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ABSTRACT. In this article we treat a complex projective space CP™ of constant
holomorphic sectional curvature 4 as a model space. By using submanifold theory
of CP™ we shall investigate geometric properties about curves generated by some
Killing vector fields on this space.

1. Introduction.

As a model space CP™ is a nice Riemannian manifold. It admits many ho-
mogeneous submanifolds, that is, submanifolds which are given as orbits under
subgroups of the projective unitary group PU(n + 1) through equivariant iso-
metric immersions. In this article we particularly consider two homogeneous
Riemannian submanifolds of CP™.

In section 3, we consider a Riemannian symmetric space M = St x "1/ ~ of
rank 2 imbedded in CP"™ (through the isometric imbedding, say f) as an isotropic
submanifold with parallel second fundamental form (for details, see (3.1), (3.2)
and [N]). This submanifold M has various geometric properties. For example, for
each geodesic v of M, the curve f o+ is a circle of the same curvature 1/y/2 in
CP™. We here remark that there exist many geodesics v; and vo on M such that
the curves fo~; and f o~y are not congruent with respect to isometries of CP™.
By virtue of the isometric imbedding f : M = S x §"~!/ ~— CP" we obtain an
interesting family of open circles and closed circles of the same curvature 1/+/2
in CP". This interesting fact leads us to the study on circles in CP". Note that
every circle in a Riemannian symmetric space M of rank one is an integral curve
of a Killing vector field on M (see [MT]). The purpose of this section is to give
an answer to the problem ”When is a circle closed in CP™7?”.

The first author partially supported by Grant-in-Aid for Scientific Research (C)
(No. 11640079), Ministry of Education, Science, Sports and Culture.

The second author partially supported by Grant-in-Aid for Scientific Research (C)
(No. 11640073), Ministry of Education, Science, Sports and Culture.

61



62 S. MAEDA AND T. ADACHI

In section 4, motivated by the study in section 3, we are interested in the
problem ”In a complex projective space CP™, for each positive ¢ does there exist
a unique closed circle v whose length is ¢ up to isometries of CP™?”. In order to
give an answer to this problem we study length spectrum of circles of CP™, that
is, we investigate how lengths of closed circles are distributed on the real line.
In this section we use a notation which is similar to that in geometry of length
spectrum (of closed geodesics).

In section 5, we study a geodesic sphere M = G,,,(r) (through the isometric
inclusion mapping, say ¢g), that is, a distance sphere with center m € CP™ and
radius 7 (0 < r < 7/2) imbedded as a real hypersurface in CP™. These spheres
are diffeomorphic (but not isometric) to standard spheres. Geodesic spheres in
CP™ are nice objects in intrinsic geometry as well as extrinsic geometry, that is,
submanifold theory (cf. [W]). Our study about geodesics on M tells us the fact
that for each geodesic v on M, the curve g oy is an integral curve of a Killing
vector field on CP", and moreover gives us many important information on length
spectrum of G, (r). For example, on a geodesic sphere G, (r) (0 < r < 7/2) there
exist infinitely many congruency classes of closed geodesics with respect to the
isometry group of G,,(r). In sections 4 and 5, some results on length spectrum
come from classical number theory (see Theorems 4.5 and 5.12).

In section 6, we determine all integral curves of Killing vector fields on a 2-
dimensional holomorphic totally geodesic submanifold CP? of CP™. Our study
here is motivated by the fact that for each geodesic v on S' x S"~1/ ~ (resp.
Gm(r)), the curve f o~y (resp. g o) lies on CP?, and moreover that all of the
curves f o~ and g o~ are generated by some Killing vector fields on CP2.

In the last section we shall construct a certain class of closed helices with
self-intersections in CP™. Needless to say, these curves are not integral curves of
Killing vector fields on CP™. We note that in any Riemannian manifold M, every
integral curve « of a Killing vector field is a helix, that is, all Frenet curvatures of
~ are constant along the curve . Moreover, this curve v is a simple curve, namely
it does not have any self-intersection points. To obtain closed helices with self-
intersections, we adopt the same isometric imbedding f: M = S x S"71/ ~—
CP™ as in section 3. Let v be a circle of curvature x(> 0) on M. Then for each
positive k, the curve f o~y is a closed helix with length 27/k in CP™. By virtue
of results in this section we know that the curve f o~ has self-intersections if and
only if k < 3/(v/2m).

Through out of this paper we suppose that a complex projective space CP" is
furnished with the standard metric of constant holomorphic sectional curvature
4.

2. Preliminaries.

In the first place we recall the Frenet formula for a smooth curve in a Rie-
mannian manifold M with Riemannian metric (, ). A smooth curve v = 7(s)
parametrized by its arclength s is called a Frenet curve of proper order d if there
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exist orthonormal frame fields {V; = 4,...,V;} along + and positive functions
k1(8), ..., kq—1(s) which satisfy the following system of ordinary equations

(21) VVV?(S) = —l@j_l(S)‘/j_l(S) + fij(S)V}+1(S), j = 1, NN ,d,

where Vp = V41 = 0 and V5 denotes the covariant differentiation along v with
respect to the Riemannian connection V of M. Equation (2.1) is called the Frenet
formula for the Frenet curve . The functions k;(s) (j = 1,...,d — 1) and the
orthonormal frame {Vi,...,V;} are called the curvatures and the Frenet frame
of =, respectively.

A Frenet curve is called a Frenet curve of order d if it is a Frenet curve of proper
order r(= d). For a Frenet curve of order d which is of proper order (< d), we use
the convention in (2.1) that k; =0 (r < j<d—1)and V; =0 (r+1=< 5 = d). In
this paper a curve means a smooth Frenet curve. We call a curve a heliz when all
its curvatures are constant. A helix of order 1 is nothing but a geodesic. A helix
of order 2, namely a curve which satisfies V4V (s) = kVa(s), V5 Va(s) = —kVi(s)
and Vi(s) = 4(s), is called a circle of curvature k.

We now restrict ourselves to Frenet curves on Kéhler manifolds. Let M be an
n-dimensional Ké&hler manifold with complex structure J and Riemannian metric
(, ). For a Frenet curve 7 = y(s) in M of order d(< 2n) with associated Frenet
frame {V1,...,Vq}, we set 7;;(s) = (Vi(s),JV;(s)) for 1 £ i < j < d and call
them its complex torsions. In the study of Frenet curves on a Kéahler manifold
their complex torsions play an important role. We call v a holomorphic helix if
all the curvatures and all the complex torsions of v are constant functions along
5.

We here pay particular attention to Frenet curves in an n-dimensional complete
simply connected non-flat complex space form M, (c)(= CP™(c) or CH"(c)) of
constant holomorphic sectional curvature ¢(# 0). The congruence theorem for

Frenet curves in a non-flat complex space form is stated as follows (cf. Theorem
5.1 in [MOh]):

Theorem A. Let v = ~(s) and § = §(s) be two Frenet curves of orders p and
q in a non-flat complex space form M, (c), respectively. Let {Vi,...,V,} (resp.
{W1,...,W,}) denote the Frenet frame of v (resp. 6) and {\1(s),...,A\p—1(5)}
(resp. {p1(s),...,g—1(s)}) be the curvature functions of v (resp. 0). Then the
curves vy and § are congruent, that is, there exist an isometry ¢ of My(c) and
constant sg such that v(s) = (p 0 d)(s+ so) for every s if and only if they have
the following conditions.
(1) p=gq.
(2) There exists a constant sg with the following properties:
1) Ni(s) = pi(s+s0) (i =1,...,p—1) for every s,
ii) the complex torsions of v and § satisfy either

729(0) =75 (s0) (1S < jSp)or 749(0) = =75 (s0) (1S i < j

A

p)-
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Here, in the condition (2)ii), the former holds if v, 4 are congruent with respect
to some holomorphic isometry, and the latter holds if they are congruent with
respect to some anti-holomorphic isometry.

It is well-known that in a complete simply connected n-dimensional real space
form M™(c)(= S™(c), R™ or H™(c)) of constant sectional curvature ¢, a curve =y
is a helix if and only if v is an integral curve of a Killing vector field on M"(c).
The following is a complex version of this fact (see [MOh]):

Theorem B. In a complex space form M,(c)(= CP"(c), C" or CH"(c)), a
curve 7y is a holomorphic heliz if and only if v is an integral curve of a holomorphic
Killing vector field on M, (c).

Remark. Tt is known that if M is a complex space form of nonzero constant holo-
morphic sectional curvature, then any Killing vector field on M is a holomorphic
vector field.

In general, in a Kéhler manifold M (with complex structure .J) a circle v = ~y(s)
(with V4 Vi(s) = kVa(s), Vi Va(s) = —kVi(s) and Vi(s) = ) is a holomorphic
helix. Indeed,

V5 (Vi(s), JVa(s)) = (V5 Vi(s), JVa(s)) + (Vi(s), JV5Va(s))
= k- (Va(s), JVa(s)) — k- (Vi(s), JVi(s)) = 0.

In the following, for a circle v = y(s) in M we denote its complex torsion by 7
for simplicity.

We finally note that there are many helices but not holomorphic helices of
proper order d(2 3) in a Kéahler manifold M. For example, let v = ~(s) be a
helix of proper order 3 on M. Then the complex torsions of v satisfy the following
equations (see [AM2, MA]):

/

T2 = K2T13,
!

Tig = —KaTi12 + K1T23,
!

To3 = —K1T13,

where k1, ko denote the curvatures of the helix 7. By solving them, we have

( : 2 2 2 2
T12(s) = a sin /KT + K35 + g cos \/ KT + K3s + as,
/2 2
Ky + K .
 mi(s) = Y12 (a1 coS /K3 + K38 — g sin /K3 + m%s) ,
K2
K1 . %)
To3(s8) = —— (al sin /K2 + K38 + ag cos /KT + &%s) + —ag
\ K92 R1

for some constants o, as and as. This implies that the curve v is a holomorphic
helix if and only if a7 = ag = 0.
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3. When is a circle closed in CP"?

In [AMU, AM1] we concentrated on the study about circles in CP"™. We
first consider a Riemannian symmetric space S1 x S"71/ ~ of rank 2. Here
two points (e, (ai,...,a,)) and (e, (by,...,b,)) on St x S"~1 are identified
if (e,a1,...,a,) = (—e¥,~by,.... —b,). The Riemannian metric on S x
Sn=1/ ~ is given by

2 2
<(U7 5)7 (w7 77)> = §<U7 w>51 + §<£7 77>S"*1
for tangent vectors v,w € T'S! and &,7 € TS™ 1, where (, )g1 and (, )gn-1
denote the canonical metrics on standard spheres S! and S™~!, respectively. We
define a parallel isometric imbedding f : S' x S"~!/ ~— CP"(4) by

%(e_2i9/3 + 2a16i0/3)
_2(6—21'9/3 _ alei‘)/:‘)
3

i0 _ 2 jaqeif/3
(3.1) f([(e” (a1, ..., an))]) = ( NG

2 .
—“=ia
Ve "

with the Hopf fibration 7 : S?"*1(1) — CP"(4). The second fundamental form
oy of fis expressed as

i0/3

af((“? O)v (U7 0)) = _%J(Qh 0)7 Uf((oa 5), (Oa 'S)) = —J(u7 0)7

o ((4,0),(0,€)) = %J(O,o

for each unit tangent vector £ € TS" ! and the normalized vector u of 9/06,
where J denotes the complex structure on CP™(4). Since f is parallel, we find
by (3.2) that it maps every geodesic v on S! x S"~1/ ~ to a circle of curvature

1/v/2 in CP"™(4):

N

(3.2)

ViVid = Vios(4,9) = —llor (3, 4) 13,

where 4 = f o~ and V is the Riemannian connection on CP™(4). This suggests
us a kind of importance in study of circles.

We call a smooth curve v = v(s) closed if there exists a positive s; with
v(s + s1) = v(s) for every s. For a circle 7, the definition of closedness of v can
be rewritten as follows: A circle v is said to be closed if there exists a positive s;
with

(3-3) Y(s1) =7(0), ¥(s1) =4(0) and  (V47)(s1) = (V457)(0).
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The minimum positive number s; satisfying (3.3) is called the length of a closed
circle v and is denoted by length(~y).

For each geodesic v on S! x S"!/ ~ we can compute the complex torsion
of f o~ by (3.2). Noticing the metric on S x S"71/ ~ we find the length of
f o~ and obtain the following theorem which gives us information on all circles
of curvature 1//2 in CP".

Theorem 3.1. For each unit vector X = (au,v) € T,(S'xS" 1/ ~) =T, St®
T,,S™ ! at a point x, we denote by vx the geodesic along X on S x S"~71/ ~.
Then the circle f oyx on CP™(4) satisfies the following properties:

(1) The curvature of f oyx is 1//2.

(2) The complex torsion of f o~yx is 4a® — 3a for —1 < a < 1.

(3) The circle fovyx is closed if and only if either a = 0 or /(1 — a2)/(3a2)
s rational.

(4) When a = 0, the length of the closed circle f o yx is 21/67/3.

(5) When o # 0 and /(1 —a?)/(3a2) is rational, we denote by p/q the
irreducible fraction defined by /(1 — a2)/(3a2). Then the length € of the
closed circle f o vyx is as follows;

(5;) When pq is even, £ is the least common multiple of 2v/2m/(3|al|) and
2v/27/+/3(1 — a2). In particular, when o = +1, £ = 21/27/3.

(51) When pq is odd, ¢ is the least common multiple of \/27/(3]a|) and

V21 //3(1 — a?).

Next, we prepare the following in order to consider circles of arbitrary positive
curvature. Let N be the outward unit normal on S?"*1(1) in R*"+2(= C"*1).
We here mix the complex structures of C**1 and CP"(4). We shall study circles
in CP™(4) by use of the Hopf fibration 7 : §?"*1(1) — CP™(4). For the sake of
simplicity we identify a vector field X on CP™(4) with its horizontal lift X* on
S§27+1(1). Then the relation between the Riemannian connection V of CP™(4)

and the Riemannian connection V of S271(1) is as follows:

VxY =VxY + (X, JY)JN

for any vector fields X and Y on CP™(4), where ( , ) is the canonical metric on
Cnt+1l. By direct calculation with making use of this relation, we can see that for

each circle y of positive curvature every horizontal lift 4 of v in S?"*1(1) is a
helix in S2"+1(1).

Proposition 3.2. Let v denote a circle with curvature k(> 0) and complex tor-
sion T in CP™(4) satisfying that Viy = kYs and VY, = —r7%. Then every
horizontal lift ¥ of v in S?*"T1(1) is a heliz of order 2,3 or 5 corresponding to
T = 0,7 = £1 or 7 # 0,%1, respectively. Moreover, it satisfies the following
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differential equations:

( V:y")/ = IiYs,
VY, = —k7 +7JN,
(3-4) Vi(JN) = 7Y +V1-12Z;,
ViZ, = —/1—-72JN + kW,
\ ﬁ’VWS = —KkZs,

where Z; = ﬁ@]ﬁ +7Y5), W, = \/1%7(])/5 — 7).

Note that a curve v = 7(s) in CP™(4) is closed if and only if there exists a
positive constant s, such that a horizontal lift 5 = 7(s) of v in S?"*1(1) satisfies
F(s+ s4) = €95 (s) with some 0, € [0,27) for every s. Then by solving ordinary
differential equation (3.4) for a horizontal lift 4 of each circle v in CP™(4) we

establish the following.

Theorem 3.3. Let v be a circle of curvature k(> 0) and of complex torsion T
in a complex projective space CP™(4). Then the following hold:

(1) When 7 =0, a circle v is a simple closed curve with length 27 /v/k? + 1.
(2) When T = %1, a circle 7y is a simple closed curve with length 27 /v/k? + 4.
(3) WhenTt #0,+£1, we denote by a,b and d (a < b < d) the nonzero solutions
for
M — (K2 + DA+ kT =0.
Then we find the following:
(i) If one of (hence each of) the three ratios a/b, b/d and d/a is rational,
then ~v is a simple closed curve. Its length is the least common multiple
of 2rr/(b—a) and 27/(d — a).
(ii) If each of the three ratios a/b, b/d and d/a is irrational, then 7y is a simple
open curve.

Let v be a circle of curvature x in a Riemannian manifold (M, (, )). When
we change the metric (, ) homothetically to m? - (, ) for some positive constant
m, the curve o(s) = v(s/m) is a circle of curvature x/m in (M, m?-(, )). Under
the operation ( , ) — m?-(, ), the length of a closed curve changes to m-times
of the original length. Needless to say, the sectional curvature of M changes to
1/m?2-times of the original sectional curvature under this operation. Hence, by
virtue of Theorem 3.3 we can conclude the following which is the main result in

this section.

Theorem 3.4. Lety be a circle with curvature k(> 0) and with complex torsion T
in a complex projective space CP™(c) of constant holomorphic sectional curvature
c. Then the following hold:

1) When T =0, a circle v is a simple closed curve with length 47 /v/4k? + c.
(1) , ¥ D g vV
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(2) When T = %1, a circle v is a simple closed curve with length 2w /v/k? + c.
(3) When 1 # 0,+1, we denote by a,b and d (a < b < d) the nonzero solutions
for
eA3 — (4K% 4+ )\ + 2v/ckT = 0.

Then we find the following:

(i) If one of (hence each of) the three ratios a/b, b/d and d/a is rational,
v is a simple closed curve. Its length is the least common multiple of
dr /[{\/c(b—a)} and 47 /{y/c(d —a)}.

(ii) If each of the three ratios a/b, b/d and d/a is irrational, v is a simple
open curve.

Remarks. A circle v = ~y(s) with complex torsion 7 is a plane curve in CP"(c)
(that is, 7 is locally contained on some real 2-dimensional totally geodesic sub-
manifold of CP"(c)) if and only if 7 =0 or 7 = £1.

(1) When 7 = 0, the circle v lies on RP?(c/4) which is a totally real totally
geodesic submanifold of CP™(c).

(2) When 7 = 1 or — 1, the circle 7 lies on CP(c) which is a holomorphic
totally geodesic submanifold of CP™(c).

Circles of complex torsion +1 are called holomorphic circles, and circles of null
complex torsion are called totally real circles.

4. Length spectrum of circles in CP"(c).
In this section, we study the length spectrum of circles in CP™(c). Rewriting
Theorem 3.1, we find the following which is our main tool in this section.

Proposition 4.1. In CP"(c) a circle vy of curvature v/2c/4 is closed if and only
if its complex torsion is of the form

q(9° — ¢%)
)3/

(p7 Q) W

for some relatively prime positive integers p and q with p > q. In this case its

length s
#W\/Q(Z%p? +q¢?), if pq is even,
%\/EW\/2(3p2 +q¢?), if pq is odd.

In order to get rid of the influence of the action of the full isometry group,
we shall consider the moduli space of circles under the action of isometries. The
moduli space Cir(M) of circles is the quotient space of the set of all circles in a
Riemannian manifold M under this congruence relation. The length spectrum of
circles in M is the map CL : Cir(M) — RU{oo} defined by CL([y]) = length(v).
Here, for an open circle «, a circle which is not closed, we put length(y) = cc.

length(vy) = {
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Sometimes we also call the image CLSpec(M) = CL(Cir(M)) NR in the real line
the length spectrum of circles on M.

For circles on a complex projective space CP"(c) (n = 2) we have the following
congruence theorem, which is a direct consequence of Theorem A.

Proposition 4.2. Two circles in CP™(c) are congruent if and only if they have
the same curvatures and the same absolute values of complex torsions.

We denote by [y, -] the congruency class of circles of curvature x (> 0) and
complex torsion 7(= 0) in CP™(¢) and by [yo] the congruency class of geodesics
in CP"(c¢) . The moduli space of circles in CP™(c) is hence

Cir(CP"(c)) = {[ye.rl [ £>0,0 =7 = 1} U {[70]}-

The moduli space of circles has a natural stratification by their curvatures.
We denote by Cir, (M) the moduli space of circles of curvature x in M and by
CL, the restriction of CL on this space. For a complex projective space we can
define for each positive k a canonical transformation

®,; : Cirg (CP™ () \{[1m]} = Cir gy (CP*()\{[vyze /4,11
by
(I)n([%cm]) = [7@/4,3\/§C/{T(4H2+c)—3/2]‘

The following lemma guarantees that the structure of the length spectrum CL,
of circles of curvature k essentially does not depend on k.

Lemma 4.3. The canonical transformation ®, satisfies

(b)) = | 57y - CE @l

for every 7 (0 S 7 < 1).

We denote by CLSpec, (M) = CL (Cir,(M))NR the length spectrum of circles
of curvature x in M. This lemma yields that

" 2m 4m
CLSpec, (CP™(¢)) = { T Vi c}
p and q are relatively prime
integers which satisfy
pq is even and p > a,q > 0

U 4 3p2 + q2
3(4K2 + ¢)
p and q are relatively prime

integers which satisfy ,
pq is odd and p > a,.q > 0

3p? + ¢?
US2m /5
3(4k% +¢)
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where a,; (2 1) denotes the number with

3v/3ck 904% —1

(4r2 + )32 (302 +1)3/2°

Note that the constant o, satisfies

1) 04@/4 = 1,
ii) monotone decreasing when 0 < x < v/2¢/4, and monotone increasing
when k = \/%/ 4,
i) lim, g o, = limy_ o o = 00.

Lemma 4.3 also guarantees that

CLSpec(CP"(c)) = (o, %) ulJ {Im

p > q,p and q are relatively
prime positive integers ’

where

(34\7;5 2¢(3p + q), %\/W) , if pq is even,
(32\7/% 2q(3p +q), 32\7}5 m) , if pq is odd.

For a spectrum A € CLSpec(M) the cardinality m.(\) of the set CL™1(\) is
called the multiplicity of the length spectrum CL at A. When m.(\) = 1, we say
that X is simple. For example, every length spectrum of circles in a real space
form is simple. When the multiplicity of CL is greater than one at some point
A, this means that we can find circles which are not congruent each other but
have the same length \. We denote by Cir™ (M) the moduli space of circles with
complex torsion 7 in a Kéhler manifold M and by CL" the restriction of CL onto
this space. From those expressions on length spectrum of circles we establish the
following main result.

Ip,q =

Theorem 4.4. For a complex projective space CP™(c¢) (n 2 2) of constant holo-
morphic sectional curvature c, the length spectrum of circles has the following
properties.

(1) Both the sets
CLSpec,.(CP"(c)) = CL(Cir,(CP"(c))) NR

and

CLSpec” (CP"(c)) = CL(Cir" (CP"(c))) NR

are unbounded discrete subsets of R for each k(> 0) and 0 < 7 < 1.
(2) The length spectrum CLSpec(CP™(c)) of circles coincides with the real

positive line (0, 00).
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(3) For k > 0 the bottom of CLSpec, (CP™(c)) is 2n /v k? + ¢, which is the
length of the holomorphic circle of curvature . The second lowest spec-
trum of CLSpec, (CP"(c)) is 4w/v4k% + ¢, which is the length of the
totally real circle of curvature k. They are simple for CL,.

(4) The multiplicity m. of CL is finite at each point X € R. It satisfies

. ome(N) 9c
lim = .
A—oo A2log N\ 87t

(5) A€ R) is simple for CL if and only if X\ is contained in the interval

(53]

(6) The multiplicity of CL, (k > 0) is not uniformly bounded,;

limsup #(CL; (N)) = 0.
A—00

The growth order of the multiplicity with respect to X\ is not so rapid. It
satisfies limy oo A"°4(CL. (X)) = 0 for an arbitrary positive §.

The statements (2) and (5) in our theorem give the complete answer to the
problem in the introduction.

Remark. We find that the length spectrum CL s /4 is not simple at the following
points for example.

(i) Let 71 be a circle of curvature v/2¢/4 and complex torsion 7 = 7(27,7) =

5698 . : _
559-/555 and 5 be a circle of curvature v/2¢/4 and complex torsion 7 =

7(25,19) = 1252 Then these two closed circles have the same curva-

559+/559 °
ture and the same length 4731\/15187. But they are not congruent.

(ii) Let v; be a circle of the same curvature v/2¢/4 and complex torsion 7; =
7(piyqi), © = 1,2,3. Here we set (p1,q1) = (129,71), (p2,q2) = (131,59)
and (ps3, q3) = (135,17). Note that 3p? + ¢? = 54964 for i = 1,2, 3. Then
these three circles have the same curvature and the same length. But
these three circles are not congruent each other.

Finally we investigate the asymptotic behavior of the number of congruency
classes of closed circles of curvature k. Let n.(\; k) denote the number of con-
gruency classes of closed circles of curvature x in M with length not greater than

A

Theorem 4.5. For a complex projective space CP™(c) (n 2 2) of constant holo-
morphic sectional curvature ¢, we have for k > 0

. 2
V3a,

A—00 A2 4
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where o, (2 1) denotes the number with

3v/3ck 904% —1

(4k2 +¢)3/2 (302 4 1)3/2°

In particular,

. ne(MV2c/4)  3V/3c
lim = .
A—00 )\2 3271'3

The constant c(k) = limy oo A" 2n.(X; k) satisfies

9
iien% c(k) =0 and nh—{%o c(k) = 16;4.

We finally pose some problems on length spectrum CL™ (0 < 7 < 1) of circles.

Problems.

(1) Are there non-simple spectrum for CL™ (0 < 7 < 1)7

(2) Whether is the multiplicity of CL" (0 < 7 < 1) uniformly bounded or
not?

(3) Give an explicit formula of the first spectrum for CL™ (0 < 7 < 1).

(4) Study the asymptotic behavior of the number of congruency classes of
closed circles of complex torsion 7(# 0, 1) with respect to length.

(5) Study the behavior of ¢(x). What is the maximum value of this function
c(k)?

(6) Study the geometric meaning of the constants limy . m.(\)/(A%log\)
and lim, o (k).

5. Length spectrum of geodesics spheres in CP".

In this section we study lengths of closed geodesics on geodesic spheres in a
complex projective space. We first note that each geodesic sphere G, (2r//c)
of radius 2r/\/c (0 < r < 7/2) with center m € CP"(c) which is imbedded as a
real hypersurface in CP™(c) is congruent to a tube of radius (w — 2r)/4/c around
totally geodesic complex hyperplane CP™"~1(c) in CP™(c).

In general, each real hypersurface M admits an almost contact metric structure
(¢,&,m,(, )) from the Kahler structure J of CP™(c), which satisfies

¢’ =-T+n®E nE)=1 and (6X,¢Y)=(X,Y)—n(X)n),

where I denotes the identity map of the tangent bundle T'M of M. It is known
that
(Vxo)Y =n(Y)AX — (AX,Y){ and Vx&=0pAX,

where V is the Riemannian connection of M induced from the Fubini-Study
metric of CP".
We recall the following characterization of geodesic spheres in CP™(c) (see

[MOg]).
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Proposition 5.1. Let M be a real hypersurface of CP™. Then M is locally
congruent to a geodesic sphere G, (1) if and only if there exist orthonormal vectors
V1, ,Van_o orthogonal to & at each point p of M such that all geodesics of M
through p in the direction v; +v; (1 =1 = j < 2n — 2) are circles in CP™ with
positive curvature.

Motivated by this proposition, we shall investigate the extrinsic shape of every
geodesic of a geodesic sphere in CP". It is enough to study the case of ¢ = 4.
The shape operator A of G,,(r) in CP™(4) is expressed as:

AL = (2cot2r)¢ and Au= (cotr)u

for every tangent vector u € TG, (r) orthogonal to £&. Moreover, this real hyper-
surface G, (r) satisfies the following (cf. [NR]):

1) The structure tensor ¢ and the shape operator A of G,,(r) in CP™(4) are
commutative: ¢A = Agp.
2) The covariant derivative of the shape operator A satisfies

(VxA)Y = —{(¢X, V)¢ +n(Y)oX}.
We remark that (¥(s), &) is constant along «y. Indeed,

vV<7(3)7§> = <7(8)7 ¢A/7> = <’7> A</57> = _<¢A77 /7> =0.

We shall call this constant the structure torsion of v and denote by sinf with
0= 0] =m/2.
By direct computation we obtain the following:

Proposition 5.2. Let g be an isometric imbedding of a geodesic sphere G, (r) (0 <
r < mw/2) into CP™(4). Then the extrinsic shape g o~y of a geodesic y on G, (r)
is as follows:

(1) Suppose the radius r satisfies /4 < r < w/2. If the structure torsion of
v is £ cotr, then the curve go -y is a geodesic.

(2) When r # /4, if the structure torsion of v is £1 (i.e. ¥ = ££ ), then
the curve g o~y is a circle of curvature 2|cot2r| and of complex torsion
F1 in CP™(4). This circle lies on a totally geodesic CP'(4).

(3) If v has null structure torsion ( i.e. % is orthogonal to £ ), then the curve
g o~ is a circle of curvature cotr and null complex torsion in CP™(4).
This circle lies on a totally geodesic RP2(1).

(4) Generally, if the structure torsion of v is of the form sin€ (0 < [0] <
7/2,8in60 # +cotr), then the curve go-y is a holomorphic helix of proper
order 4 whose curvatures are described as

k1 = |cotr —tanr - sin? 0|, Ky = tanr - |sinf| cosf, k3 = cotr.



74 S. MAEDA AND T. ADACHI

Its complex torsions are described as

— sinf, if cotr—tanr-sin?6 >0
T2 = { sin 6, if  cotr —tanr-sin?6 < 0,

— sgn(sinf) cosf, if cotr—tanr-sin®6 >0
= { sgn(sin ) cos 6, if cotr —tanr-sin®6 < 0,
Toz = sgn(sinf) cosh, T34 =sinf, T3 =794 =0,

where sgn(a) denotes the signature of a real number a. This helix g o 7y
lies on a totally geodesic CP?(4).

It follows from Theorem B and Proposition 5.2 that

Proposition 5.3. Every geodesic v on a geodesic sphere G, (r) in CP™(c) lies
on CP?(c) (which is a complex 2-dimensional complex linear subspace of CP™(c))
as a curve generated by a holomorphic Killing vector field on CP?(c), so that
is a simple curve lying on CP?(c).

In order to study lengths of closed geodesics on G, (r) in a complex projective
space CP™(4), we use the same idea as in section 3, which lies on considering
a horizontal lift of a holomorphic helix g o 7 for every geodesic v on G,,(r).
Regarding the curve g o v as a curve in a Euclidean space C"*!, we obtain an
ordinary differential equation:

(goy)@ + (cot? r + cos? 6 + tan® rsin 0) (g o 7)"
+ sin? §(tan? r cos? 6 4+ 1)g oy = 0.
Thus we can see that g oy is of the form
go~(s) =Aexp(v/—1stanrsin) + Bexp(—v—1stanrsinf)
- C’exp(\/—_18\/cot2 r 4 cos26) + D exp(—\/—_l.S\/cot2 r + cos? 0)

with some non-zero vectors A, B,C, D € C"*1,

Lemma 5.4. Let o be a smooth simple curve on CP™(4). Suppose a horizontal
lift & of o on S*+1(1) is represented as

6_(8):Ae\/—_las+Be\/—_1bs+ce\/—_lcs+De\/—_1ds,

which is a curve on C™1 with non-zero vectors A, B,C, D € C"™' and mutually
distinct real numbers a,b, c,d which satisfy a +b+c+d =0 and a # 0. Then
o is closed if and only if all the ratios b/a,c/a,d/a are rational. In this case, its
length is

1 1 1
1 th =2 L.C.M. .
ength(o) = 2m x (\b—a|’|c—a\’\d—a\)
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Here for positive numbers oy, as, az, we denote by L.C.M.{a1, s, a3} the min-
imum value of the set {jon | 7 = 1,2,...} N{jae | 7 =1,2,...} N{jas | j =
1,2,...}.

Applying this lemma to our case, we obtain the following:

Proposition 5.5. For a geodesic v on a geodesic sphere G, (r) of radius r (0 <
r < m/2) in CP™ of holomorphic sectional curvature 4 we have the following:
(1) If the structure torsion of v is +1, then v is closed and its length is
7 sin 2r.
(2) If v has null structure torsion, then 7 is also closed and its length is
2msinr.
(3) When the structure torsion of 7y is of the form sinf (0 < |0 < 7/2), it is
closed if and only if

*q
sinry/p? tan? r + ¢2

with some relatively prime positive integers p and q with ¢ < ptan®r. In
this case, its length is

sinf =

2m\/p?sin®r + g2 cos2r, if pq is even

T/ p2sin?r 4+ q2cos?r,  if pq is odd.

length(y) = {

Changing the metric homothetically, we obtain the following (Recall the lines
after Theorem 3.3).

Theorem 5.6. For a geodesicy on a geodesic sphere G, (21 /+/c) of radius 2r /+/c
(0 < r < m/2) in CP"(c) of holomorphic sectional curvature c, we have the
following:

(1) If the structure torsion of v is +1, then v is closed and its length is

(27 /+/c) sin 2r.

(2) If v has null structure torsion, then ~y is also closed and its length is

(4m/+/c) sinr.
(3) When the structure torsion of 7y is of the form sinf (0 < |0 < 7/2), it is
closed if and only if

+q
sinry/p? tan? r + ¢2

with some relatively prime positive integers p and q with ¢ < ptan®r. In
this case, its length is

sinf =

471'\/% (p2 sin? r 4 ¢2 cos? T), if pq is even
length(y) =

271'\/% (p? sin® r + ¢2 cos? r), if pq is odd.
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We are now in a position to study the length spectrum of geodesic spheres in
a complex projective space. We denote by Geod(N) the quotient space of the
set of all geodesics on a Riemannian manifold N under the congruent relation
with respect to the isometry group Iso(N) of N. We define the length spectrum
L : Geod(N) — R U {oc} of N by L([y]) = length(v), where [y] denotes the
congruency class containing a geodesic 7. We also call the image LSpec(N) =
L(Geod(N)) N R the length spectrum of N. For example, the length spectrum
of a standard unit sphere is LSpec(S™(1)) = {27}. In order to study the length
spectrum of a geodesic sphere G, (r) in a complex projective space, we need to
study its isometry group. For a non-zero tangent vector v € T,G,,(r) we denote
by (v) the 1-dimensional linear subspace of T, G,,(r) spanned by v, and by (v)+
the orthogonal complement of (v) in TG, ().

Lemma 5.7. For any unit tangent vectors u € (£,)1,v € (§,)F of Gp(r) or-
thogonal to & at arbitrary points x,y, there exist isometries @+, o~ of CP™ with

i) 7(Gm(r)) = &7 (Gm(r)) = Gm(r) and &F () = ¢~ (x) = v,
i) dpg(u) = dg; (u) =v and d@F (&) = &y, dp; (&) = —&y-

This lemma guarantees that two geodesics on a geodesic sphere in CP" are
congruent if they have the same absolute values of the structure torsion. On
the other hand, Theorem A and Proposition 5.2 show that two geodesics on a
geodesic sphere in CP"™ are not congruent if they do not have the same absolute
values of the structure torsions. Hence we have

Proposition 5.8. On a geodesic sphere G,,(r) in a complex projective space,
two geodesics are congruent with respect to the isometry group of G, (r) if and
only if the absolute values of their structure torsions coincide.

As a direct consequence of Theorem 5.6 we find that the length spectrum of
a geodesic sphere G,,(2r/+/c) in a complex projective space CP"(c) is of the
following form.

L5pec(Gn (21)) = { 2 simzr} U osinr )

p and q are relatively
U { A \/ 1 (p2 sin?r + g2 cos? 7’) prime positive integers
c

which satisfy
pq is even and ¢ < ptan?r
p and q are relatively
1 i itive integers
Ly o o prime positive integ
U {27?\/0 {p?sin®r + ¢ cos?r} which satisfy
pq is odd and ¢ < ptan?r

Therefore we obtain the following.
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Theorem 5.9. On a geodesic sphere G, (r) in CP™, there exist infinitely many
congruency classes of closed geodesics. Moreover the length spectrum LSpec(G (1))
of G (1) is a discrete unbounded subset in the real line R.

By the expression of LSpec(G,,(r)) we can also see that the multiplicity
mga,, ) (A) of a spectrum A, which is the cardinality of the set L71(N), is finite at
each \. We here point out the first, the second and the third length spectrum,
that is the minimum, the second minimum and the third minimum of the length
spectrum.

Proposition 5.10. For a geodesic sphere G, (2r/+/c) (0 <r < mw/2) in CP"(c)
of holomorphic sectional curvature c, we obtain the following:
(1) The first length spectrum of Gy, (2r/+\/c) is (2m/\/c)sin2r, which is the
length of geodesics with structure torsion +1. It is simple.
(2) The second length spectrum of G, (2r/+/c) is also simple.
When 0 < r < w/4, it is (47 /\/c)sinr, which is the length of geodesics
with null structure torsion. When w/4 < r < w/2, it is 27w /\/c, which is
the length of geodesics with structure torsion =+ cotr.
(3) The third length spectrum is also simple. When w/4 < r < /2, it is
(47 /+/c) sinr, which is the length of geodesics with null structure torsion.

When v/2m —1 S cotr < 2m+1 (m=1,2,...), in particular, 0 < r <
/4, it is 27\/{4m(m + 1) sin® r + 1} /¢, which is the length of geodesics
with structure torsion +1/(sinry/(2m + 1)2tan®r 4 1).

We remark that the sectional curvature K of G,,(r) in CP™(4) lies in the
interval [cot?r,4 + cot?r]. Hence, when tan?r > 2, we find that there exists
some § € (0,1/9) satisfying §(4 + cot?r) £ K < (4 + cot?r) and, moreover that
the first length spectrum of G, (r) is smaller than 27/v4 + cot? r . This implies
that when tan?r > 2, G,,(r) is an example of so called a Bereger sphere, as
was pointed out in [W]. But for other length spectrum, by virtue of the above
argument we find that the following statement of Klingenberg’s type holds:

Corollary. FExcept geodesics with structure torsion +1, every geodesic vy on

Gm(r) (0 <7 < 7/2) in CP™(4) satisfies length(vy) > 27/v4 + cot?r.

Length spectrum is of course not necessarily simple. For example, in CP™(4)
we have

LSpec (G (Z)) = {x, v2r, VBr, V/10m, V137, V1T, 5, /26, /297, /347,
1
V37, VAT, V/50m, V537, V587, V61w, V657, VT3 . .. }

and find that the multiplicity of /657 is two; it is the common length of geodesics
of structure torsions 3/1/65 and 7/v/65. Every spectrum which is smaller than
V657 is simple. Our aim here is to establish the following:
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Theorem 5.11. For a geodesic sphere G, (2r/+/c) (0 <r < 7w/2) in CP"(c) of
holomorphic sectional curvature c, we obtain the following:

(1) If tan?r is irrational, every length spectrum of G, (2r/\/c) is simple.

(2) Iftan®r is rational, the multiplicity of each length spectrum of G, (2r/+/c)
is finite. But it is not uniformly bounded,
lim supy_.o Mg, , (2r/ /2) (A) = 00.
In this case, the growth order of mq, (2,/./e) S not so rapid. It satisfies

limy 00 )\_‘Sme(QT/\/E)()\) = 0 for arbitrary positive .

This theorem guarantees that on a geodesic sphere G, (r) with irrational tan? r
in a complex projective space, two closed geodesics are congruent if and only if
they have the same length. On the other hand, if tan?r is rational, this theorem
shows that we can not classify congruency classes of geodesics only by their length.

Finally we make mention of the growth of the number of congruency classes
of closed geodesics with respect to their length spectrum for a geodesic sphere in
a complex projective space. For a Riemannian manifold N we denote by ny ()
the cardinality of the set {[y] € Geod(N) | Ln([7]) = A}

Theorem 5.12. For a geodesic sphere G, (2r/\/c) in CP™(c) of holomorphic
sectional curvature ¢ we have

iy MmN Ber
A o0 A2 474 sin 2r

6. Holomorphic helices in a complex space form.

We shall show that the moduli of all holomorphic helices of order 3 in an n-
dimensional complex space form is parametrized by three real numbers or two
real numbers according as n = 3 or n = 2. Moreover, we investigate the moduli
of all holomorphic helices in a 2-dimensional complex space form.

Let 7 be a helix in a Kéhler manifold M (with complex structure .J) of order
d(< 2n) satisfying (2.1). Note that every helix is a real analytic curve in M. All
the complex torsions 7;,(s) = (Vi(s), JV;(s)) (1 =i < j < d) satisfy the following
differential equation

(6.1) £Tz‘j(8) = —Ki—1Ti—1,5(8) + KiTit1,5(8) — Kj_17Tij—1(8) + K;Ti j41(8),

where 7y = 0 when kK = £ or kK = 0 or £ is greater than the proper order of v. We
hence from (6.1) get the following.

Proposition 6.1. The complex torsions of a holomorphic heliz of odd proper
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order d on a Kdhler manifold satisfy the following relations:

Tiitor =0 fori=1,2,...,d— 2k,
where k =1,2,...,(d—1)/2,
K1T2d = Kd—1T1,d—1,
K1T2j + KjT1,j+1 = Kj—1T1,j—1 for 3 =3,5,...,d—2,
Ki—1Ti—1,d + Kd—1Ti,d—1 = KiTit1,d4 fort=3,5,...,d — 2,
Ki—1Ti—1,j © Kj—1Tij—1 = KiTit1,j + KjTij+1
fori=2,3,...,d-3, j=i+2,9+4,...,d—1.

Proposition 6.2. The complex torsions of a holomorphic heliz of even proper
order d on a Kdhler manifold satisfy the following relations:

Ti,i+2k =0 fOTi: 1,2,.‘. ,d—2]€,
where k =1,2,...,(d—2)/2,
KR1T2d = Kd—1T1,d—1,
K1T2j + KjT1,j+1 = Kj—1T1,j—1 forj=3,5,...,d—1,
Ki—1Ti—1,d + Kd—1Ti,d—1 = KiTix1,d fori=2,4,...,d =2,
Ki—1Ti—1,j © Kj—1Tij—1 = KiTit1,j + KjTij+1
fori=2,3,...,d—3, j=i+2,i+4,...,d—1.

Conversely, if the Frenet frame of a helix « in a Kéhler manifold satisfies the
above relations at one point, then all derivatives of its complex torsions vanish
at this point. Since ~y is real analytic, we find that it is a holomorphic helix. We
therefore have

Proposition 6.3. For orthonormal vectors vy,...,vq at a point p of a Kdhler
manifold M with complex structure J, we set 7;; = (v;, Jvj) (1 i< j=d). If
positive constants Ki,...,kq—1 and the vectors vy,...,vq satisfy the relations
in Proposition 6.1 or 6.2, then there exists a unique holomorphic helix with
curvatures kKi,...,Kkq_1 Satisfying that the initial value of its Frenet frame is
(’Ul,... ,’Ud).
The following is easily verified.

Proposition 6.4. The complex torsions 7;; of a holomorphic helix of proper
order d in a Kdhler manifold M satisfy 23;11 %+ Z?:Hl 75 = 1 for each i.

We here investigate holomorphic helices of order 3. We need to choose or-
thonormal vectors vy, vy, v3 € T, M which satisfy

I€1<U2, JU3> = I€2<U1, JU2>, <U1, JU3> = 0
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Identifying T, M with C", we set v1,v2 and v3 as

U1 :(1,0, ,0),
vo = (—iT,\/1—172,0,...,0),
vs = (0, —ip//1—12,\/1 =712 = p2/\/1—72,0,...,0)

for positive constants 7 and p with 72 + p? < 1. Then they are orthonormal and
satisfy (vy, Jug) = 7, (v2, Jus) = p, (v1, Jug) = 0. We therefore have

Theorem 6.5. Let M be a Kdhler manifold of dimension greater than 2. Then
the following hold:

(1) Ewvery holomorphic helix of order 3 satisfies

K1T23 = KaTi2, T13 = 0, |T12| = %
K1 + K3
(2) Conversely, if nonnegative constants k1, kK and a constant T satisfy |1| <
k1/\/ K3 + K3, then there exists a holomorphic heliz of order 3 on M with
the first curvature k1 and the second curvature ko, and with the first
complex torsion T1o = T.

(3) If |7] > k1/+\/K3 + K3, then we have no such a holomorphic helix of order

3 on M.
Theorem 6.6. Let M be a 2-dimensional Kdhler manifold. Then the following
hold:
(1) The complex torsions of each holomorphic helix of proper order 3 in M
are
K1 K2
(6.2) T2 = —F———=, T13 =0, Togs = —(———=
K3 + K3 VK + K3
or
(63) a2 T13 — 0, 723 — — 2

T2 = ——F/———— _—
\/K%+I€%, \/FL%—FK%,
where its curvatures are k1 and Ko.
(2) Conwversely for given positive constants k1 and ks, there exists a holomor-
phic helix of proper order 3 with curvatures k1 and Ko, and with complex

torsions defined by (6.2) or (6.3).

Such a description as above for holomorphic helices of order 4 is much more
complicated. We restrict ourselves here to holomorphic helices in a 2-dimensional
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Kéhler manifold M. For given constants 7 and p with 72 + p? = 1, we choose
vectors

v = (1,0), v = (—iT, p), vs = (0,—17), vy = F(ip, T)

in T,M = C?. Then they are orthonormal and satisfy
<Ul7 JU2> =T, </U27 JU3> =pP, <U17 JU4> - ip7
(v1, Juz) = (va, Jug) = 0, (v3, Jug) = £T.

On the other hand, Proposition 6.2 shows that a helix is a holomorphic helix if
and only if

7'13(0) = 7'24(0) = 0, I€17'23(0) + /‘i37’14(0) = /£27'12(0),

/4.317'14(0) + /€37'23(0) = 1127'34(0).

We therefore have

Theorem 6.7. Let M be a 2-dimensional Kdhler manifold. Then the following
hold:

(1) The complex torsions of each holomorphic helix of proper order 4 with
curvatures K1, ko and k3 on M satisfy one of the following:
RoT
K1+ K3

where T = 4 (k1 + K3)/\/K3 + (k1 + K3)2,

(6.4) Tig = T34 =T, To3 = T14 = , T13 = Toa = 0,

R2T

(6-5) T2 = —T34 =T, T23 = —T14 = , T13 = Toa = 0,

K1 — R3

when k1 # k3, where T = (k1 — K3)/\/K3 + (k1 — K3)2, or
(6.57) Ti2 =T34 = T13 = Toa = 0, Toz = —T14 = £1,

when kK1 = K3.

(2) Conversely, for given any positive constants K1,k and k3, there exist
holomorphic helices of proper order 4 in M with curvatures ki,ks and
K3, and with complez torsions defined by (6.4), (6.5) or (6.4), (6.5").

Remark. The complex torsions of the holomorphic helices in (4) of Proposition
5.2 satisfy

i) (6.4) when cotr — tanr -sin®@ < 0, and
ii) (6.5) when cotr — tanr -sin®6 > 0.

We here rewrite Theorem 6.7 in the case where the ambient Kéhler manifold M
is a complex space form M, (c)(= C"™, CP"(c) or CH™(c)) of constant holomor-
phic sectional curvature c. We denote by Hh?(M,(c)) the set of all equivalence
classes of all holomorphic helices of order d(< 2n) in M, (c) with respect to holo-
morphic isometries of M, (c). By virtue of Theorem A the set Hh¢(M,(c)) can
be naturally regarded as a set of [0,00)?~ 1 x [—1,1]Hd-1)/2 ¢ R(¢+2)(d=1)/2,
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Theorem 6.8. For given positive constants k1, ko and K3, there exist four equiv-
alence classes of holomorphic helices of proper order 4 with curvatures K1, ko and
k3 with respect to holomorphic isometries of Ms(c). In addition, these four equiv-
alence classes are given by (6.4), (6.5) or (6.4), (6.5').

Finally we shall investigate the moduli spaces Hh?(M,(c)) (d = 1,2,3). The
moduli space Hh'(M,,(c)) clearly consists of one point. As an immediate conse-
quence of the above discussion we can establish the following.

Theorem 6.9. (1) The moduli space Hh*(M,(c)) is homeomorphic to a cone in
R? or a half line according as n = 2 or n = 1. More precisely, Hh?(M,(c)) is
[0,00) X [—1,1]/ ~ or [0,00) according as n = 2 or n = 1, where the equivalence
relation ~ means that (0,7) ~ (0,p) if 7, p € [—1,1].

(2) The moduli space Hh®(M,(c)) is connected and

( {(nl,@,ﬂ € [0,00) x [0, 00) x [_1,1]‘

2
2 K
? S g/~ n2s

HI (M, (¢)) = <[O,oo> {0} % [-1,1]

U{(m,mg,i = 2))m1>0,m2>0}>/~, n=2,
. K1+KS

where the equivalence relation ~ means that (0,k,7) ~ (0,£,p) if k,£ € [0,00)
and 7, p € [—1,1].

7. Closed helices with self-intersections in CP".

In this section we give a class of closed helices with self-intersections in a
complex projective plane CP? with the aid of the isometric imbedding f in the
case of n = 2 in section 3. Namely we consider the isometric imbedding f : M =
(81 x S1)/ ~— CP?(4) defined by
(7.1)

f([ew, ((11,&2)]) =7 (1(6_%9 +2ale%),

(e73 —a1e3 ), —iazes

V6

\/§ 246 i6 2 0
3 3 ’

where 7 : $%(1) — CP?(4) is the Hopf fibration and (a1)? + (a2)? = 1.

We here study images of circles in M under this isometric parallel imbedding.
As we see in section 3, the imbedding f maps each geodesic of M to a circle of
curvature 1/v/2 in CP?(4). This circle does not have self-intersections, but it is
not necessarily closed in CP?(4). For images of circles on M through f we have
the following.
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Proposition 7.1. For a circle v of curvature k(> 0) on M, the curve fo~y is a
heliz of order 4 in CP2(4). More precisely, we have the following.

(1) When k =1/2, it is a helix of proper order 3 with curvatures
_ V3 3

K)l—T,K)Q: 5-

(2) When k # 1/2, it is a heliz of proper order 4 with curvatures
|[4k2—1]

_ 2 1 — 3K —
K1 =4 /K%+ 25 F2 V2k241° k3 2(262+1)

We now compute the complex torsions of f o~ for a circle v which satisfies the
following equations:

VxX =krY and VxY = —kX, with X =V} =4.

We can represent the orthonormal pair {X,Y} as

(7.2) { X =cost - (u,0) +siny - (0,w),

Y = —sinv¢ - (u,0) +cosy - (0,w) (0= < 2m)

at each point v(s), where w € T'S'(1) is a unit tangent vector of the second
component, and u is the normalized vector of 9/90. We here make use of the
representation (7.2). Straightforward computation yields the following.

Proposition 7.2. Let~ be a circle of curvature k (> 0) in M. Then the complex
torsions 1;5(s) = (Vi(s), JV;(s)) (1 =i < j =4) of fory are described as follows:
(1) When k> 1/2, we have

1 .
T2 = T34 = NorEsi cos 3(ks +10), Tiz = —T2a = —sin3(ks + o),

= Y2
T4 = T23 = —7m

(2) When k =1/2, we have

cos 3(ks + o).

2 1 1 1 1
T2 = \/;0083(§s+¢0), 713 = —sin3(5s+o), 5 = NV cos 3(55+)-
(3) When k < 1/2, we have
1 .
Tig = —T34 = —=—=—=C083(Kks + 1), Ti3 = Tos = —sin3(ks + o),

2k2 +1
V2K
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Here, 1y is the angle between 4(0) and the unit vector u tangent to the first
component of M.

This proposition shows that f o~ is not generated by any Killing vector field
on CP?(4).

We now consider the universal Riemannian covering p : R? — M. Regarding
the Riemannian metric of M, we can choose a fundamental region for N in R?
as § = [0,2v/27/3) x [0,v/67/3). Two points (x1,z2) and (y1,y2) on R? satisfy
p((z1,22)) = p((y1,y2)) if and only if either

i) 1 — 31 = 2vV2mim/3, zo — y2 = 2/6man/3 for some mi, my € Z, or

i) 21—y1 = V2(2m1+1)7/3, 2o—ys = V6(2ma+1)7/3 for some m1, my € Z.
Let 4 denote a covering circle of 4 in R2. Then it is a circle of radius 1/x in the
sense of Euclidean Geometry. This guarantees that 7 is a closed curve of length
2 /K and moreover that v has self-intersections in the case of x < 3/(v/27). We
remark that if v(sg) = v(0) for some sy # 0, then §(sg) and 7(0) satisfy either
the condition i) or ii). Therefore we obtain the following.

Theorem 7.3. Let f: M — CP?%(4) denote the imbedding defined by (7.1) and
v be any circle of curvature k (> 0) in M. Then we have the following:

(1) The heliz fo~y is closed of length 27 /K, and is not generated by any Killing
vector field on CP?(4).

(2) The heliz f o~ has self-intersections if and only if & < 3/(v/2x). The
number of intersection points is greater than 2.
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