SET CONTAINMENT CHARACTERIZATION WITH STRICT
AND WEAK QUASICONVEX INEQUALITIES

SATOSHI SUZUKI

ABSTRACT. Dual characterizations of the containment of a convex set, de-
fined by infinite quasiconvex constraints, in an evenly convex set, and in a
reverse convex set, defined by infinite quasiconvex constraints, are provided.
Notions of quasiconjugate for quasiconvex functions, A-quasiconjugate and \-
semiconjugate, play important roles to derive the characterizations of the set
containments.

1. INTRODUCTION

The set containment problem consists of characterizing the inclusion A C B,
where A ={z e R" | Vi € I, fi(x) <0} and B ={x € R" |Vj € J hj(z) < 0}.
Motivated by general non-polyhedral knowledge-based data classification, the set
containment characterization have been studied by many researchers, see [1, 2,
4, 5, 9]. The first characterizations were given by Mangasarian [5] for linear
systems and for systems involving differentiable convex functions, with I and J
finite. These dual characterizations are provided in terms of Farkas’ Lemma and
the duality theorems of convex programming problems. Jeyakumar [4] established
the set containment characterization with I an arbitrary set and J a finite set,
assuming the convexity of f; for each ¢ € I, and the linearity (or the concavity)
of h; for each j € J, so that A is a closed convex set and B is a closed convex set
(or a reverse convex set, respectively). These dual characterizations are provided
in terms of the epigraph of the Fenchel conjugate of a convex function. Also,
Goberna and Rodriguez [2] provided characterizations of the set containment
for linear systems containing strict inequalities and weak inequalities as well as
equalities. Furthermore, Goberna, Jeyakumar and Dinh [1] characterized set
containments with convex inequalities which can be either weak or strict. These
dual characterizations are also provided by the Fenchel conjugate.

It is well known that the Fenchel conjugate plays very important roles to
consider dual problems of convex minimization problems. Similar researches of
conjugates of quasiconvex functions have been studied. But the epigraph of a
quasiconvex function is no longer convex. This causes a fundamental difference
between convex and quasiconvex duality. For general quasiconvex functions, we
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have to use extra-parameters to obtain dual representations. For example, the \-
quasiconjugate (A € R), by Greenberg and Pierskalla [3], has an extra-parameter,
and plays an important role in quasiconvex optimization and in the theory of sur-
rogate duality corresponding to that of the Fenchel conjugate in convex optimiza-
tion and Lagrangian duality. Singer [7, 8] introduced the A-semiconjugate which
also has an extra-parameter, and studied the level set of the A-semiconjugate
and quasiconvex optimization. If we want to avoid the extra-parameter, then we
often need to restrict the class of quasiconvex functions. Thach [10, 11] estab-
lished two dualities without the extra-parameter for a general quasiconvex min-
imization (maximization) problem by using concepts of H-quasiconjugate and
R-quasiconjugate.

More recently, Suzuki and Kuroiwa [9] established the set containment charac-
terization with I a finite set and J an arbitrary set, assuming the quasiconvexity
of f; for each ¢ € I, the linearity (or the quasiconcavity) of h; for each j € J,
and inequalities in A are strict and in B are strict (or weak, respectively). These
dual characterizations are provided in terms of level sets of H-quasiconjugate
and R-quasiconjugate functions. Furthermore, we studied some properties of
H-quasiconjugate.

In this paper, we show set containment characterizations, assuming that all f;
are quasiconvex, all h; are linear, I and J are possibly infinite, and the inequality
in A and B can be either weak or strict. Furthermore, we consider a reverse
convex system (i.e., all f; are quasiconvex and all h; are quasiconcave), containing
both weak and strict inequalities. These dual characterizations are provided in
terms of level sets of A\-quasiconjugate and A-semiconjugate, especially 1, —1-
quasiconjugate, 1-semiconjugate.

2. NOTATION AND PRELIMINARIES

Throughout this paper, let f be a function from R™ to R, where R = [—o00, oc].
Remember that f is said to be quasiconvex if for all z1, 2o € R” and o € (0, 1),

f((1 = @)y + axs) < max{f(z1), f(22)}.
Define
L(f,o,a) ={z € R" | f(z)oa}
for any @ € R. Symbol ¢ means any binary relation on R. Then f is quasiconvex
if and only if for any a € R,

L(f, <) = {z e R" | f(z) < a}
is a convex set, or equivalently, for any a € R,
L(f;<,a) ={z e R" | f(z) <o}

is a convex set. We know that any convex function is quasiconvex. The converse
is not true.
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Given a set S C R", we shall denote by intS, clS and coS the interior, the
closure and the convex hull generated by S respectively.

The following Proposition, which concerns the closure of the intersection of a
family of convex sets, plays an important role in this paper.

Proposition 1. Let I be an arbitrary set, and .S; be a convex subset of R" for
each ¢ € I. If int N;c; S; is nonempty, then cl N;e; S; = NjerclS;.

Proof. We may assume that z € NerelS;. Since int Ny S; # 0, there exists
z € int Nyes S;. Then for each i € I, {(1 —a)z+ az | a € (0,1]} C intS;, because
S; is convex and z € intS;. Therefore {(1 — a)z + az | a € (0,1]} C NierS;, iee.,
x € cl(),c; Si- The converse is clear. 0

A subset S of R" is said to be evenly convex if it is the intersection of some
family of open halfspaces. Clearly, any open convex set and any closed convex
set are evenly convex, and every evenly convex set is convex. A subset S of R"
is said to be H-evenly convex if it is the intersection of some family of open
halfspaces, and each open halfspace contains 0. It is clear that a nonempty set S
is H-evenly convex if and only if S is evenly convex and contains 0. Clearly, the
whole space is evenly convex and H-evenly convex. Also, we define the empty
set is evenly convex and H-evenly convex by convention. The evenly convex hull
of S, denoted by ecoS, is the smallest evenly convex set which contains S. The
H-evenly convex hull of S, denoted by HecolS, is the smallest H-evenly convex set
which contains S. Note that coS C ecoS C cl coS and these differences are slight
because cl coS = cl ecoS. Moreover if S is nonempty, then HecoS = eco(SU{0}).

Next, we introduce some notions that are used in the latter half of this paper.

Definition 1. Let S be a nonempty subset of R” and a € R. We define polar
sets as follows.

S =y e R™ | Va € S, (v, z) < a},
§¥ =) — fy e R" |Vz € S, (v,z) < a}.
Clearly, if o > 0 then S*(<® is H-evenly convex, (S*(<®)*(<) is HecoS,

S*(=) is closed H-evenly convex, and (S*(5))*(=) is clHecoS. Moreover, for
all o € R,

(U SZ-> - =N (5;<sa>> and <U SZ) o =N < s;‘<<’a>) .

iel iel iel iel
Also, we introduce following two Propositions without proof.

Proposition 2. Let I be an arbitrary set, S; be a nonempty H-evenly convex
subset of R™ for each ¢ € I, and a > 0.

Then, o
* (<,
(ﬂSZ) = HecoU (S;K’a)),

icl icl
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furthermore, if S; is closed for each ¢ € I, then

(<)
( m Si) = clHeco U (S:K’a)) :

iel iel
Proposition 3. Let S be a nonempty subset of R” and o € R. Then, following
statements hold.

(i) (cl co9)* (=) = g4 and (ecoS)* (<) = G(<e),

(ii) if @ > 0 then (clHecoS)*(=®) = S*(=9) and (HecoS)* (<) = (<),

Next, we define some notions of a function. A function f is said to be evenly
quasiconvex if L(f, <, «) is evenly convex for all @ € R. A function f is said to be
strictly evenly quasiconvex if L(f, <,a) is evenly convex for all & € R. Clearly,
every evenly quasiconvex function is quasiconvex, every lower semicontinuous
(Isc) quasiconvex function is evenly quasiconvex and every upper semicontinuous
(usc) quasiconvex function is strictly evenly quasiconvex. It is easy to show that
every strictly evenly quasiconvex function is evenly quasiconvex, but the converse
is not generally true, see [9]. A function f is said to be H-evenly quasiconvex if
L(f,<,a) is H-evenly convex for all & € R. A function f is said to be strictly
H-evenly quasiconvex if L(f, <, «) is H-evenly convex for all « € R. In [9], we
showed that f is H-evenly quasiconvex if and only if f is evenly quasiconvex and
f(0) = min f(z).

Next, we introduce two notions of quasiconjugate. In this paper, we charac-
terize set containments by using these quasiconjugates.

Definition 2 ([3]). The A\-quasiconjugate of f is the function f¥ : R — R such
that

u) =X —inf{f(x) | (u,z) > A}, Yu € R".
Definition 3 ([7]). The A-semiconjugate of f is the function f¢ : R* — R such
that

fu) = X —inf{f(z) | (u,2) > A}, Yu € R™.

Singer [7] defined the A-semiconjugate in the following form,
flu) =X—1—inf{f(z) | (u,z) > X — 1}, Yu € R™.

But we redefine the A-semiconjugate in this paper.
We can check easily that f! is H-evenly quasiconvex and f? is Isc H-evenly
quasiconvex if A > 0 in the similar way of [7, 11].

3. CONTAINMENT OF A CONVEX SET IN AN EVENLY CONVEX SET

In this section, we present characterizations of the containment of a convex set,
defined by infinite quasiconvex constraints, in an evenly convex set, i.e., let I, J,
S, W be arbitrary sets, f; and g; be quasiconvex functions from R" to R for each
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1€l and j € J, v, € R" and a4 € R for each s € S, u,, € R" and v, € R for
each w € W, and 8 € R. Then, we show the characterization of A C B, where

A = {eR|Viel fi(x) < 8.Y) € Jg(x) < A},
B = {zeR"|VseS, (vs,2) < as,Yw € W, (Uy,x) < Y}

In the beginning, we show a result of the containment when |J| = |S| =1 and
I=wW=0.

Theorem 1. Let g be a function from R™ to R, v € R"\ {0}, o € R and 8 € R.
Then, following conditions (i), (ii) and (iii) are equivalent.
(i) L(g,<,B) C{z | (v,2) < a},

(i) v € (L(g, <, 8))=,
(iii) v € L(g%, <, — 3).

Proof. Tt is clear that (i) and (ii) are equivalent. Assume that L(g,<, ) C {z |

(v,z) < a}, then the implication g(x) < f implies (v,z) < «, or equivalently,
(v,z) > o implies g(z) > f holds. This shows

gu(w) = a — int{g(2) | {v.2) > a} <~ B.

Conversely, if gZ(v) < a — f, then inf{g(z) | (v,z) > a} > . Therefore the
implication (v,z) > « implies g(x) > S, or g(z) < @ implies (v, x) < « holds.
This derives L(g, <, ) C {z | (v, z) < a}. O

Next, we show the set containment characterization, assuming that all g; (j €
J) are strictly evenly quasiconvex, J and S are possibly infinite, and [ and W
are empty.

Theorem 2. Let J, S be arbitrary sets, 5 € R, g; be a strictly evenly quasiconvex
function from R" to R for each j € J, and v, € R™ and a, € (0,00) for each
s € S. Assume that g,;(0) < g for each j € J. Then, following conditions (i) and
(ii) are equivalent.

(i) {zreR™|Vje Jgjx)<B}C{reR"|VseS, (vs, ) < s},
(i) Vs € S, Z— € Heco | J L((g;)4. <,1 - B).
s jeJ

Proof. 1t is clear that (i) and

*(<,1)

Vse S, = e (ﬂL(gj,<,B)>
s jeJ

are equivalent. By using the assumption, L(g;, <, ) is a H-evenly convex set for

each j € J. Therefore, by using Proposition 2, forall s € S, 2= € Heco [, ;(L(g;, <

, 3))*<V Furthermore, by using Theorem 1, for all s € S, 2= € Heco UjeJ L((g;)7,<
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In the following theorem, we show the set containment characterization, as-
suming that all f; (i € I) are evenly quasiconvex, I and S are possibly infinite,
and J and W are empty.

Theorem 3. Let I and S be arbitrary sets, 5 € R, f; be a evenly quasiconvex
function from R™ to R for each i € I, and vy, € R™ and «, € (0,00) for each
s € S. Assume that f;(0) < f for each i € I. Then, following conditions (i) and
(ii) are equivalent.

() {zeR"|Viel filz) < B} C{z e R [Vs € 5, (v, 7) < ag,

(i) Vs € S, v_ € HeCOUL (f)il,<,1—=75).

el

Proof. 1t is clear that (i) and

x(<,1)
Vse S, — ¢ ( Lfi,g,ﬁ)
se (M)
are equivalent. By using the assumption, L(f;, <, 5) is a H-evenly convex set for
eachi € I. Therefore, by using Proposition 2, for all s € 5, 2= € Heco Uier (L(fi, <
,B3)) =Y. Because L(f;,<,8) = .uo L(fi, <. B8 + €), by using Proposition 2
again, for all s € S, 2= € HecolJ,c; HecolU..o(L(fi, <, B + €))” (<1 Further-
more, J..o(L(fi, <, 8+ €)=t = U€>0( (fi,<,B + €)<Y so we can prove
that 2= € HecolU;c; U0 L((fi)7,<,1 — B —¢) for all s € S by using Theo-
rem 1. Therefore, for all s € S, 2 € HecolJ,; L((f;)7, <,1 — B). The converse
is similar. ]

Next, we show the set containment characterization, assuming that all f; (i € I)
are evenly quasiconvex, all g; (j € J) are strictly evenly quasiconvex, I, J and S
are arbitrary sets and W is empty.

Theorem 4. Let I, J and S be arbitrary sets, 8 € R, f; be a evenly quasiconvex
function from R” to R for each i € I, g;j be a strictly evenly quasiconvex function
from R” to R for each j € J, and v, € R” and a, € (0,00) for each s € S.
Assume that f;(0) < 8 and g;(0) < 8 for each ¢ € [ and j € J. Then, following
conditions (i) and (ii) are equivalent.

() {z [Viel, fi(x) < B,Yj € J gj(x) < B} C{z|Vs €S (vs,2) <as},

(ii) Vs € S,

_EHeco{(gL (< >)U<gL<<gj>z,s,1—ﬁ>>].

Proof. The proof is similar to Theorem 2 and 3. U

In the following theorem, we show the result of the characterizing set contain-
ment when |J| = |[W| =1 and I =S = (), by using A-semiconjugate.
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Theorem 5. Let g be a function from R to R, uw € R”, v € R and 8 € R. Then,
following conditions (i), (ii) and (iii) are equivalent.

(i) L(g,<,B) C{z e R" | (u,z) < ~},

(ii) u € (L(g, <, 8))" =7,

(iii) v € L(g5, <,7 = B).
Proof. 1t is clear that (i) and (ii) are equivalent. We may assume that L(g, <
,B) C {x € R" | (u,z) < ~}, then the implication g(x) < 8 implies (u,z) < 7,
or equivalently, (u,z) > « implies g(z) > § holds. This shows

g(u) =~ —inf{g(z) | (u,z) >~} <y —B.

Conversely, if gf(u) < v — 8, then inf{g(x) | (u,z) > v} > . Therefore the
implication (u,z) > 7 implies g(z) > B, or g(z) < B implies (u,z) < ~ holds.
This derives L(g, <, ) C {z | (u,z) < ~}. O

Next, we show the set containment characterization, assuming that g; (j € J)
are quasiconvex, J and W are arbitrary sets, and [ and S are empty.

Theorem 6. Let J and W be arbitrary sets, 8 € R, g; be a quasiconvex function
from R" to R for each j € J, and u,, € R" and 7,, € (0,00) for each w € W.
Assume that ¢;(0) < g for each j € J and int{x € R" | Vj € J, g;(z) < B} is
nonempty. Then, following conditions (i) and (ii) are equivalent.
(i) {zx e R™|Vj € Jgj(x) < B} C{reR" | Vwe W, (uy,x) <Y},
(i) Vw € W, =% € clHeco | ] L((g;){, <. 1 — B).
Yw

jed

Proof. 1t is easy to show that (i) is equivalent to

K<)
Vw e W, 22 ¢ (ﬂL(gj,<,ﬁ)) .

Tw jeJ

Since int{z € R" | Vj € J, g;(z) < B} is nonempty, we can prove that

() Loy <. A= = (@[ Llgy <. 8) D = () elLlgy. <, 8)=

jeg jeT jeJ
by using Proposition 1. From the assumption, clL(g;, <, 3) is closed H-evenly
convex for each j € J. Therefore, by using Proposition 2, ;‘—;” € clHeco | i ;(clL(g;, <
,B8))* =D for all w € W. Furthermore, by using Theorem 5, e € clHeco ;e L((g))4, <
,1 =) for all w € W. The converse is similar. |

In the following theorem, we show the set containment characterization, as-
suming that all f; (i € I) are quasiconvex, I and W are arbitrary sets, and .J and
S are empty.
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Theorem 7. Let I and W be arbitrary sets, § € R, f; be a quasiconvex function
from R™ to R for each i € I, and u,, € R™ and ~, € (0,00) for each w € W.
Assume that f;(0) < g for each i € I and int{x € R" | Vi € I, f;(x) < B} is
nonempty. Then, following conditions (i) and (ii) are equivalent.

(i) {xER”|Vi€I filx )<5}C{$€R”|VWEW,<%,JJ> < Yl

(ii) vw e W, — 6 clHecoUL (f)?, <, 1- 7).

el

Proof. 1t is clear that (i) is equivalent to for all w € W, = € (¢ L(fi, <
,3))*=V. By the similar way in Theorem 6, we can prove that e (Mier clL(fi, <
,BN*SY for all w € W. From the assumption, clL(fi, <,[) is a closed H-
evenly convex set for each j € J. Therefore, by using Proposition 2, 21” €

clHeco |, (clL( fi, <, 8))*(V for all w € W. Also, by using Proposition 1 again,

*(<,1) *(<,1)
clHecoU (clﬂL(fi,<,B+€)> = clHecoU (ﬂclL fi, <, ﬁ+€)) .

iel e>0 iel e>0

By using the assumption, for each ¢ > 0, clL(f;, <, + ¢€) is a closed H-evenly
convex set. Therefore, by using Proposition 2, for all w € W,

Y € clHecoU L_J(clL(fi7 <, B+ 5))*(31)‘
T i€l e>0
Furthermore,
clHeco | J [ J(elL(fi, <, 8+ €)=Y = clHeco | J | J(L(fi, <. 8+€)" =,
iele>0 iel €>0

and by using Theorem 5, we can prove that for all w € W,

— G ClHecoUUL (f)1,<,1—¢e— 1),

i€l >0

ie., 2= € clHeco |, S, <, 1= D). O

Next, we show the set containment characterization, assuming that f; and g,
are quasiconvex for each ¢ € [ and j € J, I, J and W are arbitrary sets, and S
is empty.

Theorem 8. Let I, J and W be arbitrary sets, 8 € R, f; and g; be quasiconvex
functions from R™ to R for each i € [ and j € J, and u,, € R™ and 7, € (0, 00)
for each w € W. Assume that f;(0) < f for each i € I, ¢;(0) < 8 for each
j€J,and int{x e R" | Vi € I, fi(x) < ,Vj € J,g;j(x) < S} is nonempty. Then,
following conditions (i) and (ii) are equivalent.

(i) {o|viel fi(x) < B,Vj € J,g;(x) < B} C {z | Vw € W, {uw, 2) <},
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(il)) Yw € W,
uw
= clHeco{ (U L((f)8, <, 1 — 5)) U <U L((g;)?,<,1 - 5)) ]
Tw iel jeJ
Proof. The proof is similar to Theorem 6 and 7. OJ

In the following theorem, we show the set containment characterization, as-
suming that all f; (i € I) are evenly quasiconvex, all g; (j € J) are strictly
evenly quasiconvex, and I, J, S and W are arbitrary sets.

Theorem 9. Let I, J, S and W be arbitrary sets, 5 € R, f; be a evenly quasi-
convex function from R™ to R for each i € I, g; be a strictly evenly quasiconvex
function from R” to R for each j € J, v, € R” and a, € (0, 00) for each s € S, and
Uy € R™ and 7, € (0,00) for each w € W. Assume that f;(0) <  for each i € I,
gj(0) < 8 for each j € J and int{z € R" | fi(x) < B,i € I,g;(x) < B,j € J} is
nonempty. Then, following conditions (i) and (ii) are equivalent.

(i) AC B,
(i) Vs € S,
o € Heco{ (UIL (f:)7: <, —/5‘)) U (Q}L((gj)isl —ﬂ))]
‘v’w eWw,
% € clHeeo[ (UI L((f)], <1~ B)) U (jEUJL((gjﬁ, < 1- B)) ]
where

A = {zeR"|Viel, fi(x) <B,Vje Jygjr) < B},
B = {zeR"|VseS, (vs,x) < as,Vw e W, (Uy, ) < Yo}

Proof. The proof is similar to Theorem 2, 3, 6 and 7. U

4. CONTAINMENT OF A CONVEX SET IN A REVERSE CONVEX SET

In this section, we present characterizations of the containment of a convex
set, defined by infinite quasiconvex constraints, in a reverse convex set, defined
by infinite quasiconvex constraints, i.e., let I, J, W be arbitrary sets, f; and g;
be quasiconvex functions from R™ to R for each ¢ € I and for each j € J, k, be
a quasiconvex function from R” to R and v, € R for each w € W, and 3 € R.
Then, we show the characterization of A C B, where

A = {zeR"|Viel fi(z) < B,Y) € Jglx) < B},
B = {zeR"|Vwe W, ky(z) > v}

In the beginning, we show the result of the containment when |J| = |W| =1
and [ is empty.
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Theorem 10. Let g be a quasiconvex function from R™ to R, k be a usc qua-
siconvex function from R"™ to R, v € R and f € R. Assume that L(g, <, [5)
and L(k,<,v) are nonempty. Then, following conditions (i), (ii) and (iii) are
equivalent.

(i) L(g, <, B) C L(k,=,7),

(i) L(g, <, B) N L(k, <,7) = 0,
(iii) there exists a € R such that

0€ L(gh, <, = B)\ {0} + L(k”,,, <, —a =) \ {0}

Proof. 1t is clear that (i) and (ii) are equivalent. We may assume that the con-
dition (ii) holds. Then, there exists v € R™\ {0} and o € R such that for all
v € L(k,<,7) and y € L(g, <, ),

(v,2) > a = (v,y),

since ¢ is quasiconvex and k is usc quasiconvex. Clearly, v € (L(g, <, 8))*(=%)

and —v € (L(k, <,7))* <=, By using Theorem 1 and Theorem 5, v € (L(g%, <
,a—f3)and —v € L(k”,, <, —a—7~). Therefore 0 € L(¢%, <,a—B)\{0}+L(k",, <
,—a — )\ {0}. The converse is similar. O

Next, we show the set containment characterization, assuming that all g; (j €
J) are quasiconvex, all k,, (w € W) are usc quasiconvex, J and W are arbitrary
sets, and [ is empty.

Theorem 11. Let J and W be arbitrary sets, g; be a quasiconvex function from
R" to R for each j € J, k, be a usc quasiconvex function from R” to R and
Yw € R for each w € W, and f € R. Assume that 0 € int Njes L(g;, <, )
and Nyew L(ky, <,7Yw) is nonempty. Then, following conditions (i) and (ii) are
equivalent.

(1) ﬂJ'GJL(gja < ﬁ) C meWL<kw7 Z; 7w>7

(i) Yw € W,

0€ (clHeconeJL((gj)?, <, 1—5)\{0}) + L((kw)” 1, <, —1 =) \ {0}

Proof. We may assume that the condition (i) is hold. Then, for all w € W,
NijesL(gj, <, B) (N L(kw, <,7w) = 0. Since all g; are quasiconvex, k, are usc
quasiconvex and 0 € int Nje; L(g;, <, B), there exists v € R™ \ {0} such that
for all x € L(ky, <,vw) and y € NjesL(g;,<,B), (v,xz) > 1 > (v,y). By using
Theorem 1 and Theorem 6, we can prove that v € clHeco U;e; L((g;)}, <, 1 — f)
and —v € L((ky)";, <, —1 =), ie., 0 € (clHeco Ujes L((g;)4, <,1—B8)\ {0}) +
L((ky)” 1, <,—1 —,) \ {0}. The converse implication is similar. O

In the following theorem, we show the set containment characterization, as-
suming that f; (i € I) are quasiconvex, k,, (w € W) are usc quasiconvex, I and
W are arbitrary sets, and J is empty.
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Theorem 12. Let I and W be arbitrary sets, f; be a quasiconvex function from
R™ to R for each i € I, k, be a usc quasiconvex function from R” to R and
Yo € R for each w € W, and f € R. Assume that 0 € int Ny L(f;, <, 5)
and Nyew L(ky, <,7w) is nonempty. Then, following conditions (i) and (ii) are
equivalent.

(1) miGIL(fi7 S?/B) C meWL(k’wa Z)ryw)a
(il)) Yw € W,

0€ (clHecoUieIL((fi)f, <1 —5)\{0}) + L((kw)” 1, <, —1 =) \ {0}.

Proof. We may assume that the condition (i) is hold. Then, N;e;L(fi, <, 8) () L(kw, <
,Yw) = O for all w € W. Since all f; are quasiconvex, k, are usc quasicon-
vex and 0 € int Nier L(fi, <, 5), there exists v € R™ \ {0} such that for all
r € L(ky, <,7) and y € NiesL(fi, <, 8), (v,z) > 1 > (v,y). By using Theo-
rem 1 and Theorem 7, we can prove that v € clHeco Ujes L((f:){,<,1 — ) and
—v € L((ky)"1,<,—1—1,). The converse is similar. O

In the last theorem of this paper, we show the set containment characterization,
assuming that f; and g; are quasiconvex for each i € I and j € J, k, are usc
quasiconvex for each w € W, and I, J and W are arbitrary sets.

Theorem 13. Let I, J and W be arbitrary sets, f; and g; be quasiconvex func-
tions from R” to R for each i € I and j € J, k, be a usc quasiconvex func-
tion from R™ to R and 7, € R for each w € W, and 8 € R. Assume that
0 € int[(Nier L(fi, <, 8)) N(NjesL(g5, <, B))] and Nyew L(ky, <,Vw) is nonempty.
Then, following conditions (i) and (ii) are equivalent.

(i) (ﬂiEIL<fi7 <, 6)) m(mjeJL@j? < B)) C meWL(kwv >, ’Yw)a
(i) Yw € W,

0e (clHeco {(UieIL((fi)?, <,1-0)) U(UjeJL((gj)?’ < 1- ﬁ))}\{O})
+L((kw)” 1, <, =1 = 70) \ {0},

Proof. The proof is similar to Theorem 11 and 12.
O

Finally, we discuss results in Section 3 and 4. In Section 3, we show set contain-
ment characterizations in an evenly convex set, assuming that the inequalities in
A and B can be either weak or strict. But, in Section 4, we show set containment
characterizations in a reverse convex set, assuming that inequalities in A can be
either weak or strict and in B are only weak. Hereinafter, we show that it is
difficult to characterize the set containment characterization in a reverse convex
set, assuming that the inequalities in B are strict.

We consider the characterization of A C B, where I, J and S are arbitrary
sets, f; and g; are quasiconvex functions from R" to R for each i € I and j € J,
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h, is a quasiconvex function from R™ to R and o, € R for each s € S, 8 € R, and
A = {zeR"| fi(z) < Biel g(x) <B,je T}
B = {zeR"|hs(x) > as s €S}

Assume that J is empty, f; is Isc quasiconvex for all i € I, hy is Isc quasiconvex
and L(hs, <,as) is bounded for all s € S, and 0 € int Nier L(f;, <, 5), then,
following conditions (i) and (ii) are equivalent.

(1) miEIL(thaﬁ) C mSESL(h87>7as)a
(i) Vse S, 3veR"\ {0} s.t.
Vr € L(hs> §7a5>7vy € miGIL(fh Saﬂ)a <U,.CL'> >12> <Uay>'

Of course, we can rewrite the condition (ii) by using level sets of quasiconjugate
functions. Assume that I is empty, |.J| < oo, g; is usc quasiconvex for all j € J,
hs is quasiconvex for all s € S, and 0 € int N,e; L(gj, <, 3), then, following
conditions (i) and (ii) are equivalent.

(1) ijJL<gj7 <7 ﬂ) C msesL(hsv >7 Oés),
(i) Vse S,FveR"\ {0} s.t.
Vo € L(hs, <,,),Yy € NjesL(gj, <, B), (v,z) > 1> (v,y).

Hence, we can show the set containment characterization by using 1-quasiconjugate
and —1-semiconjugate.

However, if J is an arbitrary set, then Njc;L(g;, <, ) is not always open
even if g; is usc quasiconvex for all j € J. Therefore, if g; is usc quasiconvex
for all j € J, hs is Isc quasiconvex and L(hs, <, ay) is bounded for all s € 5,
0 € int Njes L(g;, <,B) and NjesL(g;, <,5) C NsesL(hs,>,as), then, for all
s € S, there exists v € R™ \ {0} such that for all z € Nj;c;L(g;, <, ) and
y € L(hg, <, ay),

(v,2) > 1> (v,y).
Also, the above inequality does not imply that Nje;L(g;, <,8) C NsesL(hg, >
, o), and these assumptions of functions are the strongest one in this problem.
Therefore, it is hard to characterize set containments by using quasiconjugate
function.

5. APPLICATION TO QUASICONVEX MINIMIZATION PROBLEM

In this section, we show that set containment characterizations in this paper is
useful to consider quasiconvex minimization problem. Let I be an arbitrary set,
f; be a lsc quasiconvex function from X to R for eachi € I, A= {z € X | Vi €
I, fi(x) < 0}, and k be a usc quasiconvex function. Assume that 0 € intA, and
consider the following problem (P),

minimize k(z),
(P) { subject to x € A.
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In [6], it was shown that all Isc quasiconvex functions are the supremum of some
family of lsc quasi-affine functions, where a function is said to be quasi-affine if
it is quasiconvex and quasiconcave. Furthermore, f is Isc quasi-affine if and only
if there exists [ € @ and v € R™ such that f = lowv, where @ = {Il : R = R |
[ is Isc and non-decreasing}. So, without loss of generality, we can assume that
fi is a lsc quasi-affine function for each i € I, i.e., there exist {(;,v;) | i € I} C
@ xR"™ such that f; = l;ov; for each i € I. Also, in [6], Penot and Volle studied the
hypo-epi-inverse which is a generalized concept of the inverse of non-decreasing
functions. The hypo-epi-inverse of g € @) is equal to sup{s € R | g(s) < r} for
any r, and if g has an inverse function, then the inverse and the hypo-epi-inverse
of g are the same. Hence, we denote the hypo-epi-inverse of g by ¢!

By using Theorem 12, for each v € R, following conditions (i), (ii) and (iii) are
equivalent.

() ZGIL(f17—7 ) CL(k‘,Z,’}/)’
(ii) 0 € clHeco Uzg L((f)}, <, 1)+ L(k",,<,—1 —~) \ {0}, and

(iii) 0 € cleo({ 7371 1(0 v i€ I} u{0}) + L(kil, S, —1—7)\{0}.

Actually, for each ¢ € I,

= {zeR"|1—inf{l,ov(x) | (z,2) > 1} <1}

= {zeR"|inf{l,ov(z) | (z,2) > 1} > 0}.
If z ¢ Ry {v;}, it is clear that inf{l; o v;(x) | (z,2) > 1} = infier [;(t) < 0 because
S is nonempty. And if z € Ry{v;} \ {0}, there exists A > 0 such that z = Av;,
so inf{l; o v;(x) | (z,x) > 1} = I;(5) because [; is nondecreasing. Also, it is clear
that inf{l; o v;(z) | (0,2) > 1} = oo, hence we can prove that L((l; o v;)}, <
1) = [O, 0 )11(0)){172-}. Furthermore clHeco Uier L((l; 0 1;)Y, <, 1) = clHeco Uier
[0, - 1 ){vz} = cleco{U;¢/[0, @ 1(0 ——=r—){v;} U{0}} because U;¢/[0, ){vz} is
nonempty Also cleco{Uig[O BE 1 ){vl} U {0}} = clco{U;/[0 T 1 ){vl} U
{0}} = elco({(l i | i€V {O}) so the above conditions (i), (11) and (iii)

are equivalent.
Clearly, inf,cq k(z) = sup{y € R | NiesrL(f;, <,0) C L(k,>,7v)}. So, we can
prove that

. 1
;22’“(@ =sup{y|0¢€ clco({m

that is, we get this new duality problem of (P),

v; | i€ TFU{0}) +L(KY;, <, —1—7)\{0}},

maximize v,
(D) subject to 0 € cleco({ =17

a1 1€ 1Y U{0}) + Lk, <, =1 =) \ {0}.

The value of the dual problem (D) is equal to —inf,cr(k”,(2) + 1), where T' =
—clco({(l) v | @ € 13 U{0}). Furthermore, ASD = Clco({mvi | i€
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IYUu{0}) = =T and k”, + 1 = k', which is defined in [11]. Since, inf,c k(z) =
—inf,c_ 4«1 k%(2), we can get another duality problem of (P),

(D) minimize kf(2),
subject to z € —A* (S,

This duality problem (D’) is similar to a duality problem of (P) in [11].
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