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ABSTRACT. We consider certain enlargement operations of sets which are related
to the Nagel-Stein approach regions and the maximal functions. The capacity and
the Hausdorff content of enlarged sets are estimated and their relationship is shown.
These results are applied to the boundary behavior of harmonic functions in the
upper half space.

1. INTRODUCTION

Let Q be a set in R7™ with @ N ORI = {0}. For any measurable function u
on Riﬂ we define the maximal function by Mqu(x) = sup,q |u|. In particular,
if  is the nontangential cone I' = {(x,y) : || < y}, then we write Nu for Mqu.
This is a nontangential maximal function. We say that () satisfies a cone condition
with aperture o > 0 if

(z1,91) € Qand |z — x| < aly —y) = (z,y) € Q.
Put Q(y) = {z: (z,y) € Q}. We say that Q satisfies a cross section condition if
Qy)| < Ay™,
where |Q(y)| denotes the Lebesgue measure of {)(y) and A is an absolute positive
constant whose value is unimportant and may change from line to line. If {2 satisfies
both of the cone condition and the cross section condition, then we say {2 satisfies

the Nagel-Stein condition (abbreviated to (NS)). Andersson and Carlsson [7] proved

1991 Mathematics Subject Classification. Primary 31B15, 31B25.
Key words and phrases. Capacity, Hausdorff content, Nagel-Stein approach region, maximal
function, boundary behavior of harmonic function.



2 HIROAKI AIKAWA

Theorem A. Let ) satisfy (NS). Then

(1.1) {zx € R" : Mqu(z) > A} < Al{x € R" : Nu(z) > \}|

for any measurable function u on R’frl and A > 0, whence
|Maul|, < A|[Nul[,  forp>0.

A similar and essentially equivalent result has been already observed by Sueiro
[20]. Theorem A has an application to the boundary behavior of harmonic functions.
For a locally integrable function f on R" we let Pf be the Poisson integral of f.
Letting u = P f, we obtain from Theorem A and the classical maximal inequality

(1.2) [Ma(PHI, < Allfll, forp>1

and [{z € R" : MqPf(x) > A} < A||f]l; /A (Nagel and Stein [18, Theorem 2J).
Theorem A can also be applied to the local Fatou theorem (Svensson [21]). See
also [14].

In (1.1) the Lebesgue measure of two sets are compared. In this paper, we shall
prove inequalities similar to (1.1). In these inequalities we shall compare capacity
and Hausdorff content of the above sets.

Let K (r) # 0 be a nonnegative nonincreasing lower semicontinuous function for
r > 0. For z € R™ we define K(z) = K(|z|), and assume that K (z) is locally
integrable on R™. Let p > 1. For E C R™ we define the capacity Ck ,(E) by

Crep(E) = inf{||f|2: f >0, K f>1onE}.

Let h(r) be a positive nondecreasing function for » > 0 and h(0) = 0. Such a
function is called a measure function. We define the content A by

An(E) =inf{> h(r;): E C|JB(z;,m;)}

where B(x,r) stands for the n-dimensional open ball with center at z and radius
r. If h(r) = r?, then we write Ag for Aj; and call it the 3-dimensional Hausdorff
content. We assume that

(1.3) h(r) > Ar™ for0<r <1,
since otherwise Ay (E) = 0 for any bounded set E.
Theorem 1. Let Q satisfy (NS).

(i) For any measurable function u on R’frl and A >0
Ckp({x € R" : Mgu(z) > A\}) < ACk ,({z € R" : Nu(x) > A}).
(ii) Suppose h satisfies
(1.4) h(r)h(t) < Ah(rt)  forr >0 and 0 <t <1.
Then for any measurable function u on ]RTLl and A >0

Ap({x € R" : Mu(z) > A\}) < AAR({x € R" : Nu(z) > A}).



CAPACITY AND HAUSDORFF CONTENT 3

Here we note that if (1.4) holds then, h satisfies the doubling condition
(1.5) h(r) < h(2r) < Ah(r) for r > 0.

In our previous papers [5] and [4] we have considered certain expansions of sets
and their capacity and Hausdorff content. We shall observe that the above result
concerning maximal functions follows from such consideration. For F C R™ we put

Ea=|J (@ - Q05())).

LIS D)
where dg(x) = dist(z, E¢). Theorem 1 will be deduced from the following theorem.
Theorem 2. Let Q) satisfy (NS).

(i) We have CKW(EQ) < ACk p(E) for any E C R™.
(ii) Suppose h satisfies (1.4). Then Ap(Eq) < AAR(E) for any E C R"
We note that Theorems 1 and 2 have partial converse.
Proposition 1. Let h satisfy (1.3) and (1.4) and let Q2 satisfy the cone condition.
Suppose one of the following conditions holds:
(i) An({z € R" : Mou(z) > A}) < AAp({z € R" : Nu(z) > A}) for any u,
(ii) An(Eq) < AAR(E) for any E C R™.
Then ) satisfies the cross section condition.
In general, we cannot replace the Hausdorff content Aj, by the capacity Ck ) in
the assumptions (i) and (ii) in Proposition 1. For special capacities, however, we

can replace them. Let ko(t) = t*~" be the Riesz kernel. The capacity Ck , with
respect to K = k,, is called the Riesz capacity of index («, p) and denoted by R, .

Proposition 2. Let ap < n and let let Q satisfy the cone condition. Suppose one
of the following conditions holds:
(i) Rap({xr € R" : Mou(z) > A}) < AR, ,({z € R™ : Nu(x) > A}) for any u,
(ii) Ra’p(ﬁg) < ARy p(E) for any E C R™.
Then ) satisfies the cross section condition.

We can consider “tangential” extension. Let 1(t) be a positive nondecreasing
function for ¢ > 0 such that n(0) = 0. Let

I'"={(z,y) : 2 € B(O,n(y))} and Q7 ={(z,y):z € Qn(y))}

It is easy to see that I'" = {(x,y) : |x| < n(y)}, and so I'7 is “tangential” if
n(y)/y — oo as y — 0. Let

N'y(z) = sup |u] and Maonu(x)= sup |ul.
41 x4+

These are tangential maximal functions. The following theorem is a generalization
of Theorem 1. When 7(y) = y, the theorem is identical with Theorem 1.
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Theorem 3. Let Q) satisfy (NS).

(i) For any measurable function u on R and A > 0
Ckp({z € R" : Manu(x) > A\}) < ACk ,({x € R" : Nu(z) > A}).

(ii) Suppose h satisfies (1.4). Then for any measurable function u on R’j_ﬂ and
A>0

An({z € R" : Manu(z) > A}) < AAR({z € R" : Nu(x) > A}).

Let us consider tangential enlargement of sets. Put

E" = | B(z,n(0p(x))) and Eqn = | (z - Qn(dp(2)))).

zeFE rzeE

Theorem 4. Let Q) satisfy (NS).
(i) We have CKvp(EQn) < AC’K,p(E") for any E C R™.
(ii) Suppose h satisfies (1.4). Then Ap(Eqn) < AN (E™) for any E C R™.

We note that Theorem 4 is not a generalization of Theorem 2. When 7(y) = v,
Theorem 4 gives inequalities weaker than those in Theorem 2. Both Theorems 3
and 4 will be proved as corollaries to Theorem 2.

Now let us compare the capacity and the Hausdorff content. Hereafter, let
1/p+1/q =1. In order to avoid the trivial case, we assume that

> dt
/ K(t)qt”7 < oo forr>0.

- F(r):rin/or}{(t)t”% and @(r):</roomt)%"%)l_p.

In general, we write f ~ g if there is A > 1 such that A71f < g < Af. In [3], we
have shown the following theorem.

Theorem B. Let ® be as above. Then Ck ,(B(z,r)) ~ ®(r) for r > 0. In
particular, Ck ,(E) < AAe(E) for any E C R™. Conversely, if a measure function
h satisfies

(1.6) /0 h h(t)q_lf(t)qt”% < 0,

then Ap(E) < ACk p(E) for any E C R™.

Let us generalize this theorem. A generalization of the first assertion is as follows.
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Theorem 5. Let h(t) satisfy (1.4), n(t) >t and ®(n(t)) < Ah(t). Then CKJ,(E”) <
AAR(E) for any E C R™.

The opposite direction is more interesting. The following theorem is a general-
ization of [4, Theorems 2 and 2’].

Theorem 6. Let h(t) satisfy (1.5), n(t) > t and h(n(t)) < A®(t). Moreover,
suppose

1
(1.7) /0 h(n(r)t)q_lf(rt)q(rt)”% <A forr>0

Then Ap(EM) < ACk p(E) for any E C R™.

By the change of the variable it is easy to see that (1.7) implies (1.6). Theorems
5 and 6 apply to maximal functions.

Corollary 1. Let h(t) satisfy (1.4), n(t) >t and ®(n(t)) < Ah(t). Suppose u is a
measurable function on RTLl and A > 0. Then

Ckp({z € R" : NTu(z) > A\}) < AAp({x € R™ : Nu(z) > A}).
Moreover, if Q satisfies (NS), then

Ckp({x € R" : Mgnu(z) > A}) < AN, ({z € R" : Nu(z) > A}).

Corollary 2. Let h(t) satisfy (1.5), n(t) > t, h(n(t)) < A®(t) and (1.7) hold.
Suppose u is a measurable function on Rﬁ_ﬂ and X > 0. Then

Ap({z € R" : N"u(z) > A\}) < ACk p({x € R" : Nu(z) > \}).
Moreover, if Q satisfies (NS) and h satisfies (1.4), then
Ap({x € R" : Maonu(z) > A}) < ACk ,({x € R" : Nu(z) > A}).

A different type of the comparison can be proved. The following result is obtained
in a joint work with M. Mizuta. This is also used for the proof of Proposition 2.

Theorem 7. Suppose h is strictly increasing and

(1.8) /O (ZE;;)q_lmt)%“% < A/TOO F(t)%”%

Then for any set E C R"

A AR(E)) < @7 HACK ,(E)).
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In particular, if n —ap < B < n, then
As(E)/? < AR, ,(E)'/"=o%.

The above results have applications to norm estimates of maximal functions and
the boundary behavior of harmonic functions. For a function f on R™ and r» > 0
we define the integral with respect to the capacity C'x , and the Hausdorff content
Ah by

[ 157G, = [~ Crepttas11@)] > pax.
/|f|TdAh = /OOO Ap({z 2 [f(x)] > A})dA".

The following results are almost immediate from Theorems 1-6.

Corollary 3. Let Q satisfy (NS) and r > 0. Suppose u is a measurable function
on R’}fl.

Q) / (Mamu)"dCic) < A / (N"u)"dCrc .
(ii) If h satisfies (1.4), then

/(Mmu)rdAh < A/(N”u)TdAh.
(iii) If h and n satisfy the conditions in Theorem 5, then
/(MQUU)TdCKvp S A/(Nu)TdAh

(iv) If h and n satisfy the conditions in Theorem 6, then

/ (Mo dAy, < A / (Nu)"dClc .

Observe that N(P(K x f)) < K % N(Pf), so that the capacity strong type
inequality ([10]) yields

/(N(P(K* PdCkp < /CK,p(K * N(Pf) > Nd\ < AN(PPHI < AN

where the last inequality follows from the usual maximal inequality. Thus the above
theorem has the following corollaries concerning the Poisson integral P(K x f).
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Corollary 4. Let Q satisfy (NS). Then for any measurable function f on R"™

/ (Ma(P(K * £))PdCrc, < A| ]2

Moreover, if h and n satisfy the conditions in Theorem 6, then

/ (Man (P(E = [))PdAy < A S]],

In the standard way we can obtain the following result concerning the boundary
behavior of harmonic functions.

Corollary 5. Let Q satisfy (NS). Suppose Hpr < 00. Then there is a set E C R™
such that Ck ,(E) =0 and for { e R\ E

Jim P« ) y) = K (€),
(m,@;)65+9

Moreover, if h and n satisfy the conditions in Theorem 6, then there is a set F' C R"
such that Ap(F) =0 and for { € R"\ F

(mlir)rig P(K * f)(z,y) = K * f(£).
(1,y3€£+9”

The above corollaries generalize some results of [17], [2] and [4]. Corollary 3 (ii)
applies to the boundary behavior of Poisson integral of Sobolev and Besov functions.
Following [9] we introduce some notation. Assume that for each ball B C R"™ there
exists a linear operator Ag : Li (R™) — C(R"™) with the following properties:

(i) There is a constant A > 0 such that for any ball B and any = € B

[As(@)] < Az [ 11y

(ii) If B’ C B, then Ap/(Apf) = Apf. If A is a constant, then Ag(\) = \.

Such a family is called a family of averaging operators and denoted by A. For a > 0
we define

# _ _
@) = f) = swpr(B) o [ 17 = Asla,

where r(B) stands for the radius of B. For 1 < p < oo we let C%*(R") = CP*(R")
be the space of those L? functions f such that H [ H < 00, endowed with the norm

£l =LA, + Hf#H Then [9, Theorem 3.2] for the Euclidean case can be read
as follows:
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Theorem C. Let 1 < p <nfa,n—ap < <n,~v=(n—ap)/f and n(t) =
max{ct?,t} with ¢ > 0. If f € CP*(R™) and u is its Poisson integral, then

/ (N"u)PdAg < A|fIE,.

With the aid of Corollary 3 (ii) we can generalize Theorem C without any extra
effort.

Corollary 6. Letp, a, 3, v and n be as above. Let §) satisfy (NS). If f € CP*(R™)
and u 1s its Poisson integral, then

/ (Monu)PdAs < A I, .

Of course, the above corollary implies the existence of the limit of u along x + "
for Ag-a.e. x € R".

2. PrROOF OF THEOREM 1 (1) AND THEOREM 2 (1)

In this section we shall first prove Theorem 2 (i) and use it to prove Theorem
1(i). For E C R™ we let T(F) = {(z,y) : B(z,y) C E}. This is a “tent” over F.
For £ C RTLl we let £* = U(m,y)ES B(z,y). This is a kind of “projection” of £ onto
R™. We immediately obtain the following relationship between T'(E) and £*.

Lemma 1. Suppose E C R™. Then (T(E))* C E. Moreover, if E is an open set
then (T'(E))* = E.

It is easy to see that if {2 satisfies the cone condition, then Q(y) is a nondecreasing
set function of y, i.e., Q(y1) C Q(y2) if 0 < y1 < yo.

Lemma 2. Let Q(y) be a nondecreasing set function of y. Suppose € C R’}fl.
Then

U @—-Q) cEq with E=¢".
(z,y)€€

Proof. Let £ be a point in the left hand side. Then there is a point (z,y) € € such
that £ € z — Q(y). By the definition of £* we have B(z,y) C £* = E, and hence
y < dp(x). Since (y) is nondecreasing, it follows that { € x — Q(0g(z)), so that

¢ e Eq.

Lemma 3. Suppose E C R™ and let

Eq={¢ecR": (€E+Q)NT(E)+#0}.
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Then EQ C EQ Moreover, if Q(y) is a nondecreasing set function of y, then
Eq = Eq.

Proof. Suppose ¢ € Eq. Then there is # € E such that £ € = — Q(dg(z)), or
equivalently (z,0g(x)) € £+£). By definition B(zx,dg(x)) C E, whence (z,0p(x)) €
T(E). Hence (z,0p(z)) € (€+Q)NT(E) and £ € Eq. Thus Eq C Eq. Now suppose
that Q(y) is a nondecreasing set function of y. We observe that

Bo= U @-0w).

(z,y)€T(E)

Hence Lemmas 1 and 2 yield EQ C EQ The lemma follows.

Proof of Theorem 2 (i). Let f be an nonnegative function such that K * f > 1
on E. Suppose (z,y) € T(FE). Then B(z,y) C E and hence P(K * f)(x,y) >
P(XB(z,y))(x,y) = Ao with Ay depending only on the dimension. By definition

Mq(P(K *f)) > A on Eq and hence on Eq by Lemma 3. Moreover, by inspection,

Mo(P(K*f)) < K+ Mq(Pf). Hence Mo(Pf)/A is a test function for CK’p(EQ).
Therefore

Crp(Ea) < |Ma(Pf)/A|L < A| I,

where the second inequality follows from (1.2). Taking the infimum with respect to
f, we obtain Ck ,(Eq) < ACk ,(E). The theorem follows.

Remark. In the above proof we need the strong (p,p) for Mqo(Pf), which is valid
only for p > 1. The above proof does not work for p = 1. The case p = 1 will be
treated later.

Now let us prove Theorem 1 (i). In the proof we may assume that u > 0. Let
us begin with

Lemma 4. Let u be a nonnegative function on R and € = {(z,y) : u(x,y) > A}
for A\ > 0. Then

(i) {z € R" : Nu(z) > A} = U, e B, y),
(i) {z € R": Mou(z) > A} = U, yyee(@ — Q(y)).

Proof. We prove only (ii). Observe

Maou(x) > A <= J(z1,y1) € x + Q such that u(xy,y1) > A
< x€x;—Qy1) with (z1,11) € €.

The lemma follows.
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Proof of Theorem 1 (i). We may assume that v > 0. Let &€ = {(z,y) : u(z,y) > A}
and E = £*. We apply Lemmas 2, 4 and Theorem 2 (ii) to obtain

Crp({: Mau(z) > M) =Cryp | |J (#-Q@)) | < Cryp(Ea)

(z,y)€E
< ACk p(F) = ACk p({x : Nu(x) > A}).

The theorem is proved.

3. PROOF OF THEOREM 1 (11) AND THEOREM 2 (II)

In this section we shall prove Theorem 2 (ii) and use it to prove Theorem 1 (ii).
The proof is essentially the same as in [4, Section 4]. However, for the completeness
we shall give a complete proof. Let us first observe the following covering property
of the Nagel-Stein approach regions. This is proved by [18, Lemma 1]|. For the
convenience of reader we shall give a simple proof.

Lemma 5. Suppose that Q) satisfies the cone condition. Then the following state-
ments are equivalent.

(i) Q satisfies the cross section condition.
(ii) There is a positive integer N such that for any r > 0 there are points

x1,...,xN such that Q(r) C U;\]zl B(zj,r).
Proof. 1t is sufficient to show (i) = (ii). First we claim
(3.1) B(z,7/2) C Q((1+ (2) Hr)  if z € Q(r).

Suppose = € Q(r). By the cone condition we see that (z/,7) € Q if |2/ — x| <
a(r’ —r). Let v = (1 + (2a)~Y)r. Then this means |2/ — x| < r/2 = 2’ €
Q((1 + (2a)~1)r). Thus (3.1) follows.

Let us consider groups of points {z1,...,zn} C Q(r) with |x; — x;| > r for
i # j. Then B(z;,r/2) are disjoint balls included in Q((1+ (2a)~1)r) by the claim.
Hence (i) implies that the number N is bounded by a constant independent of r.
Now we choose {z1,...,2x} with maximal N. Then the maximality implies that
for any x € Q(r), there is x; such that |x —x;| < r, i.e. « € B(x;,r). Hence
Q(r) C Ujvzl B(zj,r). The lemma follows.

Since Ay is an outer capacity, i.e., Ap(E) = infgcv,v is open An(V), we may

assume that E is an open set V. Let us consider a Whitney decomposition of V',
i.e. Qi are closed cubes with sides parallel to the axes with the following properties:

(i) UQr=V;

(ii) the interiors of Q; are mutually disjoint;
(iii)
(3.2) diam(Qy) < dist(Qg, V) < 4diam(Qx)
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([19, Theorem 1 on p.167]). Let Qi be the cube which has the same center as Qj
but is expanded by the factor 9/8. Then

(3.3) the multiplicity of Qj is bounded by Nj,

where N7 depends only on the dimension n ([19, Proposition 3 on p.169]). In view
of (3.2) we can choose a constant cp, 0 < ¢y < 1, with the property that

(3.4) B(z,cody (2)) N Qp #£ 0 = B(w, cody (z)) C Q.

Using these facts, we can prove the following lemma.

Lemma 6. Let h satisfy (1.4). Suppose V is a proper open subset of R™. Then
there is a covering B = {B(zj,r;)} of V such that

(3.5) ry = 0y (z5),

(3.6) S h(ry) < AA(V),

J

where A > 0 depends only on the dimension n and h.

Proof. Since V is an open set, it follows that A, (V) > 0. By definition we can find
a covering {B(&;, p;)} of V such that

(3.7) > " h(p;) < 2A4(V).

From this covering we construct a covering B with the required properties.
Let |J,, Qr be the Whitney decomposition of V' and let @}, be the expanded cube
as before the lemma. We let
ICi = {k : there is B(§;, p;j) meeting Q) such that p; > cody (&)},
o = {]{? . if B(fj,pj) meets Qk, then p; < Co(sv(fj)},
where ¢y is the constant appearing in (3.4).

First suppose k € K;. We can find j = j(k) such that B(;, pj) N Qr # 0 and
p; > codyv (&;). Let € € B(§j,p;) N Qr. We have from (3.2)

diam(Qx) < dist(Qy, V) < 6v(€) < v (&) +p5 < (1+¢5 1 )py.

Hence Qi C B(&;,(2+ ¢y )p; ), so that

(3.8) U @ c U BEw: @+ Hmm),

kekq ke,
(3.9) 2+ o pjm = 2+ cgM)eody (€)= v (Ej)-
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Second suppose k € Ks. Since p; < cody (&;) for B(&j, p;) N Qr # 0, we obtain
from (3.4) that

Qr C U B(&,p;) C Q-
B(&5,p;)NQr#D

9
In particular, p; < 16 diam(Qy). From (1.3) and the first inclusion we have

Q<A D> =AY (#(Qk))

B(&;,05)NQr#0 B(&5,0;)NQr#D

<AQl Y.k (m) ’

B(&;,05)NQr#0

so that (1.4) and the second inclusion yield

h(diam(Qr) <A D> hlp) <A D hip)

B(&,p;)NQr#D B(&;,p5)CQxk
Hence
(3.10) > h(diam(@) <A Y D0 hlpy) < ANIY - hipy),
kEK, k€2 B(g;,p)CQ J

where the last inequality follows from (3.3). Note that Q; C B(zg,,diam(Qy))
with z¢, being the center of Q. We have from (3.2)

(311) 6V(ka) < diSt(Qk, VC) + dlam(Qk) < 5d1am(Qk)
We observe from (1.5), (3.7), (3.8) and (3.10) that
B = {B(&j(k), (2 + Cal)pj(k)) ke Kl} U {B((L‘Qk,5diam(Qk)) k€ ICQ}

is a covering of V' and

D 2+ pjm) < Azh(m) < AN, (V),

ke, J
> h(5diam(Qx)) < AY_h(p;) < AML(V).
keks J

Thus (3.6) follows. We obtain from (3.9) and (3.11) that our covering B satisfies
(3.5). The lemma is proved.
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Proof of Theorem 2 (i). We may assume that F is a proper open set V. First we
claim

(312 ~0(y) Cx— Oy + o)),

where « is the constant appearing in the cone condition. We may assume that
x # 0. Suppose £ € —Q(y). Then (=&, y) € Q and

(=€ +2) + €] = o] < 20e] = aly + ~|s] ~ ).

Hence the cone condition implies that —§ + x € Q(y + 2|x|/a), or equivalently
¢ €x—Qy+ 2|z|/a). The claim is proved.

By Lemma 6 we find a covering B = {B(x;,;)} of V satisfying (3.5) and (3.6).
Suppose z € B(z;,7;j). Then |z —x;| < r; and dy(z) < 2r; by (3.5), so that

2
—Q(0yv(2)) Cxj —x — Q0v(x) + a|x —zj|) Ca;—x—QArrj)
with A; =2+ 2/a by (3.12). Hence x — Q(dy (z)) C x; — Q(Ay7;), so that
U @—06v@)) Ca;—QAr).
z€B(x;,r;5)

By Lemma 5 we find points z;, (v =1,..., N) such that

N
Q(Aﬂ“j) C U B(xj,mAlTj)a

v=1

where the number N depends only on 2. Hence by (1.5) and (3.6)

Ap (U (z — Q(5v($))> <M | U U Bla =20, Arry)

zeV j v=1

N
<) h(Airy) < AML(V).

j v=1
The theorem is proved.

Proof of Theorem 1 (ii). We may assume that u > 0. Let &€ = {(z,y) : u(z,y) > A}
and E = £*. We apply Lemmas 2, 4 and Theorem 2 (i) to obtain

An({z: Mou(z) > A=Ay | | (@—Q@1) | < An(Ea)
(z,y)€E
< AAR(E) = AN, ({z : Nu(z) > A}).

The theorem is proved.
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4. PROOF OF THEOREMS 3 AND 4

Proof of Theorem 3. We may assume that u > 0. Let £ = {(x,y) : u(x,y) > A}.
In the same way as in Lemma 4 we have

{z eR": Nu(z) > A} = | Bla,ny)),
(w,y)€E

{z €R™: Manu(x) > A} = | (- Q).
(z,y)€E

Let E = U, yee B(z,n(y)) and (z,y) € €. Then, by definition, B(z,n(y)) C E,
and hence 7(y) < dg(x). By the monotonicity of 2(y) we have Q(n(y)) C Q(dg(x)).
Therefore B
{z €R™ : Mowu(z) > A} C | (@ — Q(0g(2)) = Eq,
zek
so that Theorem 2 implies

Ckp({x: Manu(z) > A}) < CK,p(EQ) < ACk p(FE) = ACk p({x : N"u(x) > A}),
Ap({z s Magnu(z) > A}) < Ap(Eq) < AAL(E) = AN, ({z : Nu(z) > \}).
The theorem follows.
Theorem 4 will follow from the next geometrical observation.
Lemma 7. Suppose Q(y) is a nondecreasing set function of y. If E C R™, then

For < |J (@ — 265, ().

zeFE

Proof. Let £ € Eqn. Then there is z € E such that { € v — Q(n(de(z))). By
definition B(x,n(dg(x))) C E" and hence n(dg(x)) < dz,(x). By the monotonicity
of Q(y) we have { € x — Q(d5,(x)). The lemma follows.

Proof of Theorem 4. We may assume that E is an open set. Then, by definition,
E C E" and hence by Lemma 7

Eqr C | (@ —Q(05,(2))).
wEE"

Apply Theorem 2 with E replaced by E". We have

Crp(Ean) < Cryp | | (&= Q05,(2))) | < ACK,(E),

wEE"

An(Ean) < A | | (&= Q(65,(2) | < AAL(E").
xGE”
The theorem follows.
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5. PrROOF OF THEOREM 5

Proof of Theorem 5. Without loss of generality we may assume that E is open.
Then by Lemma 6 we obtain a covering B = {B(x;,r;)} satisfying (3.5) and (3.6).
By definition

Ecl) U B@n@s@).

J 2€B(x;,ry)

Since dp(z) < dp(z;) +r; < 2r; for x € B(zj,r;) by (3.5), it follows that

E" C UB(xj,n(%j) +7;) C UB(%‘,???(QTJ')),

J J

where we have used 7(t) > ¢ and the monotonicity. By Theorem B and the countable
subadditivity

Crp(E") < Z D(2n(2r;)).

It is easy to see that ® satisfies the doubling condition. By assumption and the
doubling property of h we have ®(2n(2r;)) < A®(n(2r;)) < Ah(2r;) < Ah(rj), so
that by (3.6)

Cp(E") <Y Ah(r)) < AA,(E).

J

The theorem follows.

6. PROOF OF THEOREM 6

The proof of the theorem is based on the duality theorem of Meyers [16, Theorem
14], Kerman-Sawyer’s inequality [13, (2.7) and (2.8)] and Adams’ proof [1, Theorem
3.2] of Wolff’s inequality [12]. Using these results, we have the following lemma.

Lemma 8. Let

oW (@) = / W(B, ) R ()1 Y

r r

W (o) = [ n(Ber) B
Then | K * ullg < A [Wg (2)du(z) for any measure i and

Ck p(E) > Asup{||u||” : u is concentrated on E, /WI’é’qd,u <1}
Moreover, if [ K(t)t"~'dt < oo, then || K x plld < A [ Wy (x)du(z) and

Ck p(E) > Asup{||p||” : p is concentrated on F, /W[“(’qdu <1}
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For these accounts we refer to [3] and [6, Part II].

Proof of Theorem 6. The proof is a generalization and simplification of [4, Proof of
Theorems 2 and 2’]. In the same way as in [4], without loss of generality, we may

assume that F is a bounded open set. Let F' be an arbitrary compact subset of EM.
it is sufficient to show that

(6.1) Ap(F) < ACk p(E).

By the Frostman lemma (cf. [8, Theorem 1 on p. 7] and [11, Lemma 5.4]) we can
find a measure p on F such that ||u|| = Ax(F) and

(6.2) w(B(x,r)) < h(r) forallz € R™ and r > 0.

By definition, for each & € E", there is z* € E such that z € B(z*,n(6g(z*))). We
let

r(x) = sup dp(x™).
z*€E
z€B(z”" (05 (x")))

We observe that 7(z) is a positive bounded function on E". We see that r(z) is a

bounded positive function on E". By C(x,r) we denote the closed ball with center
at = and radius . By the Besicovitch covering lemma (see e.g. [22, Theorem 1.3.5],
we can find {z;} C F' such that

(6.3) F c | JC(x;.2n(ry)) with rj = r(z;),

(6.4) the multiplicity of {C(z;,2n(r;))} is bounded by N.
By definition we can find x3 € E'N B(x;,7(r;)) such that

(6.5) ri/2 < 0p(xj) <rj.

Let j1; = ptlc(a; 2n(r,)) and observe that

(6.6) p<Y i <Np.
From p; we construct a measure \; by
An (7
Ai(S) = (%(5 —z;)+ xj) for Borel sets S.
J
It is easy to see that
(6.7) Aj is concentrated on C(x7,7;/2),
(6.8) A= [ls I < AR(n(r;)),
(6.9) Ai(B(x, p)) = pi(B(x, p)) = [l

for p > max{|x — z;| + 2n(r;), |x — 3| + r;/2}.
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In (6.8) we have used (6.2) and the doubling property of h. Moreover, we have

(6.10) A\ (B(z.r)) < Ah (Mr) forall z € R” and r > 0 .

Tj

In view of (6.5) and (6.7) we see that A; is concentrated on E. Let A =) \;. Then
A is a measure concentrated on £. We claim

(6.11) Wit () <A for z € R™

If this is shown, then, by (6.6), [ W dX < A|A|| = ||u|| = An(F) and hence by

Lemma &
p

A
~ Ah(F),

(AAg(F))H
so that the arbitrariness of F' yields the theorem.
Now let us prove (6.11). Hereafter, we fix x € R™. First we claim

CK,p(E) > A

(6.12) Wy (z) < A
with A independent of j and x. By (6.10) and change of the variable we have
" 17~ n d?" ! —17- n dt
Nj(B(z,7))" " K(r)r . <A [ h(n(r;)t)? " K(r;t)%(r;t) e
0 0
where the last integral is bounded by (1.7). On the other hand, (6.8) yields
> — o dr
/ M (B, ) K ()5 2 < Ah(n(r;)o 1/ R(r

—A[h( (r))/®(r))* ",

where the last term is bounded by assumption. Hence (6.12) follows.

Let us write
:Z,)‘j7 )‘,/:Z,/Aﬁ

where )’ (resp. > ") denotes the summation over j for which x € C(x;,2n(r;))
(resp. = & C(z;,2n(r;))). In view of (6.4) the number of j appearing in ) ' is at
most N. Hence by (6.12)

(6.13) Wi () < A.

In order to treat W}gﬁq(x), we estimate \'(B(z,7)) = >_"X;(B(z,7)). In the sum-
mation )", we may consider only j such that \;(B(z,r)) > 0. Since A; is concen-
trated on C(z7,7;/2), it follows that [z — 27| < r +r;/2. On the other hand, the
definition of )" implies |z — x;| > 2n(r;). Since z} € B(z;,7(r;)), it follows that

r4n(r)/22r+ri/2 2 o = aj] 2 o — x| = vy — 25| > 2n(r;) —n(rs),
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whence r > n(r;)/2 > r;/2, |z — x| < 2r, |z; — 25| < 2r and |z — 2;| < 4r. Hence
max{|x — z;| + 2n(r;), |r — x| +r;/2} < 8r. Therefore (6.9) implies

N (B(z,r)) = Z”}\ (x,1)) < Z”}\ (x,8r))
= Z"uj (x,8r)) < Z,uj (x,8r)) < Nu(B(x,8r)) < Ah(r),

where we have used (6.6) and the doubling property of h. Since (1.6) follows from
(1.7), we have

Wy (z) <A / h(r)q—lmr)qr”ﬁ < 0.
K 0 T—n

This, together with (6.13), yields (6.11). The proof is complete.

Remark. In view of Lemma 8 and the above proof, (1.7) can be replaced by
min{1,1/r} L dt
/ h(n(r)t)q_lK(rt)q(rt)”? <A forr>0,
0

if [;° K(t)t""'dt < oo. This is the case when K(t) = ga(t), the Bessel kernel.

Proof of Corollaries 1 and 2. We may assume that u > 0. Let &€ = {z : u(z,y) > A}
and E = & = U, ,)ee B(z,y). In view of Lemma 4 and the proof of Theorem 3

E = {Nu > A} and {N"u > A} = U, yee B(z,n(y)). By definition dg(z) = y
for (z,y) € € and hence {N"u > \} C E" = U,cr B(z,n(dp(x)). This inclusion
and Theorems 5 and 6 readily yield the first assertions of Corollaries 1 and 2. The
second assertions follow from Theorem 3. The corollaries are proved.

7. PROOF OF THEOREM 7

Proof of Theorem 7. We may assume that E is a compact set. By the Frostman
lemma we find a measure p on E such that Ap(E) =~ ||u|| and p(B(z,r)) < h(r) for
all z € R™ and r > 0. We have from Lemma 8

1K s ul <4 [ W du=a [ du(o) [ pBla e ]
0

t
dt

< Allell [ minu(e), Ll K e

Using the duality theorem of Meyers [16, Theorem 14], we obtain

Cacpl) 2 Al ([ mingne), el K >%"Cf) .
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We observe from (1.5) that the right hand side is greater than

h™H(AR(E)) h(t) =1 __ dt o0 — dt e
A / ( ) K(t)%t"— +/ K(t)4t" —
( 0 An(E) ) t o Jh=1(an(E)) ) t

o0 a\ "
> A / K(t)%"—
h=1(An(E)) t

= A®(h™' (An(E)).

Thus the theorem is proved.

Ezample. Let K(t) be the Bessel kernel g,(t). The capacity Ck , is called the
Bessel capacity of index (a,p) and denoted by B,,. If 0 < ap < n, then B, ,
and R, , are locally comparable, i.e., By ,(E) = Ry ,(E) for E C B(0,Ry). By
Theorem 7 Ag(E)'/8 < AB, ,(E)Y/"=°? for E C B(0, Ry) if n —ap < f < n.

1
If ap = n, then ®(r) ~ (log — )P for 0 < r < 1/2. Condition (1.8) reads as
r

1

r

/ h(t)q_l% < Ah(r)"log
0

for 0 < r < 1/2. Letting h(t) = t° with 0 < 8 < n, we obtain B, ,(E) >
1
A(log )17 for E C B(0, Ry). Letting h(t) = (log—)~* for 0 < t < 1/2 with

Ap(E) t
¢ >p—1, we obtain By, ,(E) > AA,(E)P~V/¢ for E C B(0, Ry).

Remark. Maz’ya [15, §8.5] gave some similar results.

8. PROOF OF PROPOSITIONS 1 AND 2

Proof of Proposition 1. In view of the proof of Theorem 1, we see that (i) = (i).
Hence we assume (i). Let » > 0 and let uw = Pxp(o,r. Then we see that u > Ay on
T(B(0,7)) (see the proof of Theorem 2 (i)). Hence, Lemmas 2 and 3 yield

U (x — Qy)) C {z : Mgu(z) > Ap}.
(,9)ET(B(0,))

In particular, —Q(r) C {z : Mqu(z) > Ap}. On the other hand, {z : Nu(x) >
Ap} C B(0, Aar) by inspection. Hence (i) implies

Ap(S2(r)) = Ap(—(r)) < Ap({Mau > Ao})
< AN ({Nu > Ag}) < AN (B(0, Ayr)) < Ah(r),



20 HIROAKI AIKAWA

so that there are (x;,r;) such that Q(r) C |JB(x;,r;) and Y h(r;) < Ah(r). We
may assume that r; <r. Then by (1.4) and (1.3)

A2 XM Ay (2) 2 a5 ()

Hence [Q(r)] < A r} < Ar™. Thus Q satisfies the cross section condition.

h(r;)
h(r)

Proof of Proposition 2. In the same way as in the above proof we may assume (i).
Let r > 0 and let u = Pxp(,r.- We have

Raop(€(r)) = Ra,p(—=Q(r)) < Rap({Maou > Ao})
< ARu,({Nu > Ag}) < AR »(B(0, Agr)) < Ar"=e,

By Theorem 7 with 8 = n, we have |Q(r)| < Ar™. Thus  satisfies the cross section
condition.

Remark. Proposition 2 cannot be generalized to the Bessel capacity B, with ap =
n. Since B, ,(B(0,7)) ~ (log1/r)'=? as r — 0, it follows that B, ,(B(0,7°)) ~
B, »(B(0,7)) as r — 0 for any € > 0. Hence B, ,(B(0,7°)) < By ,(B(0, A2r)). On
the other hand if 0 < e < 1, then |B(0,r%)|/r™ — o0 as r — 0.
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