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ABSTRACT. Inequalities on networks have played important roles in the theory
of networks. We study the famous Sobolev-Poincaré’s inequality on infinite net-
works in the weighted form. This inequality is closely related to the smallest
eigenvalue of a weighted discrete Laplacian. We give a dual characterization for
the smallest eigenvalue.

1. PROBLEM SETTING

Let X be a countable set of nodes, Y be a countable set of arcs and K be the
node-arc incidence matrix. Assume that the graph G := {X,Y, K} is locally finite
and connected and has no self-loop. For a strictly positive real valued function r
on Y, N :={G,r} is called a network.

Let L(X) be the set of all real valued functions on X, L™(X) be the set of all
non-negative u € L(X) and Lo(X) be the set of all u € L(X) with finite support.
We denote by ¢4 the characteristic function of the subset A of X and put e, := ¢4
in case A = {z}.

The discrete derivative du and the discrete Laplacian Au(z) of u € L(X) are
defined by

duly) = —r@y)" ) _ K yu@),
M) = 3 K(ry)duly)]

The mutual Dirichlet sum D(u,v) of u,v € L(X) is defined by
D(u,v) := Zyey r(y)ldu(y)][dv(y)]
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if the sum on the right hand side converges. We call D(u) := D(u,u) the Dirichlet
sum of u and put

D(N) :={u € L(X); D(u) < co}.
Notice that D(N) is a Hilbert space with the inner product

((u,v))p := D(u,v) + u(zo)v(zo),

where z is a fixed node. We set ||ul|p = ((u,u))lD/2. We shall use the set of

Dirichlet potentials Dy(N) which is defined as the closure of Lo(X) in D(N).
Let m be a strictly positive real valued function on X and put

(o)=Y m@u()o)
if the sum on the right hand side converges. We put ||u||,, := [((u, u))]"/? and
Lo(X;m) :={u € L(X); ||ul|m < o0}

We shall be concerned with the following weighted Sobolev-Poincaré’s inequality
on N:
(C; m) There exists a constant ¢ > 0 such that

|ul|?, < eD(u) for all w € Lo(X).
For simplicity, we use the function x,,(u) on D(N) defined by

w0 = iy

for u#0

and x,,(u) = oo for u = 0.
We shall consider the following extremum problem:
Am(N) = 1inf{xn(u);u € Ly(X)}.

Then it is easily seen that A, (V) is the best possible value of 1/c. Therefore
the weighted Sobolev-Poincaré’s inequality (C; m) is equivalent to the fact that
Am(N) > 0.

Let E,(A) be the set of all A > 0 such that there exists u € L(X) satisfying the
condition:

(E) Au+dmu=0 onX andu>0onX.

We shall give a characterization of A,,(N) with the aid of E, (A). Namely it will
be shown that £, (A) is equal to the interval (0, A, (V)] and A, (V) = max F, (A)
if A (V) > 0.

For notation and terminology, we mainly follow [7].

2. PRELIMINARIES

Given a finite subnetwork N’ =< X' Y’ > of N, we consider the following
extremum problem:

Am(N") := inf{x,(u);u € S(N')},

where we set

S(N):={ue L(X);u=0o0n X \ X'}



SOBOLEV-POINCARE’S INEQUALITY 47

As in [8], we have

Lemma 2.1. For every finite subnetwork N' =< X')Y' > of N, there exists a
unique @ € S(N') which has the following properties:

(1) Am(N') = (~);
(2) Au(x) = = p(N)m(z)u(z) on X'.
(3) u(x) >0 on X' and ||d|,, = 1.

Theorem 2.1. Let {N,}(N, =< X,,,Y,, >) be an exhaustion of N. Then the
sequence { A\, (Ny)} converges to A, (N).

Proof. We have
A (N) < A (Npg1) < An(Nn).

For any € > 0 we can find u € Lo(X) such that x,,(u) < Apn(N) + €. There exists
ng such that u = 0 on X \ X,, for all n > ng. Thus A\, (V) < xm(u) for all n > ny.
Hence {\,,(N,,)} converges to A, (N). O

3. A CHARACTERIZATION OF \,,(N)

Let £, (A) be the set of all A > 0 such that there exists u € L(X) satisfying the
condition:

(E) Au+dmu=0 onX andu>0onX.
We shall prove

Theorem 3.1. Assume that E.(A) # 0. Then sup E4(A) < A\, (N).

Proof. Let A € E(A). There exists v € L(X) which satisfies Condition (E).
Consider an exhaustion {N,}(N, =< X,,,Y,, >) of N. By Lemma 2.1, there exists
v, € L(X) such that v, = 0 on X\Xn,vn > 0 on X,, and Av, + A\, (N,)mu, =
0 on X,,. Put

= (A= Aa(Na) Y ml@)u(z)on ().

Since Au + Amu = 0 on Xn, we have

P = — erXn v () Z z)[Avy, ()]
= = @ )] + erx ) [Av, (2)] — erxm u(z)[Av, (v)]
= D(vp,u) — D(u,v,) — Z u(z)[Av,(x)]

- _ZxEX\X ©)[Avy (2)]-

For each boundary node = of X,,(i.e., z ¢ X,, and z is a neighboring node of X,,),

we have
Avy,(x) = Z oy t(z, z)v,(2) > 0,

where

t(z,2) = Zyey K (2, y) K (z,9)lr(y)
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Therefore P < 0. Since u(z)v,(xz) > 0 on X,, we obtain A < A, (N,). Our
assertion follows from Theorem 2.1. O

This result was proved in [3] in case r = 1 and m = 1. To prove the converse of
the above result, we prepare

Lemma 3.1. Let 0 < A < A\,,(N). Foreacha € X, there exists a unique m, € L(X)
which satisfies the following conditions:

(1) 7w (z) >0 on X.

(2) Amg(x) + AIm(x)m,(x) = —e4(z) on X.

Proof. Notice that N is of hyperbolic type by Theorem 3.3 in [7]. Since 0 < A <
Am(IN), we see that D(u) > A||ul|?, for every u € Dy(N) with u # 0. Let a € X
and consider the following minimizing problem:

(P) p(a) = inf{D(u) = Allull7,;;uw € Do(N), u(a) = 1}.

Let {u,} be a minimizing sequence, i.e., u, € Dy(N), u,(a) = 1 and D(u,) —
AMlun||?, — p(a) as n — oo. Since A\, (N)||u,|?, < D(uy,), we have

D(un) = M|l > (1 - )D(un),

A
Am(NV)
so that {D(u,)} is bounded. For every x € X, there exists a constant M (z) >
0 such that |u,(z)] < M(2)[D(u,)]"/? for all n (cf. [10]). Therefore {u,(z)}
is bounded. By choosing a subsequence if necessary, we may assume that {u,}
converges pointwise to @ € L(X). It follows that @« € Dg(N), @(a) = 1 and
p(a) = D(w) — A||a||?,. Notice that p(a) > 0. In fact, if p(a) = 0, then
_ D()

all

A > Am(N),

which is a contradiction.
Next we show that
(Q) At(z) + Im(z)u(z) = —p(a)e,(z) on X.
For any real number ¢ and any f € Do(N) with f(a) = 0, we have
O(t) = D(@+tf) — M + 12, > pla) = B(0),
so that the derivative of ®(t) at t = 0 vanishes, i.e., ®'(0) = 0. It follows that
-3 AEEIAE) — Al £)) = .
Taking f = ¢, (z € X,z # a), we obtain Ad(z) + Am(x)u(x) = 0. For f =0 —e,,

we have
- ZZGX[AQ(Z)](Q(Z) —€a(2)) = A((@, & — £4))m = 0,
so that
Ati(a) + dm(a)i(a) = —D(a@) + M|@|]?, = —p(a).
Namely every optimal solution @ of the problem (P) satisfies the above equation
(Q). We show the uniqueness of the solution of the equation (Q). Let i,y be
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solutions of the equation (Q). Then v := 4y — Uy € Dy(N),v(a) = 0 and Av(z) +
Am(z)v(xz) = 0 on X. Thus D(v) = A|v||?,, and hence v = 0. Therefore u; = .

We show that @ > 0. Let v := |a|. Then v is a feasible solution of the problem
(P). We have D(v) < D(@) and |[v||2, = ||@||?,, so that

pa) < D(v) = Avlly, < D(@) — Alllfy,.

Therefore || is also an optimal solution of the problem (P). By the above obser-
vation, we conclude that @ = |a| > 0.

It follows that @ is a nonnegative superharmonic function on X. By the minimum
principle, we see that 4(xz) > 0 on X. Now we may conclude that 7,(z) =
u(z)/p(a) satisfies our requirement. O

Theorem 3.2. Let 0 < XA < A\, (N). Then there exists u* € L(X) such that
u*(z) >0 on X and

Au*(x) + dm(z)u*(x) =0 on X.

Proof. Let {N,}(NV, =< X,,Y, >) be an exhaustion of N and define u,, € L(X)
by

U () == A Zaexn To(z)m(a).
Then u,, > 0 on X and

Aup () +Am(z)u,(z) = A [Z

for every x € X. Notice that w, is superharmonic on X. First we consider the
case where there exists b € X such that {u,(b)} is bounded. Notice that {u,(z)}
is bounded for every z € X by Harnack’s inequality (cf. Theorem 2.3 in [11]).
By choosing subsequences if necessary, we may assume that {u,(x)} converges
pointwise to @(z). Then we have

Atu(z) + dm(z)a(z) = —dm(z),

so that u* := u + 1 satisfies our requirement.

Next we consider the case where there exists b € X such that u,(b) — oo as
n — o0o. We put v,(x) := u,(z)/u,(b). Then v, is positive and superharmonic
and v,(b) = 1. By Harnack’s inequality, we see that {v,(z)} is bounded for each
r € X. Therefore we may assume that {v,} converges pointwise to 0. We see
casily that v(b) = 1,0 > 0 on X and Ad(z)+Am(x)v(z) = 0 on X. This completes
the proof. O

(Amy(z) + Am(x)m,(x))m(a)| = —Am(x)ex, ()

aGXn

J. Dodziuk and L. Karp [3] gave a proof for this theorem by using the reasoning
for manifolds in [4]. Their reasoning seems to contain a gap which occurs in the
discrete case.

By Theorems 3.1 and 3.2, we obtain

Theorem 3.3. If \,,,(N) > 0, then E.(A) is equal to the interval (0, \,(N)] and
A (N) = max B (A).
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Proof. By Theorem 3.2, we see that (0, A,,(N)) C EL(A). The fact that A,,(N) €
E.(A) follows from Theorem 6.3 in [7]. O

Theorem 3.4. Assume that A\,,(N) > 0 and that u* € Dy(N) satisfies the differ-
ence equation:

Au*(z) + A (N)m(z)u™(z) =0 on X.
Then Xom(u*) = \p(N).

Proof. There exists a sequence { f,,} in Lo(X) such that ||u*— f,||p — 0 asn — oo.
An(N[[w = fallr, < D" = fa) =0

as n — o0, so that {f,} converges weakly to u* both in Ly(X;m) and Dy(N)
By our assumption, we have D(u*, f,,) = Apn(N)((u*, fn))m, and hence D(u*) =
A (N) 17, O

4. AN EXAMPLE

Let G = {X,Y, K} be the binary tree rooted at xy and r = 1 on Y (cf. [9]).
Denote by d(zg, ) the geodesic distance between zy and z (i.e., the number of arcs
in the path connecting two nodes x¢ and z) and let Z := {x € X;d(x¢,x) = k}
and

Qr:=2r6Z1={yeY,;K(x,y)K(z',y) = —1forz € Zy and 2’ € Z;_,}.

Then we have Card(Z,) = 2% for k > 0 and Card(Q) = 2* for k > 1, where
Card(A) stands for the cardinality of a set A.

We shall determine A, (N) in case m = 1. For simplicity, we put ||u|| = ||w|m.
Let us define a subset L(X;d) of L(X) by u € L(X;d) if and only if u(z) = uy for
all x € Zy,. For u € L(X;d), we have

Au(zg) = —2ug+2u; (x€ Zy)

Au(x) = —3up+2up1 +up1 (€ Zpk=1,2,--).
Let us find a contant A > 0 and a function v > 0 on X which satisfy Au(x) +
Au(z) =0 on X. First consider the following difference equation:

(DE) Qg1 — (B —=Nug+upg—1 =0 (k=1,2,---).
Let us put A* := 3 — 2¢/2. This value gives a double solution for the equation:
22 — (3= A )t+1=0.
We see easily that
uj, = (a+ﬁk‘)(%)k (k=0,1,2,---)
is a general solution of the difference equation (DE) with A\ = A*. Determine a and
[ so that ug = 1 and —2ug + 2u; = —A*ug. Then we obtain

U = [1 +(1- %)k] ()
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for k = 0,1,2,---. Define u* € L(X;d) by {u;}. Then A\* and u* satisfies our
requirement. Therefore we have A\ (N) > 3 — 21/2 by Theorem 3.1.

To prove the converse inequality, we consider a sequence {u™} in L(X;d) de-
fined by

MO (1/V2)F for 0<k<n
koo 0 for k>n+1

Then u™ € Ly(X) and

[u®) = Y2 =1
k=0

n

D(u(”)) _ Z 2k+1[ul(€n) i ulgrjzl]z
k=0

1
= 2(1-—=)*n+2.

V2

Thus we have

D(u("))
M) S e
1.5, n 2
- 2(1_7> P R
2(1—i)2:3—2\/§ (n — o).

V2

Therefore we have

Theorem 4.1. Let GG be the binary tree rooted at xg and letr =1 onY and m =1
on X. Then Ap(N) =3 — 2v/2.

Notice that we have ||Ju*||* = oo.
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