Mem. Fac. Sci. Eng. Shimane Univ.
Series B: Mathematical Science
32 (1999), pp.9-23

DIRICHLET PROBLEM IN AN EXTERIOR DOMAIN WITH
POTENTIAL IN A WEIGHTED LEBESGUE CLASS

HiroAkl AIKAWA
(Received February 1, 1999)

ABSTRACT. Let 1 < p < oo and let w be a weight in the Muckenhoupt A, class.
Suppose €2 is a smooth exterior domain in R™. Let f € LP*(Q) = {f : | fllp,w;0 =
(Ja | flPwdz)/P < co}. We consider the Dirichlet problem: —Au = f on Q and
u = 0 on 9N U {oo} with f € LP*(Q). We give sufficient conditions for the
Dirichlet problem to have a unique solution w with estimate Z|a\:2 [1D*u||p w0 <

C”f”p,w;ﬂ'

1. INTRODUCTION

Let Q be an exterior domain whose complement consists of finitely many C'!:!
bounded domains (cf. [4, p.94]). Without loss of generality we may assume that
a ball {z : |z| < ro} lies outside Q. Suppose 1 < p < oo and f € LP"(2) =
{f = Ifllpse < oo}, where || fllpwo = (/g \f\pwdx)l/p. Take r1 so large that
R*"\Q C{z:|z] <r}andlet Q3 = {z € Q: |z|] < r}. Define the weighted
Beppo Levi space BL*P™(Q) = {u : ||ul| pr2r.w ) < 0o}, where

pawiy + Z ||Daulp,w;91 + Z ’|Dau||p,w;9-

|a|=1 |a|=2

|ul| B2.pow () = [|ul

The weighted Beppo Levi space BL?P%(€2) and the weighted Sobolev space

W2’p’w(Q) ={u: ullw2rw@) = Z [ D%ul|p,w;0 < 00}

jal<2

1991 Mathematics Subject Classification. Primary 31B10, 31B35, 46E39.

Key words and phrases. Dirichlet problem, exterior domain, Muckenhoupt class, Beppo Levi
function, modified Riesz potential, integral representation.

This work was supported in part by Grant-in-Aid for Scientific Research (B) (No. 09440062),
Japanese Ministry of Education, Science and Culture.



10 HIROAKI AIKAWA

have the same local behavior. Besides the obvious implication W?2P¥(Q) C
BL?P%(Q), we have the opposite BL>P*(Q') Cc W2Pw(Q), if Q' is a bounded
subdomain of 2. At oo, however, they behave in completely different ways.

Let us consider the Dirichlet problem

(1) —Au=f on
(2) u=0 on 0.

Since u must be “small” at co in a certain sense for u € W2P¥(Q), it follows
that (1)-(2) can have no solutions in W2Pw(Q) if f € LP*(Q) is “large” at cc.
Nevertheless we shall see later in Theorem 3 that (1)-(2) always has a solution in
BL?P(Q). This is the main reason why we introduce the weighted Beppo Levi
space. If w = 1, then each function space reduces to a usual unweighted one and
is denoted by a symbol without the superscript w.

Let us make the meaning of (2) clear. We take the boundary condition in the
sense of W14(Qy) for some ¢ > 1, i.e. (2) holds if and only if there are continuous
functions u; vanishing near the boundary 92 and converging to u in W14(2;)
for some ¢ > 1. Since w € A,_. for some € > 0, it follows that w9/ (P=a) g
locally integrable for some ¢ with 1 < ¢ < p. Hence the Holder inequality yields
that LP"(R™) C L] (£4), and so

loc

(*) LP"(Q)]g, C L), BL2’p’w(Q)‘ . C W2(Qy).

Q
Thus the above interpretation of (2) is compatible with (1) for f € LP"(Q).
Let hy be the Riesz kernel

_ r .
() = 72110g‘7| ifn=2
o(z) =
o zP ifn > 3,

where v = 27 and v, = 47"/2/I'(2 — 1) if n > 3. In view of the logarithmic
growth of ho for n = 2, the two dimensional case is somewhat different from the
higher dimensional case. In the sequel we restrict ourselves to the case n > 3.
We shall state the case n = 2 in the final section.

Let us consider first the case when f has compact support. Consider the
boundary condition at oo:

(3) lim wu(x) =0.

|| —o00

Then (1)-(3) has a unique solution.
Maremonti and Solonnikov [6, Theorems 1 and 2] proved the following theorem.
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Theorem A. Let n > 3 and w = 1. Suppose f € LP(Q2) has compact support.
Then (1)-(3) has a unique solution u. Moreover, the estimate ||ullpr2r) <
cllfllp:a holds in each one of the following cases:

(i) 1<p<n/2
(ii) n/2 <p < n and f satisfies

(@) /Q F(@)ha(x)dz = 0.

(iii) p > n and f satisfies (4) and

Ohs

(5) /Qf(x)%jdx:()forjzl,...,n.

In [1] we have introduced a subclass A,  of the Muckenhoupt A, class:
Apr = {w €A,: / (1+ |a:\)(k_”)p/(p_l)w(az)l/(l_p)daz < oo} )

It is easy to see that

0= Ap,n C Ap,n—l C---C Ap71 C Ap70 = Ap;

leA,, — 1<p<n/2,
1 eAp’l\Ap’Q <:>n/2 <p <n,
le A\ 4,1 = p=n

(cf. [1, §4]). In view of these facts, we shall show the following generalization of
Theorem A.

Theorem 1. Letn > 3 and w € A,. Suppose f € LP" () has compact support.
Then (1)-(3) has a unique solution u. Moreover, the estimate

(6) [ull 82w ) < el fllpwse-

holds in each one of the following cases:
(1) w € Ap’g.
(ii)) we Ap1\ Ap2 and f satisfies (4).
(i) we Ay \ Ap1 and f satisfies (4) and (5).
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Let us consider next the case when f does not necessarily have compact sup-
port. In this case we cannot expect a solution of (1)-(3). In order to obtain a

solution of (1)-(2) small at co in a sense, we define the subspace BLY?"(Q) of
BL>P%(Q) by

BLZP™(Q) = {u € BL*P"(Q) : there is u; € BL*P"(Q)

such that u;(x) = 0 for |z| > j and lim |lu; — u| pr2.r.w) = 0}.
]—)OO

A solution v € BLYP™(Q) of (1)-(2) may be considered to be small at oo. In
view of (*) and the usual trace argument, we see that the first derivatives of u
exist on 02, and they are ¢-th integrable with respect to the surface measure d.S
for some g > 1 (see the following Lemma 2). In particular, we can consider the
integral of the normal derivative du/0n over 0€). We shall prove the following.

Theorem 2. Letn >3 and w € A,. Suppose f € LP*(Q).

(i) Ifw € Ay, then there exists a unique solution u € BLIP™(Q) of (1)-(2).
(i) Ifw € Ap1 \ Apa, then there exists a unique solution u € BLYP™(Q) of
(1)-(2) satisfying the additional condition:

(7) Ouds = 0.
o0 8’”

(iii) If w € Ay \ Ap.1, then there exists a unique solution u € BLY?™(Q) of
(1)-(2) satisfying (7) and

Guahg
TRI2 45 = i=1,...,n.
(8) 0 91 9z, dS =0 forj 0

In each case the solution u satisfies (6).

Theorem 2 is a generalization of Maremonti and Solonnikov [6, Theorem 3].
However, there is a significant difference between [6] and ours. A layer potential
method and a certain approximation property for LP(2) were the main tools in [6].
Since w € A, needs to be neither continuous nor isotropic, the arguments in [6]
are not applicable to our weighted case. We shall make use of the same technique
as in [1], e.g. modified Riesz potentials, an approximation of polynomials in
BL?P(Q) and so on. We shall, in fact, give an explicit representation of the
solutions u of (1)-(2). Although the solutions are not unique, among them there
exists a canonical solution which will be written as the difference of a modified
Riesz potential and its Poisson integral with respect to 2. We shall show that
this canonical solution satisfies (6). Conditions (4), (5), (7) and (8) will imply
that the solution considered in each statement must coincide with the canonical
one.
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2. PRELIMINARIES

In this section we collect some basic LP estimates which are essentially based
on singular integrals and hence applicable to our weighted version in a straight-
forward fashion. We shall give no proofs since they may be well-known or easy
to prove. We denote by c for a positive constant depending only on n,p, w and
domains whose value may change from one occurrence to the next.

Let us recall first an extension property of BL?P*(Q). Since the weighted
Beppo Levi space BL?P*(Q) and the weighted Sobolev space W2Pw () have
the same local behavior, it follows from Calderén’s extension theorem (see [7,
Chapter VI, 4.8]) that a function in BL?P%(Q) extends to R". We have

Lemma 1. If u € BL?*PY(Q), then there exists u* € BL?*P%(R™) such that
u* =wu on Q and ||[u*| gr2rw @) < cllull gL ).

We need also a result for the restriction of elements of BL*P*(Q) to 9. Since
w may degenerate on 01, it is, in general, impossible to define an appropriate
weighted space over 92 associated with BL?P% (). We can, however, give a
coarse result, which is essentially unweighted. In view of (*) and [7, Chapter VI,
4.2] we have

Lemma 2. (i) Let 1 < q < oo. If f € W149(Qy), then the trace of f on 0N is
defined and

1 fllzaoe) < el fllwray)-

(ii) Let w € A,. Then there exists ¢ > 1 such that if u € BL*P*(Q), then the
traces of u and Vu on 052 are defined and

||U||Lq(as2) + ||VUHLq(aQ) < C||UHBL27W(Q)~

Let us recall LP estimates for solutions of the Dirichlet problem in a bounded
C'! domain.

Lemma 3. (cf. [4, Theorem 9.13 and Lemma 9.17]) Let D be a bounded domain
in R™ with a CY1 boundary portion T C 8D. Let u € WP (D) be a solution
of Au= f in D withu =0 on T in the sense of W14(D) for some q > 1. Then
for any domain D' € DUT,

[ullwz.rw oy < e(lfullp,wp + [ fllp,w:D)-

Moreover, if T' = 0D, then ||u|w2p.wpy < ¢l f

p,w; D+

Note that the boundary condition in Lemma 3 is weaker than that in [4,
Theorem 9.13]. However, we infer from a careful observation of [4, Lemma 9.12]
that the conclusion remains true.
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3. MODIFIED RIESZ POTENTIALS

Observe that that —Ahs is the Dirac measure at the origin, so that —A(hg
f) = f if the convolution hy * f exists. Therefore the first attempt to solve (1)-
(2) begins with consideration on the Riesz potential hy * f. However, a problem
arises: the convolution hg * f does not necessarily exist for all f € LP"(Q). This
difficulty can be overcome by means of modified Riesz potentials. Observe that
if y # 0, then ho(z — y) has a multiple power series expansion in x1, o, ..., Ty,
convergent in a neighborhood of the origin. We write

= Z (Zl,(l', y)»
v=0

B
where, for fixed v and y # 0,a,(z,y) = Z|ﬂ|:u xﬁ—!Dﬂhg(—y) is a homogeneous

polynomial in z; to x,, of degree v and continuous in z,y jointly for y # 0 (see
[5, Chapter 4]). We set

hok(z,y) = Zauxy

for k£ > 0 and write
Ea(f) = [ hanCo)f )y,

whenever the right hand side has a meaning. For notational convenience we let
I50(f) = I2(f). By definition I5(f) coincides with the convolution hg * f.

We collect some properties of modified Riesz potentials Is 1 (f). No proofs will
be given. We refer to [1]. Note that if f € LP"(R"), 0 < k < 2 and I ;(f)
exists, then DIy (f) = (D%hz) * f for |a| > k and

(9) > ID Lk (Dllpawse < €l flpuwo
|| =2

(cf. [2, Theorems I and III} and [1, Lemma 8]). In particular, u = I3 o( f) satisfies
(1). We see that

k—1
|ho (2 — y) — hok(z,y)| <Y |z |y[>
(10) e
|ho (2, y)| < clal*ly]?7"F for 2|z > |y

(cf. [5, Lemmas 4.1 and 4.2] and [1, Lemma 6]). We infer from Holder’s inequality
that w € A, if and only if

(11) /n(l +12])* 7 f (@) de < ell fllp,wme

(cf. [1, Theorem 5]). Hence we obtain from (10) and (11) that Is x(f) exists for
every f € LP"(Q) if and only if w € A, 2_j. In particular, Iz 2(f) exists for
every f € LP"(Q). Therefore we have
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Lemma 4. ([1, Theorem 4]) Let w € A,. If u € BL*»PY(R"), then there are
constants a and bj such that u = Iy o(—Au) +a + Z?Zl bjx;.

Let us write

BLy""(R™) = {u € BL*""(R") :

there is u; € Cg°(R") such that lim |ju; — ul[gr2.p.w@n) = 0}.
Jj—o00

We have given a characterization of BLyP™" (R™).

Lemma 5. ([1, Corollary]) Let w € A,.
(i) BLZP"Y(R™) = {L1(g) : g € LP*(R")} <= w € Apos.
(ii) BLEP"Y(R™) = {I2.1(9) +a:g € LP*(R"),a € R} <= w € Ay \ Apos.
(iii) BLg’p’w(]R”) ={lr2(9) +a+ Z?:1 bjx;: g€ LP"(R"),a,b; € R} <=
w e Ap \ Ap,l-

In the proof of Lemma 5 we have used the following approximation property.
This may be regarded as an alternative of [6, Lemma 2].
Lemma 6. (cf. [1, Lemma 18]) Let w € A,. Suppose € > 0 and R > 0.

(i) If we Ap1 \ Ap2, then there is g € LP"(R™) with compact support such
that g(x) =0 for 2] < R, |gllpwr < e and Ir(g)(0) = 1.

(ii) Ifw € A, \ Ap,1, then there are g; € LP*(R™), j =1,...,n, with compact
support such that g;j(z) =0 for |z| < R, ||g;llp,wrr < € and

1 ifi=3j
0 ifi#j.

5 1a(9)0) = {

4. REPRESENTATION OF SOLUTIONS

In this section we shall give an explicit representation of solutions of (1)-(2).
We have observed in the last section that Is o(f) satisfies (1). In order to obtain
a solution of (1)-(2), we subtract from I3 2(f) a harmonic function in € having
the same boundary values. This harmonic function will be given by the Poisson
integral. Let G(z,y) be the Green function for €2, that is, G(x,y) satisfies

(i) G(-,y) — h2(- — y) is harmonic on £;
(ii) G(-,y) vanishes on 0€;
(iii) if n > 3, then G(+,y) tends to zero at oco; if n = 2, then G(+,y) is bounded
at oo.

For g € L'(99Q) we define the Poisson integral by

1 IG(z,y)

Pl(g) = 7_n /asz Tnyg(y)ds(y)’
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where n, is the inward normal unit vector on 0 and dS(y) stands for the surface
element. We observe that PI(g) is harmonic in 2, and that if g is continuous,
then PI(g) = g on 0. Note that PI(g) tends to zero at oo if n > 3; PI(g) is
bounded at oo if n = 2. We remark that

PI(1)<1 and PI(hy)=hy ifn>3;
(12)
PI(1)=1 and PI(hs) <hs ifn=2.

By Lemma 2 the trace of I 1 (f) on 99 belongs to L9(92). We write PI(I2(f))
for the Poisson integral of the trace I3 ;(f) on 9. One may expect that Iz o(f)—
PI(I32(f)) is a solution of (1)-(2). This is, in fact, the case.

Theorem 3. Letn >3 and w € A,. Suppose f € LP"(Q2). Then (1)-(2) has a
solution in BL*P* (). Every solution u of (1)-(2) in BL*P%(Q) is represented
as

u=Ipo(f) — PI(Ioo(f)) + a(1 — PI(1)) + Zb — PI(a)),

where a and b; are constants. Moreover, u = Igvg(f) — PI(I22(f)) satisfies (6).
Let us consider first a special case of Theorem 3 when f = 0.

Lemma 7. Let n > 3. If h = a(1 — PI(1)) + 37, bj(x; — PI(x;)), then h
is a harmonic function in BL*P"(Q) satisfying (2), and vice versa. Moreover,
17l Br2ew @) < clal + 325, [bs])-

Proof. Tt is easy to see that h = a(l — PI(1)) + .7 bj(x; — PI(z;)) is a
harmonic function vanishing continuously on 9€2, and hence satisfying (2). Since
D*PI(g)(z) = O(|z|> "~ lol) as |z| — oo for g € LY(0R), it follows from (11)
that

Y ID%Allpwena, < cllal+ ) b))

lo|=2 j=1

We have from Lemma 3

Ihllwerogny < ellal+ ) [bsl),

=1

whence h € BL?*P“(Q) and the required norm estimate follows.

Conversely, suppose h € BL*P*(Q) is a harmonic function in Q such that
h = 0 on 99 in the sense of W4(Q;) for some ¢ > 1. In view of [4, Lemma
9.16] we see that h = 0 on 99 in the sense of W14(Q,) for any ¢ > 1, and
hence h = 0 on 0f2 continuously. By Lemma 1 we extend h to R™ so that the
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extension h* belongs to BL*P*(R™). From Lemma 4 we can find a and b; such
that h* = Ipo(=Ah*) +a+ > 7 bjz;. Since Ah* is concentrated on R™\ €,
it follows Io(—Ah*) exists and h* = I(—=Ah*) +a + 3°7_, bjx; with different
constants a and b;. Observe that Io(—Ah*), PI(1) and PI(x;) tend to zero at
oo, and hence

n

h(z) — (a(1 = PI(1)) + ) bj(x; — PI(z;))) = 0.

|z|—00, zEN -
J=1

Therefore the maximum principle yields h = a(1—PI(1))+3_7_, bj(z; — PI(z;)).

Proof of Theorem 3. Let ug = Izo(f) — PI(I22(f)). We have seen that wug
satisfies (1). In order to prove (2) let {f.} be a regularization of f such that
fe — fin LP*(Q). Since I 2(f:) is continuous, it follows that the continuous
function u. = Iz o(fe) — PI(I2,2(f:)) satisfies

—Au, = f. on Q,
us: =0 on 0f).

Let 1 < g <n/(n—1). We have from (10)
[ ezt ftdn < o1+ ).
1951

Hence Minkowski’s inequality for integrals (see [7, p.271]) and (11) yield

(13) H12,2(fa)||q;ﬂl < CHfEHP,w;Q'

Similarly || %1272(f5)||q;91 < ¢||fellpw:a- By Lemma 2 the trace of I o(f.) on 092

satisfies
||I2,2(f5)||L1(8§2) < C”fa”p,w;fl'

By the estimate 0G(z,y)/0n, < cd(x)|x —y|™" with §(z) = dist(x, 0Q) for z,y
near the boundary (cf. [8]), we have sup,¢sq le |0G(z,y)/0ny|? dz < co. Hence
Minkowski’s inequality for integrals yields

|PI(I22(f)) g0, < clll22(fe)llr o) < cllfe

p,w;kd

Therefore we infer from (13) and Lemma 3 that

lucllwz.a(,) < el fellpwse-
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In particular, u. — ug in W19(€Qy), so that ug = 0 in the sense of W14(Q;). Thus
(2) holds. Consequently, u = Iz 2(f) — PI(I2,2(f)) +a(l1—PI(1))+ 35 bj(z; —
PI(z;)) is a solution of (1)-(2) and vice versa by Lemma 7.

Finally let us prove the norm estimate for ug. To this end let ro > 71, Qo =
{z € Q:|z|] < re} and take n € C°(R™) such that 0 < n <1l on R", n =1
on {|z| <7} and n = 0 on {|z| > ra}. Let u; = nup and uy = (1 — n)ug. An
elementary calculation shows that

HAUI

paws < (|| fllp.ws + Vo llpwioner + 1tollp,wan00)-

By (10) we can compare D*I59(f) (Ja| < 1) and the maximal function M f
locally, and obtain

Z HDQI2’2(f)||p,’UJ;QQ S CHfHP,w;Q'

la| <1

By the estimate of the Green function we have

sup DY (P2 (1)) < o) 2oy < el
z€Q\N

p,w;$2

for |a| < 1. Hence

(14) ”Aual,w;Q < C”pr,w;Q-

Since u; vanishes on {|z| = ra} continuously and on 9 in the sense of W14(Qy)
for 1 < ¢ <n/(n—1), it follows from Lemma 3 that

luallwzr (@) < el fllpwsa-

By Lemma 1 we extend ug to R™ and represent it on 2 as ug = Iz o(—Aug) +a+
> j—1bjz;. Then by (9) and (14)

> 1Dy

lev[=2

pwiQ < C||AU2||p,w;Q = c[|Au — Aul”zn,w;fl <c|f p,w; Q-

Consequently, (6) holds for u = ug. The proof is complete.

Since u € BLg™" () extends to u* € BLY""(R™) by Lemma 1, we have from
Lemma 5 the following theorem.
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Theorem 4. Letn > 3 and w € A,. Suppose f € LP" (). Then every solution
u of (1)-(2) in BLYP™(Q) is represented as follows:

(i) If w e Ay, then u=I5(f) — PI(I2(f)).
(i) Ifwe Ap1 \ Ap2, then u= Io1(f) — PI(I21(f)) + a(l — PI(1)), where
a 15 a constant.
(i) If w € Ay \ Ap1, then w = Iro(f) — PI(I22(f)) + a(1 — PI(1)) +

Z;L:1 bj(x; — PI(x;)), where a and b; are constants.

In each case the canonical solution Is i (f) — PI(I2x(f)), (k=0,1,2 for (i), (ii),
(iii), respectively), satisfies (6).

Proof. Only (6) may require a proof. We have observed (6) for (iii) in Theorem
3. Suppose w € A, 2. Writing

Lo(f) = Io(f /hz dy+zxj/ %(—y)f(y)dy)

—(a’ + Z bixy),
j=1

we obtain from (11) that [a’| < [ f|[pw:, |05 < | fllp,w:- Hence from Theorem
3 and Lemma 7 we have

| 12(f) = PI(L2(f))| BL2w ()

< M2(f) = PII2(f)lpraswo) +||a'(1 = PI(1) + Z by = PTG o

< [ flp,wse-

Thus (6) follows for (i). We can prove (6) similarly for (ii).

5. PrROOF OF THEOREMS 1 AND 2

Proof of Theorem 1. Since f is of compact support, it follows that I5(f) exists,
lim|;| 00 L2(f)(2) = 0 and

Iy(f)=121(f /hz

—Ba(0)+ [ ) fdy+ 3o [ S0 iy

Hence Theorem 3 and the maximum principle say that u = Is(f) — PI(I2(f))
is a unique solution of (1)-(3) in all cases of (i)-(iii). Conditions (4) and (5)
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imply that u coincides with the canonical solutions Is1(f) — PI(I21(f)) and
I o(f) — PI(I22(f)) in the cases of (ii) and (iii), respectively. Therefore the
norm estimate follows from Theorem 4.

Proof of Theorem 2. Since (i) has been proved in Theorem 4, we shall prove (ii)
and (iii). Let us prove first the unicity. To this end it is sufficient to show that
ifv=1-PI(1),v; = z; — PI(x;), then

ov
1 —hodS =1
(5) agan 2 S )
‘%i%dsz{l e
o0 On Ox; 0 ifi#j.

Let R > 0 be sufficiently large. Then the Green formula yields

ov ov 8h2
—hodS = —hy — —wv | dS.
a0 On ? |z|=R (87@ * om v)

Since PI(1) = O(|z|>~™) and VPI(1) = O(|z|'~™), it follows that

ov th
—hodS = — lim —dS =1.
o0 On ? R—co Jiz—r On

A similar calculation shows the second assertion.

What remains is to prove that if w € A, 1\ A, 2, then uw = Is 1 (f)—PI(121(f))
satisfies (7); and that if w € A, \ Ay 1, then u = Iy o(f) — PI(I22(f)) satisfies
(7) and (8). Suppose w € A,1\ Ap2. Let u = I (f) — PI(I21(f)). Take
e > 0. Split w into uy +ug, where u; = I 1(f;) — PI(I2,1(f;)), f1 = X|z|<rf and
f2 = X|z|>rf. Take R > 0 so large that || f2[|p,w0 < € and [|[D¥I21(f2)]loci0, <€
for |a| < 2. Then

%mds‘ < ce.
o0 an

Observe that
uy = Ir(f1) — PI(I2(f1)) — a(1 = PI(1)),

where a = fQ ha fidx. By Lemma 6 we find a compactly supported function
g € LP"(§2) such that

g(z) =0 for |z| < ro with 79 > 71,
191lp.wi02 <&,

(g)(0) = [ hagdz =1,

[I2(g) — 1| <& on (U,

‘Ul — U,3‘ < e on Ql,
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where ug = Is(f1 —ag) — PI(I2(f1 — ag)). Observe that u; — ug is harmonic on
Ny = {x € Q:|z| <re} and vanishes continuously on 0€2. Hence,

IV (ur = uz)llocs, < cflur — uglloos, < ce
see |3, eorem 2.4 and 1ts prooi|); in particular
8, Th 2.4 and i f]); i icul

8u1 aU3

< ce.
on on “

00;002

Since ug tends to zero at oo, it follows from the Green formula that

Qus s — / Aughodr = — / (fi — ag)haodz = 0.
a0 On Q Q
Therefore 5
ﬂhgalS < ce.
o0 an

Since € > 0 is arbitrary, (7) follows. In the case of (iii) we can prove (7) and (8)
by using the functions g; appearing in Lemma 6. Details are left to the reader.
The proof is complete.

6. TWO DIMENSIONAL CASE

Now let us consider the two dimensional case. Hereafter we let n = 2. In view
of the Phragmén-Lindel6f principle, the boundary condition at oo becomes

(3" lim sup |u(z)| < oo.

|z|—o00

We see from (12) that 1 — PI(1) for n > 3 is replaced by ho — PI(h3). Note also
that if f has compact support, then

I21(f) = PI(I121(f)) = I2(f) — PI(I2(f));
lim (Io(f)(z) — cho(z)) =0  with c — /Q fda.

|z|— o0
Moreover, since PI(hs) is harmonic at oo, it follows from [3, (2.73) Proposition]
that 9
lim —PI(hg)dS = 0.

R—oo0 |z|=R OT
Hence we have an alternative of (15):

0
—(hg — PI(h2))dS = 1.
o0 8’”
Using these facts, we obtain the following counterparts of Theorems 1-4. Since

A, 2 = (), we have two cases in each theorem.
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Theorem 1°. Letn =2 andw € A,. Suppose f € LP"(Q) has compact support.
Then (1)-(2) and (3’) have a unique solution u. Moreover, (6) holds in each one
of the following cases:

(i) we Ap1\ Ap2 and f satisfies

(@) / f(@)dz = 0.

(ii)) we A, \ Ap1 and f satisfies (4°) and (5).

Theorem 2°. Letn =2 and w € A,. Suppose f € LP"(2).

(1) Ifw e Ap1 \ Apa, then there exists a unique solution u € BLEP" () of
(1)-(2) satisfying the additional condition:

(7) Ou s o,
o0 871

(i) If w € A, \ Ap1, then there exists a unique solution u € BLy""(Q) of
(1)-(2) satisfying (7’) and (8).
In each case the solution u satisfies (6).
Theorem 3°’. Letn =2 and w € A,. Suppose f € LP (). Then (1)-(2) has a

solution in BL?*P%(Q). Every solution u of (1)-(2) in BL?*P%(Q) is represented
as

u=Ip35(f) — PI(I22(f)) + c(ha — PI(h2)) + ij(xj — PI(zj)),

j=1
where ¢ and b; are constants. Moreover, u = Is o(f) — PI(I22(f)) satisfies (6).

Theorem 4°. Letn =2 andw € A,. Suppose f € LP"(Q2). Then every solution
u of (1)-(2) in BLY?™(Q) is represented as follows:
(i) If we Ap1\ Apa, then u= Iy (f) — PI(I3,1(f)) + c(he — PI(h2)), where
c 18 a constant.
(11) ]f w € Ap \ Ap71, then u = _[2’2<f) — PI(IQ’Q(f)) + C(hg - Pl(hg)) +
Z;L:1 bj(x; — PI(x;)), where ¢ and b; are constants.
In each case the canonical solution Is i (f) — PI(I21(f)), (k = 1,2 for (i), (ii)
respectively), satisfies (6).
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