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ABSTRACT. Stability and boundedness of solutions of Volterra integro-differ-
ential equations are discussed. In particular, we show stability of the zero
solution, boundedness and uniform boundedness of solutions by using suitable
Liapunov functionals or functions. Moreover we give several examples to our
theorems.

1. INTRODUCTION

Many results have been obtained for stability and boundedness in functional
differential equations (for instance, [1-6] and references cited therein). In partic-
ular, concerning stability and boundedness in Volterra integro-differential equa-
tions, we can find many interesting results in the books [2,3] by Burton and many
papers in their references.

In this paper, we discuss stability and boundedness of solutions of Volterra
integro-differential equations. In §2, we discuss stability of the zero solution of a
nonlinear Volterra integro-differential equation by using a Liapunov functional,
and give an example. Finally in §3, we discuss boundedness and uniform bound-
edness of solutions of linear or nonlinear Volterra integro-differential equations
by employing Liapunov functionals or functions, and give several examples to
our theorems. In particular, we use the Liapunov-Razumikhin method to prove
Theorems 3.4 and 3.5.
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2. STABILITY

In this section, we discuss stability of the zero solution of a nonlinear Volterra
integro-differential equation. Consider the nonlinear system

(2.1) 2 (1) = ale(t)) + /0 Ot ) f () ds,
in which

a(z) = Az + b(z),
and b, f : R" — R™ are continuous, f(0) = 0,

[b(2)| < ~lal,

|f ()] < dlz|

for some v, 0 > 0, and A is a constant n X n matrix and C' an n x n matrix of
functions continuous for 0 < s <t < oo, where | -| is a norm of R"™. We suppose
that there is a symmetric matrix B with

(2.2) ATB+ BA =1,
where AT denotes the transpose of A, and I denotes the n x n identity matrix.

Definition 2.1. The zero solution of (2.1) is stable if, for each ¢ > 0 and each
to > 0, there exists 6 > 0 such that

lp(s)] < on [0,tg] and t >t
imply |x(t)| < e.

Concerning stability of the zero solution of (2.1), first we obtain the following
stability theorem.

Theorem 2.1. Let (2.2) hold and suppose that there is a constant M > 0 with
t 00

(2.3) \B|(/ o, s)|ds+52/ O, )| du+ 29) < M < 1.
0 t

If x7Bx > 0 for each x # 0, then the zero solution of (2.1) is stable.

Proof. We define

Wit,a() = (0 Ba(t) + 1] | [ O, $)ldul f((s))Pds.
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Then we have

Vi (£, 2() = {27 AT + 17 (2) / F7(@())CT (¢, 5)ds} Ba
+ 2" B{Ax + b(x) / C(t,s)f(x(s))ds}
18] / 1C (o, )| dul f () — |B] / 1C(t, )| (x(s)) s
= 2T ATBx + 2T BAx + 2£ETBb(
B C d B d
P /0 (t, ) f(x(s))ds + | |/ ', t)]dul f ()]
- 181 [ e 9lIrt(s) Pds
0
< —|ef? + 22| Bl[b(z)| + 2/]| B / (8, )| (x(s))|ds
+\B|/ Ou, ) dul f(x \B|/ (¢, 9)]|f (x(s)2ds
< —|eP +20|B| + |B] / C(t, 9){[2f? + |F((s))P}ds
518 [ 1ot oladel - 18] [ 109 o) s
< P + 2|Blla]* + 1B / (8, 5)|ds|]?
+52\B|/ (u, )| duz]?

:{—1+|B](2fy+/0 |C(t7s)|ds+(52/oo|C(u,t)|du)}|:v[2

¢
<{-1+ M}z| =) —alz|’, a>0.

Now, if 27 Bz > 0 for all x # 0, then V; is positive definite and Vi is
negative definite, so x = 0 is stable. This completes the proof.

Remark 2.1. In [2; Theorem 8.2.6], we can find a boundedness result of Grimmer-
Seifert for the linear equation

(2.4) / C(t, s)x(s)ds + g(t).

Now we show an example to Theorem 2.1

Example 2.1. Consider the scalar equation

(2.5) ' = (—x(t) + b(z(t))) + /0 e 3= (5) sin x(s)ds,



28 TETSUO FURUMOCHI AND SATORU MATSUOKA

where

) Slog(xz+1) if ©>0
b(z) = {—2% log(—z+1) if = <O.

Then we can take v = B = %, 0 =1, and we have

\B|(/0 C(t, 5)|ds + 5 /too 1O (u, )| du + 27)

1, [t o 1
:5(/ e 30=)ds 4 12/ e 3Dy 4 2. 5)
0 t
15 1 5
:§(§_§e 3t)<5:M<1'

Thus all conditions of Theorem 2.1 are satisfied, so that the zero solution of (2.5)
is stable.

3. BOUNDEDNESS

In this section, we discuss boundedness of solutions of Volterra integro-differ-
ential equations. First we consider a perturbed form of (2.1)

(3.1) 2'(t) = a(z(t)) + g(t, z(t)) + /0 C(t,s)f(z(s))ds
with a(z) and C, f as in (2.1), g : [0,00) x R" — R™ continuous, and
(32) |9(t, 2)] < A) (2| + 1),

where \ : [0, 00) — [0, 00) is continuous,
(3.3) / A(s)ds < oo and At) — 0 ast — oo.
0

Definition 3.1. Solutions of (3.1) are uniformly bounded if, for each H > 0
there exists D > 0 such that
to >0 and |p(s)| < H on [0,t)] and t >t
imply |x(t)| < D.
The following theorem is our first boundedness theorem.

Theorem 3.1. Suppose that (2.2), (2.3), (3.2) and (3.3) hold. If " Bx > 0 for
x # 0, then all solutions of (3.1) are bounded.

Proof. In the proof of Theorem 2.1. we found V(¢ 2(-)) < —alz[*,a > 0.
Select L > 0 so that

—alz|* + 2| Bllz|(J2] + DA(t) — LA(t) < —alz]?,
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for some & > 0 and all  when t is large enough, say, t > S. Next, define

V(t,2(-)) = [(t)"Bx(t) + 1 + |B| / / "\, 9)\dul f(x(s))Pds)
« exp|—L /0 Ms)ds],

so that
Vi1 (2()) < ~LA()V + exp|~L /0 A(3)ds]
X {Vig)(t,2(-)) + 2| Bl|z]|g(t, z)|}
< LAV + exp[-L /0 Ms)ds]
x {=alz[* + 2| Bl|z[A(#)(Jz| + 1)}

< exp[-L / A(s)ds]{—alz[? + 2| Blle|A(®) (2] + 1) — LA(D)}

< —a|1:\2exp[—L/0 A(s)ds]

def

= —0lz|*, if t>85.

Suppose that 27 Bz > 0 for all x # 0. If z(t) is any solution of (3.1), then
by the growth condition of g, it can be continued for all future time. Hence, for

t > S we have V(t,z(-)) < V(S,z(-)), so that z(¢) is bounded. This completes
the proof.

Example 3.1. Consider the perturbed form of the scalar equation (2.5)

t

(3.4) ' (t) = —x(t) + b(z(t)) + g(t, z(t)) + / e 39 1(s) sin (s)ds,
0

where b(x) is the function given in Example 2.1. If we suppose that

1 —t ; >0
g(t7x) _ 61\/56 » Zf r =
—gV e if x <0,
then
1
< —et 1

so that we take

Thus

> 1 1 1
A(s)ds = —e ds = —|—e 7| = —=
/0 (s)ds /0 ¢ @s 12[ e 19 12<oo

At) =0 as t— oo.
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Hence, the condition for g holds.
We select L > 0 so that there exists & > 0 such that when t > S, for all x

1 1 1 _
—6x2 + 1—|x\(\x| +1)e™" — ELe_t < —ar’
In fact, we suppose that o = i and we have
L 5 I L,
s R et — —Let< ——
& + 12|x\(\x| +1)e ple < -5

—4x* + 22%e 7 4 2Jxlet — 2Le 7t < —a?
(3 —2e Ha? — 2|zle" +2Le™" >0

t et e * t
3—2e” - ) ———— 4+ 2Le " > 0.
620l ~ g g~ g 42002
Therefore we can select L > 0 satisfying — 55— + 2Le™" > 0 fort > S, say,
1
L> —F—— t>S.
—2@d—2)fm‘ =

Now we take L = m Thus all conditions of Theorem 3.1 are satisfied and
all solutions of (2.5) are bounded.

The next result is a boundedness theorem for an equation with a variable
coefficient. We consider a system of Volterra equations

(3.5) 2 (t) = /ﬁCts s)ds + F(1),

where A(t) = A+ P(t) and A is a matrix such that there are positive constants
r,k and K with

(3.6) ATB+BA=—1
(3.7) |Bz| < K[z" Bx]>
(3.8) || > 2k[2T Ba]?
(3.9) [z Bx]? > r|z].

We ask that C(t, s) is an n X n matrix continuous function for 0 < s < t < oo and
that F': [0,00) — R" is continuous and bounded, P(t) is an n x n continuous
matrix with

(3.10) |[P(t)| <p for t>0,
where p is a constant with 0 < p < 1.

Theorem 3.2. Let (3.6) - (3.10) hold and suppose that
(a) there is K > K with

2k~ Kp— K / O, B)ldu] > (K — K[| Az]| + |z,
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(b) for some D with0 < D < K — K 4+,

t o0
/ / K|C(u, s)|duds < D.
0 Jt

Then all solutions of (3.5) are bounded.
Proof. We define

V(t,2(-)) = [z(t)” Ba(t) %+K/ / (u, s)|dulz(s)|ds.

A calculation yields
Viss(ta() < [k + Kp + K/ |C(u, t)|du]|z| + K|F(t)]
t
t
+ [—K+K]/ C(t, 8)[|2(s)|ds.
0

By assumption (a),

Vi (t:2()) < —(K = K)[|Aa| + |o]] + K|F(¢)
~ (K= K) [ [Ct.9)la(s)ds

—(K = K)[|Az| + [ P(#)||=] +/Ot O, s)l|(s)|ds

+[F®)]] = (K = K)lz| + K|F(t)] + (K — K)|P(#)||2]

—(K = K)J2'| = (K = K)(1 = p)|z| + K|F(t)].

Because | F| is bounded, there is U > 0 with V' < —(K — K)|2'| if |z(t)| > 2kU.

We define
2" Ba]? = Q(a),
so that @ = U implies U? = 27 Bz > r?|z|?, or

U de
2| < =< L.
r
Because r|z| < [¢TBx]z, we define
Wi(|z]) = r|z|.

Since we also have
V(t,z(-)) < Q(x) + sup |z(s |/ / K\C’ u, s)|duds,
0<s<t

define
L@E(Zﬂ ::l)pv P Eio-

31
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Then we obtain

Wi(lz(t)]) < V(E2() < Qa(t)) + Wa([|z]|™),
Q(z) = U implies |z| < L,
Q(x(t)) > U implies Vi 5 (t,2(-)) < —(K — K)|2'(t)]
[0,¢] def

sup |z(s)].
0<s<t

where ||z||

Suppose that z(¢) is an unbounded solution, i.e, there exists {u,} — oo such
that |z(u,)| — oo as n — oco. If @ > U, then

0 <V, 2() < Vg, 2(-)) — (K — K) / 12/(5)|ds

u1

= V(u, 2(-)) = (K = K)zfur, un]|
< V(ug, 2(-)) = (K = K)(|o(un)| = |2 (u1)])

— —00 as n — oo,

and so there is a sequence {s,} — 0o as n — oo with Q(z(s,)) =U.

We therefore find ty > 0 and R > 0 with Q(z(ty)) = U and ||z|/®%! < L + R.
Because |z(t)| is unbounded, there is the first t5 > to with |z(¢2)| = L + R, and
therefore, there is t; > ¢y with Q(z(t1)) = U and Q(x(t)) > U on (t1,ts]. Now
on [t1, 1] we have V5 5 (¢, (1)) < —(K — K)|2/(t)], and so

Wi(lz(t)]) <Vt z() <Vt 2() — (K — K)|zty, ]|
< Q(z(t)) + Wa(||=]|M) — (K — K)|z[ty, 1]
< U+ D(L+ R) — (K — K)|z[t1,1]],

so that at t = t5 we have
"L+ R)<U+D(L+R)—-(K—-K)R
or
r+K—-K—-D<O,
a contradiction. This completes the proof.

Remark 3.1. Theorem 3.2 for (3.5) with A(t) = A corresponds to Theorem
8.4.2 in [2].

Example 3.2. Consider the scalar equation
t

1
(3.11) 2(t) = (—2+ 3 sint)x(t) + / e~ =9 2(s)ds + sin .
0
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W=

) , and we have

N[

Then we can take B = i K=k=7r=

(e}

\xl[/f—Kp—K/t Cu, t)]du] = (K — K)[|Az| + [z]]

_ 1
_____ ~R e (R - )2+ 1)

2 2 3 .
1 12 _ 3
- —=-K>3K — -
3 2 23 2
K < 1—1,
- 21
so that we can take K = 21, and we obtain
/ / K|C(u, s)|duds = — / / e 2= duds
11
l-e?)< —=D.
84( )= 84

Since all conditions of Theorem 3.2 are satisfied, all solutions of (3.11) are
bounded.

The next result is a theorem of uniform boundedness for (3.5).

Theorem 3.3. Let (3.6) - (3.10) hold and suppose that |F(t)| < £ and there
exists d > 0 with

(e}

K
k—Kp—— t)|du > d.
P | G Dl

If there exists m < 1 with

K
// C(u, s)|duds < m,

then solutions of (3.5) are uniformly bounded.

Proof. We define

V(t,z(+) = [#(t)" Bx(t) ;+ K/ / (u, s)|dulx (S)BJI(S)]%dS

and obtain
Vigs)(t,z()) < —[k — Kp— %/, |C (u, t)]du] |z + K|F(1)]
< —2kd[a:TBa:]2 + K¢.
If Kt
TB]s > —>
[z" Bz]z > ok U,

then V/ < 0.
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If we define Q(z) = [#7 Bz]z, then we have

}i//‘ C(u, )| dula” () Ba(s)] s

<m sup Q(z(s)).
0<s<t

Thus there hold that
Qz(t)) <V (t,x(-)) < Qx(t)) +m sup Q(x(s)),

0<s<t
1
< < —
el < Q) < ool
Q(x) > U implies V' <0.
Let H > 0 be given. We must find D > 0 such that
to >0, t>ty, || <H

imply |x(t, to, ¢)| < D.
For the given H > 0, if ||¢||[%%! < H, thent € [0,to] yields Q(o(t)) < 5 |o(t)] <
I and we can find M > max{{Z, £},
We shall show that all solutions are bounded, and so they are continuable. For
x(t) = x(t, to, ¢) either
(a) Q(z(t)) < M for all t > t, or
(b) there is the first t* > t, with Q(z(t*)) = M.
If (b) holds, then either
(b1) there is the first ¢; > t* with Q(z(¢;)) = U, or
(b2) Q(x(t)) > U for t > t*.

Let ¢ € [t*,t1) be a number such that Q(x(¢)) is the maximum of Q(
[0,¢41]. If (bl) holds, then we claim that Q(x(%)) is the maximum of Q(xz( n
[0,00). If not, then there is an interval past t1, say, [ta, t3] with Q(z(t)) < Q(x(t))
on [ta, t3] and with Q(x(t)) > U on [ta, ts], Q(z(t2)) = U and Q(z(t3)) =
This is impossible because V{; 5 (¢, z(+)) < 0 on [t2, 5], and so

Qx(ts)) < V(ts, x(-)) < V(ta, ()
<U+m sup Q(x(s))

< U +mQ(a (D)) < Qa().

Next, we find a bound of Q(x(¢)). We have V' < 0 on [t*, 1], so
Qz(t)) <V (L, () < V(t* x(-))

< Q) +m sup Q(x(s))

< M+mM = M(1+m)
and this is the bound of Q(x(t)) if case(b1) holds.
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In the case of (b2) we have Q(x(t)) > U for t > t*, so that V' <0 for t > t*
implies

rlz(@)| < Q(z(1))

VARRVARNVAN

”
V
Q(x(t ))-FTn sup Q(z(s))

0<s<t*

=M+mM = M(1+m).

Certainly, if case(a) holds we have Q(z(t)) < M < M(1 4+ m). Thus, in all
cases,

rla(t)] < Qz(t)) < M(1+m),
and so
|z(t)] < %(1 +m) ¥ D,
This shows uniform boundedness and the proof is complete.

Remark 3.2. Theorem 3.2 for (3.5) with A(t) = A corresponds to Theorem
8.4.4 in [2].

Example 3.3. Consider the scalar equation

1 t
(3.12) 2(t) = (—2+ 3 sint)x(t) + / e =9 2(s)ds + sin .
0
Thenwecantak;eB:l,K—k—r—%p:%, and we have
111 5 * e
k— Kp——/ ut|du-§—§-§—2‘;%/t ety
111
3 412

so that we can take d = 1—12 As we have

K t 0o
—/ / |C'(u, s)|duds —/ / e =) duds
rJo Ji

—4t

< J—
16( —e) 16’
we can take m = %. Thus all conditions of Theorem 3.3 are satisfied, so that
solutions of (3.12) are uniformly bounded.

The next result is a boundedness theorem obtained by using a Liapunov func-
tion instead of a Liapunov functional.

Again we consider the linear system (3.5), where A(t) = A+ P(t), A constant,
all characteristic roots of A have negative real parts. Select B = BT with (3.6),
and let o and 3% be the smallest and largest (respectively) characteristic roots of
B. By using the Liapunov-Razumikhin method, we obtain the following theorem,
which is deeply related to Theorem 8.2.6 in [2] for (2.4).
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Theorem 3.4. Let the above stated conditions hold and suppose that there is
M > 0 with

t
/ |BC(t,s)|ds <M, t>0,

where QBM +2p|B| < 1. If, in addition, F is bounded, then all solutions of (3.5)
are bounded.

Proof. Define V(t,x) = a7 Bz, so that o?|z]*> < V(t,z) < (%z|?, yielding
Wi(|z]) < V(t,2) < Wa(lz[), where Wi(|z]) = o®[z]* and Wa(lz|) = B[]
Then we have

t
Viys)(t.2) = —[af? + 207 BP(t)x + 27 B /0 C(t, s)a(s)ds + 27 BF (1)

et + 2B+ 2] [ 18O o)
+ 2la| B[P0
4 200l + 24 [ 1B )l
+ 20| BP0
= 2lB] — el +20s] [ 1BOG3)|ols)ds

+ 21| B[],

Now, if R2V (t,z(t)) > V(s,z(s)) for 0 < s < t, where h > 1 is a constant to
be determined, then

W23 la(t))? > WPV (t, (1) > V(s, x(s))
> o’ (s)?
and

— @) = fa(s)l, s <t

Thus,

h ,O0
Vo) (1, 2) < (201 B] = Dfef* + — |2/IBCtS)IdSJr2!B|HFII[O ||

26M

and, because +2p|B| < 1, h may be chosen so that h > 1 and 2hﬁM—l—Qp\B| <
1 yielding
2h[BM -
Vst 2) < [———+2p|B| ~ la|? + 2| B[ F||*z| <0
2|B|||F||0) g
ol > 2BUFIE®

1— (22 4 29| BJ)
Thus we have
(a) Wi(lz]) <V (t,x) < Wa(|z]),
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(b) there exists K > 0 so that if x(¢) is a solution of (3.5) with |z(t)] > K for
some t > 0 and V(s,z(s)) < v(V(t,z(t))) for 0 < s <t and v(r) > r, then
Viss(t,2) <0, where v(r) = h*r.

Now, we choose any solution z(t) such that |¢(t)] < H for 0 <t <ty for some

H > 0. We suppose that L > max{H, K} and choose D > 0 with W5(L) <

W1 (D). If this solution is unbounded, then there is ¢; > 0 such that

lz(t1)| = D, |z(t)] <D for 0<t<t.
If V(t1,2(t1)) < V(to, ¢(to)), then we would have

Wiz (t)]) < V(t, 2(th)) < V(to, ¢(to)) < Wa(|o(to)])
< Wo(L) < Wy(D),

and we get |x(t1)] < D, a contradiction. So V' (t1,x(t1)) > V(to, #(to)). Since
V(t,z(t)) is continuous in ¢, there exists to, 0 < to < t;, such that V (¢, z(t)) <
V(te, z(t2)) = V(t1,2(t1)) for 0 < ¢ < t5. Clearly there exists a sequence {7},
to < 7; < tg, such that 7; — t3 as j — oo and

(3.13) Vigsy(mj,2(15)) >0, j=1,2,---.
Now we have
(3.14) v(V(te, z(te))) — V(te, z(ts)) = > 0,
since V' (tg, x(t2)) > 0. We claim that there exists an integer j such that
(3.15) v(V(r;,2(7;))) > V(s,z(s)) for 0<s <.

If this were not so, then for each integer j there would exist s;, s; < 7;, such
that v(V (75, 2(7;))) < V(sj,z(s;)). From this, it follows easily that for some
Sop <t (85 — Sp as j — 00),

(3.16) v(V(ta, z(t2))) < V(so,x(s0)).
But from (3.14) and (3.16), we obtain
V(ta, x(t2)) + e = v(V(te, z(t2))) < V(so,x(s0)) < V(ta, x(t2)),
e <0,

which contradicts to our choice of €. So we conclude that (3.15) holds for some
integer j. But from (b) we must then have Vi, 5 (7;, 2(7;)) < 0, contradicting to
(3.13). This completes the proof.

Example 3.4. Consider the scalar equation

t
(3.17) ' (t) = (=2 +sint)z(t) + / 26_(t_5)£17(8)d3 + sint.
0
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Then we can takeB:i and p =1, and we obtain
¢ ‘1 3
/\BC(t,s)|ds:/ — St
B 0o 4 4
3 3
=—(1—-ehH)<—
TR T
s0 thatM:%. As we have
3 1 7
2M +2p|B|=2-—+2--==-<1
ToBI=2 2= s

and sint is bounded, all conditions of Theorem 3.4 are satisfied, so that all solu-

tions of (3.17) are bounded.

Our last result is a boundedness theorem for a nonlinear system. We consider
a nonlinear system

(3.18) ' (t) = a(z(t)) + /0 C(t,s)f(z(s))ds + F(t),
where

a(z) = Az +b(x),
f(z) = Dz + h(x),
A, D and C are n x n matrices, A and D constant, all characteristic roots of
A have negative real parts, C' continuous for 0 < s < ¢t < oo, b(z) and h(x)
continuous satisfying
|b(x)] < 7]xl,
|h(z)| < nlz|
for some y,n > 0, and F : [0,00) — R™ is continuous. Select B = B with
(3.6), and let o? and 3% be the smallest and largest characteristic roots of B

respectively. By employing the Liapunov-Razumikhin method, we obtain our
last theorem.

Theorem 3.5. Let the above stated conditions hold and suppose that there is
M > 0 with

t
/ IBC(t,8)|ds < M, t>0,
0
where w +2v|B| < 1. If, in addition, F is bounded, then all solutions of
(3.18) are bounded.

Proof. As in the proof of Theorem 3.4, we define V(t,z) = ' Bz, so that
022 < V(t,z) < B[], yielding W (|z]) < V(1,) < Wy(Jz]), where W, (Jo]) —
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a?|z|* and Wy(|z|) = B%|z|*>. Here we have
t
Viy 1y (t7) = —|al? + 227 Bb(z)a + 227 B /0 C(t, 5)[Dax(s) + hx(s))]ds

+ 227 BF(t)
< —[al* + 2| Bl|b(x)] ||

+2|z| /0 [BC(t, s)|[| DIl (s)| + [h(x(s))ds + 2la| | B | 7[>

t
< —I$\2+27|Bllfvl2+2lfﬂ\/ [BC(t, s)|[|D] + n][z(s)|ds
0
+ 2]a||B| || 7]
4
= (29]B] = Dlz[* +2(|1D| Jrn)lﬂc’l/0 |BC(t, )||x(s)|ds

+ 2[a]| BI||F]|*>).

Now, if K2V (t,z(t)) > V(s,z(s)) for 0 < s < t, where h > 1 is a constant to
be determined, then

Rt > PV (t,x(t) > V(s,2(s)) = o*z(s)[*

and

Thus,
/ 2 2h/6 2 !
Visas)(t,2) < (29] Bl = Dl + —= (D] + n)|(t)] i |BC(t, s)|ds
+ 2| BI[|F[| ">

and, because %ﬁlﬂ) + 29|B| < 1, h may be chosen so that A~ > 1 and

%){DIM) + 27| B]| < 1 yielding

23M(|D] + ) )
Visag (£,7) <[ - + 29|B| — 1]z ]> + 2| B||| F[|/**)|«|
<0
21B [0,00) .
if |z > [ Bllgll d:fK

| - (ZEIDT 5 )
Thus there hold that
(a) Wi(lz]) < V(t,x) < Wy(|z)),
(b) there exists K > 0 so that if x(¢) is a solution of (3.5) with |z(t)] > K for
some t > 0 and V(s,z(s)) < v(V(t,z(t))) for 0 < s <t and v(r) > r, then
Vizs)(t,z) <0, where v(r) = h2r.
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The remaining part can be proved by a similar method to the one used in the
proof of Theorem 3.4. Thus all solutions of (3.18) are bounded. This completes
the proof.

Finally we give an example to Theorem 3.5.

Example 3.5. Consider the scalar nonlinear equation

(3.19) Z'(t) = (—x(t) + b(z(t))) + / 6_(t_s)[il‘(8) + h(x(s))]ds + sint,
0
where
) Flog(z+1) if ©>0
blz) = {—2% log(—z+1) if <0
and
—smxlog (x+1) if ©>0
—ssinzlog(—z+1) if <0.

1
]’

1 1 1
/\Bc<, lds =/ Lot 1o ey <l

so that we can take M = % As we have

1.1 1 1 1 7
Na9. 2.2 =" <1

2(2 +—8)—+ <

and sint is bounded, all conditions of Theorem 3.5 are satisfied, so that all solu-

tions of (3.19) are bounded.

Then we can take B = % v = % n =z, and we obtain

[\]

M(|D[+n)+2v|B| =2
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