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Abstract

In this paper, we consider optimality conditions and a constraint qualification
for quasiconvex programming. To the purpose, we introduce a generator and
a new subdifferential for quasiconvex functions by using Penot and Volle’s
theorem.

Keywords:
quasiconvex programming, optimality condition, constraint qualification,
subdifferential

1. Introduction

We consider the following minimization programming problem:

minimize f(x),
subject to g;(x) <0,Vi € I,

where [ is an arbitrary set, f and g are extended real-valued functions from
locally convex Hausdorff topological vector space X. When f and g; are
convex and zg € A = {x € X | Vi € I, g;(x) < 0}, the following equivalence
relation holds under some constraint qualifications:

flxo) = inf f(z) <= 3N eRY s.t. 0€ 0f(a0) + Y A\idgi(ao),

i€l

where RY) = {A e R | Vi€ I,\; > 0,{i € I | \; # 0} : finite}. The research
of constraint qualifications for this optimality condition have been studied
by many researchers. Recently, the basic constraint qualification (the BCQ)
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was proposed by Li, Ng and Pong [6]. The BCQ is said to be the weakest
constraint qualification for this optimality condition because the BCQ and
this optimality condition are equivalent.

The purpose of this paper is to generalize the result of [6] for quasiconvex
programming. In quasiconvex optimization, Penot and Volle [8] reported
an interesting result whereby a lower semi-continuous quasiconvex function
consists of a supremum of some family of lower semi-continuous quasiaffine
functions. This result is fundamental and useful for our purpose.

In the present paper, we consider optimality conditions and the basic
constraint qualification for quasiconvex programming. By using Penot and
Volle’s theorem, we introduce a notion called “generator” and a new subd-
ifferential for quasiconvex functions, and investigate generalized results re-
ported in previous studies.

The remainder of the present paper is organized as follows. In Section
2, we introduce Penot and Volle’s theorem, and introduce a notion “genera-
tor” for quasiconvex functions. In Section 3, we define a new subdifferential
for quasiconvex functions and investigate an optimality condition for quasi-
convex programming with a set constraint by using the subdifferential. In
Section 4, we define a new constraint qualification called the basic constraint
qualification for quasiconvex programming (the Q-BCQ), and consider an op-
timality condition for quasiconvex programming with inequality constraints.
Also, we prove that the Q-BCQ is the weakest constraint qualification for
this optimality condition. Finally, in Section 5, we emphasize the usefulness
of our results in this paper.

2. Preliminaries

Let X be a locally convex Hausdorff topological vector space. In addition,
let X* be the continuous dual space of X, and let (z*, x) denote the value
of a functional z* € X* at x € X. Given a set Y C X*, we denote the
weak*-closure, the interior, the convex hull, and the conical hull generated
by Y, by clY, intY, coY, and coneY’, respectively. For convex subset A of
X, the tangent cone and the normal cone of A at zp € A is denoted by
T(2z0) = cl Upso A;\ZO, and Ny(zp) = {z* € X* | Vy € A, (z*,y — z0) < 0}.
The indicator function d, and the support function o4 of A are respectively

defined by

0 xz€eA,
oo otherwise,

0a(x) = {



and
oa(z”) =sup (2", x) for each z* € X™.
€A

Throughout the present paper, let f be a function from X to R, where
R = [—00, 00]. Here, f is said to be proper if for all z € X, f(z) > —oo and
there exists o € X such that f(xg) € R. We denote the domain of f by
domf, that is, domf = {z € X | f(z) < +oo}. The epigraph of f, epif, is
defined as epif = {(x,r) € X xR | f(z) < r}, and f is said to be convex
if epif is convex. In addition, the Fenchel conjugate of f, f* : X* — R, is
defined as f*(v) = sup{(v,z) — f(z) | € domf}. Remember that f is said
to be quasiconvex if for all z, y € X and a € (0, 1),

f((1 = a)z + ay) < max{f(x), f(y)}

Define level sets of f with respect to a binary relation ¢ on R as
L(f.0,0) = {x € X | f(z) oa}

for any o € R. Then, f is quasiconvex if and only if for any « € R, L(f, <, )
is a convex set, or equivalently, for any o € R, L(f, <,«) is a convex set.
Any convex function is quasiconvex, but the opposite is not true.

It is well known that a proper lsc convex function consists of a supremum
of some family of affine functions. In the case of quasiconvex functions, a
similar result was also proved by Penot and Volle [8]. First, we introduce
a notion of quasiaffine function. A function f is said to be quasiaffine if
quasiconvex and quasiconcave. It is worth noting that f is Isc quasiaffine
if and only if there exists k € ) and w € X* such that f = k o w, where
Q@ = {h : R — R | hislsc and non-decreasing}. By using a notion of
quasiaffine function, Penot and Volle proved that f is lsc quasiconvex if and
only if there exists {(k;,w;) | i € I} C Q x X* such that f = sup,; k; o w;.
This result indicates that a lsc quasiconvex function f consists of a supremum
of some family of Isc quasiaffine functions. Based on this result, in [11], we
define a notion of generator for quasiconvex functions, that is, G = {(k;, w;) |
i€ I} C @ x X" is sald to be a generator of f if f = sup;c;k; o w;.
Because Penot and Volle’s result, all lIsc quasiconvex functions have at least
one generator. Also, when f is a proper lsc convex function, By = {(k,,v) |
v € domf* k,(t) =t— f*(v),Vt € R} C Q@ x X" is a generator of f. Actually,
forall z € X,

f(z) = f7(z) = sup{(v,2) — f*(v) | v € domf*} = sup ky({v,z)).

vedom f*



We call the generator By “the basic generator” of convex function f. The
basic generator is very important with respect to the comparison of convex
and quasiconvex programming.

Moreover, we introduce a generalized notion of inverse function of h € Q.
The following function h~! is said to be the hypo-epi-inverse of h:

h™'a) =inf{b € R |a < h(b)} =sup{b € R| h(b) < a}.

If A has an inverse function, then the inverse and the hypo-epi-inverse of h
are the same, in detail see [8]. In the present paper, we denote the hypo-epi-
inverse of h by h™!. Also, we denote the lower left-hand Dini derivative of
h € Q at t by D_h(t), that is D_h(t) = liminf.__ M A function
h is said to be lower left-hand Dini differentiable if D_h(t) is finite for all
teR.

3. Subdifferential and an optimality condition

In this section, we introduce a new subdifferential for quasiconvex func-
tion, and by using this subdifferential, we investigate an optimality condition
for quasiconvex programming with a set constraint.

At first, we introduce the new subdifferential for quasiconvex functions.

Definition 1. Let f be a Isc quasiconvexr function with a generator G =
{(ks,ws) | s € S} C @ x X*, and assume that ks is lower left-hand Dini
differentiable for all s € S. Then, we define the subdifferential of f at x

with respect to G as follows:
O f (o) = cleo{ D_k,({ws, mo))ws | s € S(x0)},
where S(xg) = {s € S| f(xo) = ks 0 ws(xo) }.

This subdifferential is a generalized notion of the subdifferential for convex
functions. Actually, if f is a convex function with the basic generator By,
then

Op, f(xo) = cleo{D_k,({v,z0))v | v € domf, f(xo) = ky({v,20))}
= cleofv | v € domf™, f(xo) = (v,z0) — f*(v)
= 0f(xg).



Also, if f is Gateaux differentiable at x, ks are differentiable at (wq, z¢)
for all s € S(xg), and S(zg) # 0, then we can check g f(z0) = {f'(z0)}.
Actually, for all s € S(z9) and d € X,

f(zo +td) — f(z0)

(f'(x0),d) = lim

t—0 t
Z hn& ks o ’U)S(.T() + tdt) - kS © ws(flf(]>
t—

= <k;(<w8’ :L‘0>), d) .

Similarly, we can prove that (f'(xg),—d) > (k.((ws,zo))ws, —d), that is,
f/(ﬂ?o) = k:g(<wsa xO))ws-

Next, we show a necessary condition for a minimizer of a certain quasi-
convex function in a closed convex set.

Theorem 1. Let A be a closed convex subset of X, f be a lsc quasiconvex
function with a generator G = {(ks,ws) | s € S} C Q x X*. Assume that
ks is lower left-hand Dini differentiable for all s € S and at least one of the

following holds:
(1) S is finite and ks is continuous for all s € S,

i is a Banach space, S is a compact topological space, s +— ws is

1) X 4 B h S t topological )
continuous on S to (X*,| - |), (s,t) — ks(t) is usc on S x R, and
(s,t) — D_ks(t) is continuous on S x R.

If xq is a local minimizer of f in A then,
0e agf(l’o) + NA(xO).

PROOF. At first, we show that Og f(z¢) is w*-compact. It is clear when the
condition (i) holds. If the condition (ii) holds, then S(z¢) is compact because
S(xg) ={s €S| f(xg) < ksows(xo)} and s — kyows(zg) is usc on S. Thus,
{D_ks({ws, z0))ws | s € S(xg)} is bounded since s +— wy is continuous on S
and (s,t) — D_ks(t) is continuous on S x R. Hence, 0¢ f(x¢) is w*-compact
by the Banach-Alaoglu theorem.

Now we assume that 0 ¢ O f(20) + Na(zo). Since Ogf(zo) + Na(zo) is
w*-closed, we can find dy € X \ {0} satisfying

<y*7d0> <0 S <—I*, d0> )
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for all y* € Ogf(xo) and x* € Na(zg). If s € S(z0), then D_k,({ws, xo)) > 0
and (ws, do) < 0 since D_ks((ws, zo))ws € O f(xo) and ks is non-decreasing.
From this, we have sup cg(,,) (Ws, do) < 0 and d +— sup,c g, (ws, d) is usc.
Indeed, it is clear when the condition (i) holds. If the condition (ii) holds,
we can check them since S(zy) is compact and s — wj is continuous on S.

Therefore, there exists Uy, a neighborhood of dy such that (ws, d) < 0 for
all s € S(zg) and d € Uy,. Since z¢ is a local minimizer of f in A, there
exists Uy, a neighborhood of zg such that for all z € U,, N A, f(x¢) < f(z).

Also dy € Ta(g) = clUyso 2522 because (z*,do) < 0 for all 2* € N (o).
Then there exist dy € Uy, A\g > 0 and 1 € A such that d; = % Put
T, = (1 — %)xo + %xl = 20 + %dl, then z, € ANU,, for large enough n,
therefore f(xg) < f(x,).

If the condition (i) holds, since S is finite, we can find so € S and a
subsequence {z,,} of {z,} such that sy € S(z,,) for all i € N, and we have
sp € S(xg) because f and kg, o w,, are continuous. For large enough i € N,

sy 0 Wy (20,) = f(xn,) > flxg) = ks, © ws, (x0), and then,

k80(<w807 ZE0> + % <w807 dl)) - k80(<w80’ l‘0>)

i

<0,
20 <w807 d1>

since d; € Uy,. Therefore D_kg, ((ws,, o)) < 0, it is contradiction.

If the condition (ii) holds, all S(z,) are not empty because S is compact
and s — ksows(z,) is usc on S. Let {s,} be a sequence satisfying s,, € S(z,,)
for all n € N. Then there exists a subsequence {s,,} of {s,} such that {s,,}
converges to some sy € S. Therefore

f (o)

IN

lim inf (z,,)

IN

lim sup ksni O Ws,,, (Tn,)

1—00
kSo O Wsq (330)

f(I0)7

that is, sy € S(wp). Then, for sufficiently large i € N, k,, o ws, (7,,) =
f(zn,) = f(xo) 2> ks, o ws, (7o) and <w8ni,d1> < 0, because sy € S(xg),
dy € Uy, and {wsni} converges ws,. From this and kg, is non-decreasing,

ININA

ks,, is constant on interval [<wsni,x0> + 2—? <w5ni,d1> , <wsni7$0>] and hence
we have D_k;, (<wsni , o)) = 0. Finally we obtain D_k,, ((ws,, zo)) = 0, but
this is a contradiction.



On the other hand, in separable Banach space, a similar result was intro-
duced when S is compact, fs are locally Lipschitz, f = sup,cg fs, and some
assumption hold in [9]. If condition (ii) holds and k, are differentiable, then
ks o w, are locally Lipschitz. However, in Theorem 1, we assume that X is a
usual Banach space and k, are only lower left-hand Dini differentiable, thus,
Theorem 1 is not a direct consequence of the result in [9]. Also, if f is a
proper lsc convex function with basic generator By and domf* is compact,
then condition (ii) holds. For this reason, it seems that condition (ii) is not
so strong for quasiconvex programming.

4. The basic constraint qualification

In this Section, we define a new constraint qualification and consider
an optimality condition for quasiconvex programming with inequality con-
straints, and we prove that the new constraint qualification is the weakest
constraint qualification for the optimality condition.

We introduce the following new constraint qualification.

Definition 2. Let {g; | i € I} be a family of lsc quasiconvex functions from
X to R, for each i € I, {(kuj,wijy) | j € i} C Q% X* be a generator
Ofgi; T = {t = (27]) ‘ (S I,j S Jz}: T(Qf) = {t SVA ’ kt<<wt7x>) = 07
k7N 0) = (wy,2)}, and A={x € X | Vi€ I,g(x) <0}

The family {g; | i € 1} is said to satisfy the basic constraint qualification
for quasiconvex programming (the Q-BCQ) with respect to {(k;,w;) | t € T}
at x € A if

N(z) = coneco U {w,}.

teT(x)

We can check that one inclusion always holds. Indeed, for each t € T'(x) and
y € A, (wy,y) < (wy, ) because (wy, ) = k;'(0). Furthermore, N4(z) is
a convex cone, this shows that Na(z) D conecoJ;cq(,){w:}. Therefore, the
Q-BCQ is equivalent to the following inclusion

Na(x) C coneco U {w;}.

teT (z)

In the following theorem, we show an optimality condition for quasiconvex
programming and the Q-BCQ is the weakest constraint qualification for this
optimality condition. Recall I'y(X), the set of all proper lsc convex functions.
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Let Qr(X) be the set of all quasiconvex functions which have a finite and
lower left-hand Dini differentiable generator, that is,

{(ks,ws) | s € S} C Q x X*, S : finite, }

s€S Vs € S, kg : continuous and lower left-hand Dini diff.

QF(X) = {Supks O Wy

Theorem 2. Let {g; | i € I} be a family of lsc quasiconvex functions from
X to R, for each i € I, {(kj),wiy) | j € i} € Qx X* be a generator
of gi, T ={t = (i,j) | i € I,j € Ji}, T(x) = {t € T | ke({wy,x)) = 0,
kN 0) = (w,2)}, A={x € X | Vi€ I, g(x) <0} and 29 € A. Then, the
following statements (i), (i1), (iii) and (iv) are equivalent:

(i) {gi(x) <0 |i€ I} satisfies the Q-BCQ w.r.t. {(ky,wy) |t € T} at xg,

(i1) for each v € X*, xg is a minimizer of v in A if and only if there exists
A€ ]RSLT) such that Ay = 0 for all t € T'\ T(xy), the complementarity

condition, and
—U = g AWy,

(iii) for each f € To(X) with domf NA # 0 and epif* + epidy is w*-closed,

)

xo s a minimizer of f in A if and only if there exists A\ € ]RSFT such

that \y =0 for allt € T'\ T(xy), and

0€df(zo) + > _ A,
teT
(iv) for all f € Qp(X) with a generator G, if xo is a local minimizer of f

in A, then, there exists \ € RSFT) such that Ay =0 for allt € T'\ T'(xy),
and

0e agf(ifo) + Z AW

teT

PROOF. We now first prove (i) implies (iii). By the assumption of f, the
subdifferential sum formula holds, that is,

O(f +da)(xo) = O0f (xo) + Dda(xo).
Because 064 (zo9) = Na(zg) and condition (i) holds,

xo minimizes f on A <= 0 € Jdf(xg) + coneco U {w,},
teT (xo)



this shows that (iii) holds.

Next, it is clear that (iii) implies (ii) and (iv) implies (ii).

We now prove that (ii) implies (i). We want to show that if z* €
Na(zo) then z* € conecol,cp,{we}. Let 2* € Na(zo). Because z* €
Na(zo), 0%(z*) = (2*,x9). Therefore, zy minimizes —z* on A. Then by

using condition (ii), there exists A\ € R&T) such that z* = >, ., \w, €

coneco (Jyep(zoy {we}-
Finally, by using Theorem 1, we can prove (i) implies (iv). This completes
the proof.

In Theorem 2, Qr(X) corresponds to the condition (i) of Theorem 1. In
the following theorem, we define Q)¢ (X) which corresponds to the condition
(ii) of Theorem 1 as follows,

{(ks,ws) | s € S} C Q x X*, §: compact,
Qc(X) = supksows | s +— ws : continuous, (s,t) — kg(t) : usc,
s€S D_ky(t) € R and (s,t) — D_kg(t) : continuous.

Theorem 3. Let {g; | i € I} be a family of lsc quasiconver functions from
X to R, for each i € I, {(kuj,wijy) | j € i} C Q% X* be a generator
of g T = {t = (i) | i € 1j € I} T() = {t € T | ky((wn,2)) = 0,
kN 0) = (w,2)}, A={x € X |Vie I, g(x) <0} and zg € A. Assume
that X is a Banach space, then the following statements (v) is equivalent to
the statements (i), (i), (iii) and (iv) in Theorem 2.

(v) for all f € Qc(X) with a generator G = {(ks,ws) | s € S} C Q x X*,
if xo 1s a local minimizer of f in A, then, there exists A € RSFT) such

that \y =0 for allt € T'\ T(xy), and

0 € daf(ro) + > Nwy.

teT

PROOF. By using Theorem 1, we can prove (i) implies (v). Also, it is clear
that (v) implies (ii).

Lastly in this section, we investigate a relation between Q-BC(Q and a pre-
vious result. In [6], the basic constraint qualification for convex programming
was provided. Let {g; | i € I} be a family of proper lsc convex function from



X to R, then, the family {g; | i € I} is said to satisfy the basic constraint
qualification (the BCQ) at x € A if

N(z) = coneco U 0gi(x)

i€l (x)

where A={r e X |Viel,g(x) <0}and I(z)={iel|g(zx)=0}
If {g; | i € I} is a family of proper Isc convex function with the basic
generator, T'= {(i,v) | i € I,v € domg;}, then, for all z € A, we can check

U = U du

(i,v)eT(x) i€l(x)

that is, the BCQ and the Q-BCQ w.r.t. the basic generator are equivalent.
Furthermore, we can prove the following theorem in [6] by using Theo-
rem 2.

Corollary 1. [6/{gi | € I} be a family of proper lsc convex functions from
X to R, Assume that A = {x € X | Vi € I,g9;(x) < 0} # 0 and zy € A.
Then, the following statements are equivalent:

(i) {gi:(x) <0 |i€ I} satisfies the BCQ at xo,

(i1) for all v € X*, xo is a minimizer of v in A if and only if there exists
A€ R(f(”(’” such that

—v € Z Xi0gi(xg),

i€l(xo)

(iii) for all f € To(X) with domf N A # () and epif* + epid’ is w*-closed,

xo s a minimizer of f in A if and only if there exists \ € Rg(m))

that

such

0€df(xg) + ZAQQZZ'O

1€1(xo)

Also, we can prove that the conditions (i), (ii) and (iii) in Theorem 2 are
equivalent by using Corollary 1. Let {g; | i € I } be a family of Isc quasiconvex
functions from X to R, for each i € I, {(ku ) wuy) | € i} C Q x X*
be a generator of g;, and T = {t = (4,) | Z € 1,5 € J;}. Then, A =
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{r € X | Vt € T)w,(x) — k;*(0) < 0} and 9(w; — k;*(0)) = {w} for
all t € T. Since w;, — k; *(0) is a continuous linear function, we can prove
a equivalence relation of the conditions (i), (ii) and (iii) in Theorem 2 by
using Corollary 1. Hence, we can see that (i), (ii) and (iii) of Theorem 2 and
Corollary 1 are equivalent. However, (iv) of Theorem 2 and (v) of Theorem 3
are new results which concern quasiconvex programming and we can consider

problems whose objective function is quasiconvex by using Theorem 2 and
3.

5. Usefulness of our results

In this section, we emphasize the usefulness of optimality conditions and
Q-BCQ by some examples. At first, we show the following quasiconvex pro-
gramming problem that Theorem 2 is used effectively.

Example 1. Let X = R?, [ = {1,2}, g1(2) = —(21—2)3, go(2) = —(22—1)7
and f(x) = +/|z1 — 1| + |x2 — 1], then, f, g1 and go are continuous quasicon-
ver, and A = {x € R? | z1 > 2,19 > 1}. Also, G1 = {(k1,(—1,0)) | k(a) =
(a+2)} is a generator of g1, G = {(ka, (0, —1)) | k2(a) = (a+1)°} is a gen-
erator of go and Gy = {(h1, (1,1)), (ha, (—1,1)), (hs, (=1, 1)), (hy, (1,—1))}
is a generator of f, where hy be a function from R to R as follows:

i) {77 222

0 otherwise.

and hy(a) = hy(a) = hi(a + 2), hg(a) = hi(a +4) for all a € R. We
can check easily that the Q-BCQ w.r.t. G U Gy is satisfied at each point
of A. We observe whether there exist v € A and A € R% satisfying 0 €
g [(x) + A (—1,0) + X0, —1) and the complementarity condition or not.

]fx = intA, then, O, flx) = {Nﬁ(l’l)} and g;(x) #0 (i € ]), tﬁis
implies X = 0 if the complementarity condition holds. Hence, the optimality
condition is not satisfied. If x € {y | y1 = 2,y2 > 1}, then, Ay = 0 if
the complementarity condition holds. Also, Og,f(x) = {Nﬁ(l’l)}’
that is, the optimality condition is not satisfied. If x € {y | y1 > 2,y2 =
1}, then, Og,f(x) = clco{wﬁ(l,l),wﬁ(l,—l)} and \y = 0 if
the complementarity condition holds, that is, the optimality condition is not
satisfied. If v = (2,1), then,

8Gof($) = ClCO{D_h1(<(1,1),1‘0>)(1,1),D_h4(<(1,—1),$0>)(1,—1)}

11



_ clco{%(l,l),%(l,—l)}

1 11
= {’UER2 U1:§,U26 |:—§,§:|}

Put A= (3,3), then, 0 € Og, f(z) + M (—1,0) + A2(0, —1). Therefore, (2,1)
satisfies the necessary condition for a local minimizer. In this case, the other
x € A does not satisfy the optimality condition, hence (2,1) is the global

minimizer of f in A.

As stated above, Q-BCQ is used effectively for quasiconvex programming.
At the same time, Q-BCQ and the notion of generator are useful for convex
programming. Now we show the following example.

Example 2. Let X =R? [ = {1}, g(z) = (x1 — 12)%. Then, A={y |y =
Yo}, forally € A, Na(y) = {v | v1 + vo =0}, I(y) = I. Also, the BCQ is
not satisfied at any point y € A because Vg(y) = 0. However, we can choose
a suitable generator for satisfying the Q-BC(Q. Let k be a function from R to

R as follows:
2
K(t) — {t t>0,

0 otherwise,

let J ={(k,(1,-1)),(k,(—1,1))}. Then, J is a generator of g. Furthermore,
forally € A, k(((1, =1), (1, 92))) = k(((=1,1), (41, 42))) = 0, and

Na(y) ={v | vy + v = 0} = coneco U{(l, —1),(=1,1)}.

Therefore the Q-BCQ w.r.t. J aty is salisfied.

Let f(z) = (x1 — 5)*+ (x5 — 3)?, then, f is a continuous convex function.
Since Q-BCQ is satisfied, we can find a minimizer by using an optimality
condition in this paper. We observe whether there exist v+ € A and A €
R? satisfying 0 € Of(z) + A (1,—1) + Xo(=1,1) and the complementarity
condition or not. We can check easily that 0f(x) = {Vf(z)} = {(2(x1 —
5),2(xe — 3))}. If there exists \ satisfying the optimality condition, then,
we can calculate © = (4,4). Put A = (0,2), then 0 € Of(z) + M (1,—1) +
Ao(—1,1). By using Theorem 2, (4,4) is the global minimizer.

Also, as stated in the comments below Corollary 1, we rewrite the con-
straint as a convexr one which satisfies the BCQ. Let ¢(x) = ((1,-1),z) —

E710) = ((1,-1),2), and go(x) = ((—1,1),2) — k71(0) = ((—1,1),2),

12



then we can check easily that A = {x € R* | g;(z) < 0@ = 1,2)}, and
{gi(x) < 0 | i = 1,2} satisfies the BCQ. By using Corollary 1, x € A
is a minimizer of f in A if and only if there exists A € R such that
0 € Of(x) + Y i1 Ni0gi(x) = Of(x) + Mi(1,—1) + A(—1,1). Hence, by
the similar way in the first half of this example, we can find the global mini-
mizer (4,4).
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