPS OF R? into G5(C*)

Represent G(C?) as G2(C*) = G/K. Denote by g and ¢ the Lie algebras
of G and K, respectively. We have a reductive decomposition g = € + m. Set
oy = A tal, + o + Aaf. The equation day + [y A ax] = 0 is the integrability
condition for ay = F(z,\)"tdF(z,\) with F(2,1) : R? — U(4). If a)(0/0z2)
is a holomorphic matrix for fixed complex coordinate z then [a/), ] = 0, where
o)\ (resp. o) is the (1,0)-part (resp. (0,1)-part) of the 1-form ). Therefore, o,
is a normal matrix. We construct examples of such properties from spectral data.

Let m : X — P} be defined by 7(¢) = ¢* = . Define £ by £ = Ox(3(0)).
For 7, u, v, k € C, define a(z, () € gr by

(3.1)

{ a(z,C) = b<z7g) - pX*(b(Z7C))
b(2,¢) = (T+p¢™! + ¢+ 5C70)z

Set s;(z) = exp(a(z,¢))¢~¢ and s; = s;(0) for i = 0,---,3. Define F(z,\) by

(so(2), - ,s3(2)) = (s0,- -+ ,83)F(2,A).

We have
) SN 7) St ) St
1 I kAL pATE
F(z,A\) " 0F(z,\) = v - -l
K v 1 T

To investigate whether F(z, 1) is a framing of a harmonic map or not, we set

T K vATL Tt

A, — ] (AT S )
ATl oAt ot 7 K
P ) 14 T

Set ay) = A,\ — (Ax—l)*.
Lemma 3.1. «)(0/0z) is a normal matriz for each X\ € C* if and only if kix =
R

Therefore, we assume that kg = Ku. Let (g, -+, (3 be 1, —1, 1, —i, respectively,
80(2) ‘Co T Sg(Z) |C0
which are elements of 771(1). If we set M (2) = : L : then

80(2’.) ‘(B T 33(Z.> |C3
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we have M (z) = diag(exp(a(z, (o)), - ,exp(a(z,(3))) - M(0) and the framing of
the corresponding harmonic map is given by

F(z,1) = AdM (0)'diag(exp(a(z, (o)), - - - ,exp(a(z, (3))),
1 1 1 1
(3.2) 1 -1 1 -1
1 - -1 1
1 ¢+ -1 —

The corresponding harmonic map R? — G5(C*) is R?-equivariant and non-
isotropic.

Proposition 3.1. F(z,1) given by (3.2) is a framing of a non-isotropic harmonic
map ¢ : R? — G2(C*). Moreover, the following hold :

(1) o is weakly conformal if and only if v? + px = 0,

(2) ¢ is irreducible and of non-semisimple type if and only if either p = 0,vK # 0
or k =0, uv # 0.

4. NON-ISOTROPIC HARMONIC MAP OF NON-SEMISIMPLE TYPE

Suppose that x = 0 in the previous section. In this case, 9’-first return map
AFE of the harmonic sequence of the harmonic map p o F(z,1) is represented
by non-semisimple, rank 2-matrix, where p : U(4) — G5(C*?) is the coset pro-
jection(see [U1]). In the following, we consider the case where AT% is a non-
semisimple rank 2-matrix. We assume that a(9/0z) is a constant matrix for
some fixed complex coordinate z. Then, the harmonic map equation is written
as

i1 [04(0/02), 0y (0/07)] = 0,
-y 04(0/02), o (0/02)] + [0 (9/02), o (0/02)] =
Clearly, the equations in (4.1) are invariant under Ad(U(2) x U(2))-action on
a’(8/9z). Choose unitary basis eg, - - - , e3 of C* such that o/(9/0z) is represented
by
ao 0 as as
’ . bo b1 by b3
o' (0/0z) = o e o o
0 di do ds

The first equation in (4.1) yields
(4.2)
c3 =0,a9 = ca,boby = 0,d3 = b1,b1b2 = c2ba,
{ bady = 0, c2€1 + dady = boTo + b1€1, agaz + bobs = dods + d3as.
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If by # 0, then by = do = 0,b; = co. Therefore, we see that a;(0/0%) is a scalar
matrix, which, together with second equation in (4.1), means that o/, (9/0z) is
semisimple. Thus, AFF is semisimple. Hence, we may assume that by = 0. This,
together with (4.2) and the second equation in (4.1), yields

(4.3)
a1:b2203:d0:0,

¢1(ag — by) = b — dady, @s(ag — by) = azds — bobs,
bo(ag — b1) = e — asbs, da(ag — by) = @zas — c1dy,
[bo P+ [ coP=laz >+ [as|?, |er[*+1di[P=[bo >+ |bs |7,

Jao P+ 1da P=lco P+ e .

0 bsd;

non-semisimple, rank 2-matrix if and only if

The first return map is given by AFF = a2¢y  azer + azdy ) Hence, AT is

(44) ascy = bsdy, ascy + asd;y 7& 0.

By the equations in the second line in (4.3) and the first equation in (4.4), we
have (bs3¢; + ¢oas)(ag — b1) = 0, hence ag = by or azcy + bsc; = 0. Suppose that
ag # by. Then the first equation in (4.4) and agco + bse; = 0 yield that

bsd bsc
a9Cq + a3d1 = ClL + dl(_ﬂ) = O,
Co Co

which contradicts the second equation in (4.4). Therefore, we must have ag = b;.
In this case, by (4.3) we can set

(45) TZZ—Z—Z;, S = — =

Sl &

Note that any denominator of the equations in (4.5) is non-zero by the assump-
tions on AT, By the equations in the fourth line of (4.3) we see that | s |= 1 or
| az |?=| co | + | d1 |?. Each case is considered separately.

Case 1 (case of | s |=1)

In this case, the equations in the fourth and fifth lines of (4.3) mean that
| r|=1or |dy |*= 2] co |>. First, consider the case where | r |= 1. Set s =
exp(if),r = exp(ip). The equation in the fourth line of (4.3) yields that | dy |*=]
a3 |? and hence we may set do = a3 exp(ié), where 6 is a real number. Setting

T = ag, it = dy exp(—ip), v = coexp(—i(p+0—0)), \~! = exp(5(3p+0—20)) and
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choosing new unitary basis €y = exp(i(¢p — 0)/2)eq, &1 = exp(i(p — 0)/2)eq, &3 =
es, €3 = exp(ip)es, we see that

(4.6)
0 0 nu p 7 0 0 0
/ =10 0 0 v w v 0 0
@(0/0) =210 ol tlo o 5 o0
0O v 0 O 0 0 pu 7

Next, consider the case where | dy |*>= 2 | co |2. We have | by |?=| da |?| r |?=
2| ¢co |?| 7 |?= 2] di |>. Moreover, | s |= 1 means that | ¢; |*=| a3 |*> and
| b3 |>=| co |>. Therefore, the equation | ¢; |* + | dy |?=| bo |* + | b3 |? in (4.3)
gives an equation | az |?=| ¢o | + | d1 |?. Thus, this case is a special case of Case
2 below.

Case 2. (case of | a3 |*?=| co |? + | d1 |?)

In this case, by the equations in the fourth line of (4.3) we obtain

las | =l co |* (Im]* +1),
[da |* =l co |* (I's [* +1),

which, together with as = ¢;s7 1, dy = b7~ !, yield

{“HFZMMﬂSFUTF+M

(4.7)
[0 [P =l co Pl 712 (| s |* +1).

By (4.7), we can set

r=rexp(ip), s=Sexp(ib),
c1 = 8V 712 + legexp(iv)), bo = 7V 82 + Lleg exp(iy),

where 7 =| r |, =| s | and ¢,60,1,v € R. Then, choosing new basis &, =

exp(5(p —0))eg, é1 = exp(5(p — 0 — 2¢))ey, € = ey, 63 = exp(i(¢ — 1))es and
setting 7 = ag, 6 = coexp(i(y +v)), A" = exp(£(¢ — 0 — 2y — 2¢))) we see that

0 0 736 VAZELS
, o 0 0 35
(4.8) ' (0/0z) =\ 5 /TS 0 0
0 P 0 0
0 0 0
WIS T 0 0
+ 0 0 - 0
0 0 V2115 1

Thus, we obtain
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Proposition 4.1. Let « be the pull-back of the Maurer-Cartan form by F :
R? — U(4). Assume that the first return map AFR of the harmonic map
poF : R? — G9(C*) is represented by non-semisimple, rank 2-matriz and
that o/ (0/0%) is a constant matriz with respect to some fized complex coordinate
system. Then o/ (0/0z) is of the form (4.6) or (4.8) under the Ad(U(2) x U(2))-
action.

5. DRESSING ACTION ON HARMONIC MAP AND SPECTRAL DATA

First of all, we review the definition of the dressing actions (see [BP2]). Let
G be a compact semisimple Lie group with an automorphism 7 of finite order
k(> 2), of which fixed set K. We fix an Iwasawa decomposition of the reductive
group K€ : K€ = KB, where B is a solvable subgroup of K€. Fix 0 < € < 1.
For a Riemann sphere P! = C U {oo}, define open subsets by

I.={AeP | X< e}, Lije={AeP | X|>1/e},
E¥ ={AePl:e<|A|<1/e).
Let C. and C/. be the circles of radius € and 1/e about 0 € C, respectively.

Setting I(9) = I, U I ). and clo =c. U C1/e we have P' =10 yCcuyE®,
Define the group of smooth maps A°G.; by

AG, ={g:C = G| g(w)) =71g(\),g(A\) = g(1/X) for all X € C©}.
Define some subgroups of A°G. by

ALG: = {9 € A°G, | g extends holomorphically to g : E© - GCY,
A5G, = {g € A°G, | g extends holomorphically to g:I® — G€}.

Any element g of these subgroups satisfies g(\) = g(1 /X) g(w) = 1g(A) for all
A in its domain of definition. If g € ASG, then g(0) € K. Hence, we define the
subgroup

A7 pGr = {g € A7G | 9(0) € B}.

Then, McIntosh[M1] proved that multiplication AGG x A7 3G, — AG; is a
diffeomorphism onto. This is, what we call, Iwasawa decomposition of A°G,. Any
g € A°G; has a unique factorization g = gpgr, where gg € ARG, g1 € A7 gG-.
The action of A5G, on ALG is given by

gﬁeh = (gh’)E7
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for g € A5G, h € AzG-. We call this action dressing action on AGG .
[Dressing action on extended framing]
Define Ay,1G~ by

AnoiGr = {g: C* — G€ | g is holomorphic and g(\) = g(1/X), g(wA) = 7g(\)}.
Then we have

AaGr = [ ARG

0<e<1

A map F : R? — Ayo1G is an extended framing if F~'dF = \71al, +ap+ Aol
For an extended framing F(z,\) and g()\) € ASG,, define (giF)(z,)) : R? —
AL G- by

(g8F) (2, A) = g(N4(F (2, A)).

Then gfF is also an extended framing. We may write

A

(5.1) gNF(z,\) = F(2,\)B(z,\)

for some B(z,\) : R? — A7 pGr and extended framing F(z,\).

[Dressing action on spectral data]
Recall that we may represent (so(z),--$n(2)) = (S0, ,8n)F(2,\). We may
also represent (30(2),- -+ ,8,(2)) = (80, -+, n)F (2, \), where F' = g#F for some
g € ASG,. Now, we use (5.1). We suppose that F(0,\) = F(0,\) = I. Notice
that B(0,A) = g(\) in this case. We compute

(s0(2),++,5a(2))B(2,A) 7" = (s0(2), "+, s (2))F(2,A) T g(N) T F (2, A)
= (S0, ,5n)B(0, )T E(z, \).

Hence, we may take (59(2), - ,8,(2)) = (s0(2), -+ ,5n(2))B(2,\)"t. This is a
dressing action on spectral data. By the results in [BP2] and [M2], we have

Theorem 5.1. A spectral data for non-isotropic harmonic map of finite type with
isotropy order r : R? — CP™ is obtained by dressing action on the spectral data
of genus zero with isotropy order r, of which the spectral curve is given by \ =

¢rtt (éi%iggg:g:;)), where B; = px (o) and 0 <| oj |< 1 forj=1,--- ,n—r.

Proof. Since dressing action on extended framing preserves the isotropy order
of the corresponding non-isotropic harmonic map, the result follows from the
fact that non-isotropic harmonic map of finite type R? — CP" is obtained
by dressing action on the vacuum solution(see [BP2]). The vacuum solution is
R2-equivariant and its spectral curve has genus zero(see [M2]) and Theorem 8 in
[M2] and a result in [T] imply that we may take the spectral curve of genus zero
of the form in our theorem. q.e.d.
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Theorem 5.2. Let ¢ : R? — G5(C*) be a harmonic map of non-semisimple
type. Let F : R? — U(4) be a framing of p. Assume that F~10F(0/0z)
is constant with respect to some fixred complex coordinate system. Then F is
congruent, up to Ad(U(2) x U(2))-action, to (3.2) with kK = 0 or to a dressing
orbit of (3.2) with k =0 and v = cp for some positive constant c.

Proof. We only have to show that (4.8) is obtained by dressing action of (4.6).
Write

g(>‘) :go+gl)\+92)\2+... ,

Hence, we have g; = B;(0) for j = 0,1,---. Let o/, and «} be A~!-coefficient
matrix and \’-coefficient matrix of o/(9/9z) in (4.6). In the same way, let &/,
and &; be A~!- coefficient matrix and AY-coefficient matrix of o/(9/9z) in (4.8).
We know that o), = —(ai,)*, ay = —(o)* hold. The same relations hold for &)

and &j. The relation (5.1) yields that

&y = Boaly By
(5.2) { mo 0o

Al 1" p—1 Ay -1

Suppose that v = cu for some positive constant c. We choose 6 and b by

) ~9
5- Y b= 72 4+ 1(8 +1)c)1/2.

7S 2r5V's

Vish VFsf(z,Z) 0 0
1
By(z) = ’ v X Sﬂ—ﬂﬁ—l) )
0 0 b f(Z,E)‘f‘W
0 0 0 \/1§b

where f(z,z) = (Cii/_‘f;gl —buz + (C\/—ivf:l;l — b)pz. Now, we can verify that the

relations (5.2) hold for this chosen By(z). This By already determines F'(z, \).
The uniqueness of Iwasawa decomposition and appropriate choice of g;, B;(j =
1,2,---) yield the result. q.e.d.
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6. SOME GENERALIZATIONS OF THE PREVIOUS CONSTRUCTION

We define spectral data as follows :
Definition. (1) X : compact Riemann surface of genus p with real structure

PX,
(2) m: X — P} is a holomorphic covering map of degree 2n such that mopy =

7 - and
()\071') = 2(m—|— 1)PO +EO — 2(m—|— 1)@0 — Eoo;

where

EO = 2?21—2771—2 Pi7 Eoo = Z?Z;QW—Q Qia Ql = pX(PZ) for i = Oa 17 T ,27’1, -
2m — 2,

(3) L is a line bundle over X of degree (2n—1+p) such that f : L&px.L — Ox(R)
is px-equivariant isomorphism, where R is the ramification divisor for ,

(4) 7 has no branch points on S3, px fixes each point of 771(S}) and f is non-
negative on m~1(S1).

A

Define Lo, -+, Lo by

A

Lj=L®Ox((2] —2m)Py — 2jQo — Ep) for j=0,1,---,m—1,
Ly =L®Ox(—2mQy).

The relation between these line bundles and line bundles defined in section 1 is
given by

£2j :ﬁj(_PO), £2j+1 :ﬁj<_QO) for j :0,1,"' ,m—l,

Lom = Lm(—Po — Eo),  Loms1 = Lm(—Qo).

Hence, the sheaves of germs of holomorphic sections of Lo; and Ly are sub-

sheaves of the sheaf of germs of holomorphic sections of ﬁj for j =0,1,--- ,m.
For 7, u,v € C, we define a(z, () by

a(z7 C) = b(Z, g) - pX*b(Za C)v
b(2,¢) = (T +p¢™H + ()2

In the same way as in section 3, we may construct non-isotropic, non-semisimple
harmonic map R? — G2(C?"). Therefore, we obtain

Proposition 6.1. There are many examples of non-isotropic, non-semisimple
harmonic map of finite type R? — Go(C?™).

Proof. Tt is only to prove that they are of finite type. However, it follows from
the result in [OU]. q.e.d.
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