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IS A NET MEASURE AN OUTER MEASURE?

Kaoru Hatano

(Received: December 25, 1997)

Abstract. In this short note we prove that the net measure mα is not an
outer measure in case 0 < α ≤ n − 1.

It is well known that a net measure is an outer measure in R1. But in general
it is not known whether the measure is so or not ([1, p.9]). In this note we prove
that in Rn(n ≥ 2) the measure mα is not an outer measure in case 0 < α ≤ n−1.
For the definition of the net measure and particularly mα, see [1, p.5].

Example. Assume that n ≥ 2 and 0 < α ≤ n − 1. Let F be the set
{x = (x1, x2, . . . , xn); 0 ≤ xk ≤ 1 (k = 1, 2, . . . , n) }. Then mα(F ) = 1
but

inf
O⊃F,Oopen

mα(O) ≥ 2,

thus mα is not an outer measure.

To prove this, at first it is easily seen that mα(F ) ≤ 1. ( As in the following
proof we can obtain mα(F ) = 1.) Thus we shall prove that infO⊃F,Oopen mα(O) ≥
2. Let O be an open set ⊃ F .Then there exists a positive number a such that
H1 ∪ H2 ⊂ O,
where

H1 = {x; 0 ≤ xk ≤ 1 (k = 1, 2, . . . , n − 1), xn = −a},

H2 = {x; 0 ≤ xk ≤ 1 (k = 1, 2, . . . , n − 1), xn = 1 + a}.

Let {Qν} be a closed dyadic covering of O with side length δν . Hence, it is
sufficient to show that

∑
δν

α ≥ 2. Let

N1 = {ν; Qν ∩ H1 6= ∅}, N2 = {ν; Qν ∩ H2 6= ∅},

then

H1 ⊂ ∪ν∈N1
Qν, H2 ⊂ ∪ν∈N2

Qν and N1 ∩ N2 = ∅.
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Therefore we have

1 = |H1| ≤
∑

ν∈N1

|H1 ∩ Qν| ≤
∑

ν∈N1

δν
n−1,

where |E| means the (n - 1) dimensional Lebesgue measure on the hyperplane
{x; xn = −a}. Using the inequality (a1 + a2 + . . . )κ ≤

∑
aj

κ for aj ≥ 0 in case
0 < κ ≤ 1, we obtain ∑

ν∈N1

δν
α ≥ 1,

because 0 < α ≤ (n − 1). Similarly,
∑

ν∈N2

δν
α ≥ 1.

Since N1 ∩ N2 = ∅, we obtain
∑

δν
α ≥ 2 and so mα(O) ≥ 2. Hence the proof is

complete.

Remark 1. In case α > n − 1, it is easily seen that mα is an outer mea-
sure, because any hyperplane perpendicular to an axis has zero mα measure.

Remark 2. In the above, we used the net measure defined by coverings con-
sisting of closed dyadic cubes(see, [1, p.5]). Even if we replace such coverings
with that consisting of half open dyadic cubes, we can prove that the new net
measure is also not an outer measure, in case 0 < α ≤ (n − 1).

Remark 3. By a similar argument, we can prove that the net measure is not
translation-invariant.

Remark 4. Let h(t) be an increasing continuous function defined on [0,∞)

with h(0) = 0, h(t) > 0 for t > 0 and lim t→0h(t)t1−n > 0. Set g(t) = h(t
1

n−1 ).
Assume that g is subadditive, i.e., g(t1 + t2) ≤ g(t1) + g(t2), for all t1, t2 ≥ 0.
Then, by a similar method as above, for the same F we can obtain mh(F ) ≤
h(1) and infO⊃F,Oopen mh(O) ≥ 2h(1) and so mh is not an outer measure.
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