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Abstract

Robust optimization problems, which have uncertain data, are considered.
We prove surrogate duality theorems for robust quasiconvex optimization
problems and surrogate min-max duality theorems for robust convex opti-
mization problems. We give necessary and sufficient constraint qualifications
for surrogate duality and surrogate min-max duality, and show some exam-
ples at which such duality results are used effectively. Moreover, we obtain
a surrogate duality theorem and a surrogate min-max duality theorem for
semi-definite optimization problems in the face of data uncertainty:.

Keywords: Nonlinear programming, quasiconvex programming, robust
optimization

1. Introduction

Mathematical programming problems with data uncertainty are becom-
ing important in optimization due to the reality of uncertainty in many real-
world optimization problems. Robust optimization, which has emerged as
a powerful deterministic approach for studying mathematical programming
with data uncertainty, associates an uncertain mathematical program with its
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robust counterpart. Many researchers ([1, 8, 9, 10, 11, 13]) have investigated
duality theory for linear or convex programming problems under uncertainty
with the worst-case approach(the robust approach). They used mainly the
duality theorem for linear programming, the Lagrange duality theorem, and
Sion’s min-max theorem. This research gives elegant, powerful, and com-
pletely characterized results for robust convex optimization.

On the other hand, recently, many authors ([4, 5, 6, 15, 16, 17, 20]) inves-
tigated surrogate duality for quasiconvex programming. Surrogate duality
is used in not only quasiconvex programming but also integer programming
and the knapsack problem ([3, 4, 5, 6, 15, 16, 17]). Surrogate duality is
also closely related to Lagrange duality. In [20], we investigated a necessary
and sufficient constraint qualification for surrogate duality. Also, we investi-
gated that the constraint qualification is weaker than the CCCQ, which is a
necessary and sufficient constraint qualification for Lagrange duality.

In the present paper, we investigate surrogate duality theorems for qua-
siconvex programming under data uncertainty via robust optimization. We
also propose new constraint qualifications and compare these with previous
ones. The remainder of the present paper is organized as follows. In Section
2, we introduce some preliminaries. In Section 3, we investigate surrogate
strong duality for robust optimization. In Section 4, we investigate surrogate
min-max duality for robust optimization, showing some examples. Finally,
in Section 5, we obtain a surrogate duality theorem and a surrogate min-max
duality theorem for semi-definite optimization problems in the face of data
uncertainty.

2. Preliminaries

Let (v,z) denote the inner product of two vectors v and x in the n-
dimensional Euclidean space R"™. Given a set A C R", we denote the closure,
the convex hull, and the conical hull generated by A, by clA, coA, and coneA,
respectively. The indicator function 0,4 is defined by

0 xe€A,
Oa(w) = {oo otherwise.

Let f be a function from R” to R, where R = [—00,00]. Here, f is said
to be proper if for all x € R", f(z) > —oo and there exists g € R" such
that f(zo) € R. We denote the domain of f by domf, that is, domf =



{x € R" | f(z) < oo}. The epigraph of f, epif, is defined as epif =
{(z,r) € R" xR | f(z) < r}, and f is said to be convex if epif is convex.
In addition, the Fenchel conjugate of f, f* : R® — R, is defined as f*(u) =
SUD,edoms1 (U, ¥) — f(2)}. The subdifferential of f at x is defined as df(v) =
{z* € R" |Vy € R", f(y) > f(x) + (z*,y — x)}. Also, the normal cone of A
at v € A is defined as Ny(z) = {z* e R" | Vy € A, (2", y —x) < 0}. It is
clear that Ny(z) = 004(x). Recall that f is said to be quasiconvex if for all
x1, 3 € R" and A € (0,1), f((1 — Ny + Azo) < max{f(x;), f(x2)}. Define
level sets of f with respect to a binary relation o on R as L(f,,3) = {z €
R™ | f(z) o B} for any 5 € R. Then, f is quasiconvex if and only if for any
B eR, L(f,<,B) is a convex set, or equivalently, for any 5 € R, L(f, <, ()
is a convex set. Any convex function is quasiconvex, but the converse is not
true.

In [7], Jeyakumar investigated the following set containment characteri-
zation. This result is very important and useful in the research of necessary
and sufficient constraint qualifications for the Lagrange duality theorem in
convex programming.

Theorem 1. [7] Let I be an arbitrary set, and for each i € I, let g; be a
convez function from R™ to R. In addition, let {x € R" | Vi € I, g;(z) < 0}
be nonempty, * € R", o € R. Then, (i) and (ii) given below are equivalent:

() {e € R | Vi€ I,gi(x) <0} C {x € R" | (",2) <o},
(it) (z*, ) € clconeco Uepig;“.
iel
In [8], the following result was investigated. This result is one of set con-

tainment characterization with data uncertainty and is similar to Theorem 1.

Theorem 2. [8] Let I = {1,---,m} and let g; be continuous functions from
R™ x RY to R such that for each v; € R%, g;(-,v;) is a convex function.
Let Vi, i = 1,---,m, be subsets of R, V = [[",V;, and F = {z | Yu; €
Vi, gi(z,v;) <0O,Vi=1,--- m} #0. Then,

epidy = clco U epi (Z Aigi(s, vl)> )
i=1

UEV,AERT



3. Surrogate duality

Throughout this paper, let I = {1,---,m}, g; continuous functions from

R™ x R? to R such that for each v; € R?, g;(-,v;) a convex function, V;,

i = 1,---,m, nonempty subsets of R%, V = [[", V;,, F = {z € R" | Vi €

{17 e 7m}7vvi S Viagi('xa vi) S O} 7£ Q)a and F(v,)\) = {LE €R" ’ Z:Zl )"Lgl(w7vz) S 0}
In this section, we investigate surrogate duality for robust quasiconvex

optimization problem. First, we show a set containment characterization
with data uncertainty.

Theorem 3. The following condition hold:

epidy = clco U cl cone epi (Z )\igi(~,v2-)> :

VEV,AERT i=1

PROOF. For all v € V =[]V and A € R7, it is clear that F C F,) and it
=1
is easy to verify that

epidy D epidp = clconeepi (Z Aigi(- vz)) D epi (Z Aigi(- vl)>
i=1

=1

*

Then,

epidy D U cl cone epi <Z )\igi(-,vi)> D U epi <Z )\igi(-,vi)> :
vEV,AER™ i=1 VEV,AERT i=1

By Theorem 2,

epidy = clco U cl cone epi (Z )\Z-gi(-,v,-)> =clco U epi (Z )\ig,-(-,vi)> .

vEV,AER™ i=1 vEV,AER™ i=1
This completes the proof.
Remark 1. Assume that F # (). From the proof of Theorem 3,

clco U epi (i)\igi(-,vi)> =clco U cl cone epi <i)\igi(-,vi)>
i=1

VEV,AERT vEV,AER™ i=1
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and if UUEV,)\GRT epi (37 Xigi(-,v:))" is closed and convez, then
U cl cone epi (Z Aigi(-, vz)>
VEV,AER™ i=1

1s closed and convex. But the converse does not hold as shown in the following
example.

Example 1. Let V = [1,2], for each v € V,

v
2
g(z,v) =40 —v <x <,
v
2

2——vw w >0,
(9 v)"(w) = { 24

— +ow w<0

2v

Then,

U cleoneepi(Ag(-,v))* = {(z,a) € R? | |z| < a},
veEV,A>0

and hence the set is closed and convexr. However,

U epig(0)" = {(,0) e R* | |2] < a} U{(0,0)},

veEV,A>0

and hence the set is not closed.
In the following theorem, we show a necessary and sufficient constraint
qualification of surrogate duality for robust quasiconvex optimization prob-

lem.

Theorem 4. The following conditions are equivalent:



U cl cone epi (i )\igi(';vi>>
i=1

UEV,AGRT
1s closed and conver,

(ii) for all upper semicontinuous (usc) quasiconvex function f from R™ to
R with domf N F # (), there exist v € V and X € R} such that

inf{f(z) |z € F} = inf{f(z ZngﬂUUz < 0}.

(i4) for all continuous linear function f from R" to R, there exist v € V
and A € R such that

inf{f(z) |z € F} =inf{f(x zm:)\glxvz ) <0}

PROOF. First, we show that (i) implies (ii). Let f be a usc quasiconvex
function and m = inf,ep f(z). If m = —oo, then (ii) holds trivially. So,
assume that m is finite. If L(f, <,m) is empty, then putting A\ = 0 and
taking any v € V, the equality holds. If L(f, <,m) is not empty, then there
exists (z*, ) € R™ x R such that for all x € F and y € L(f, <,m),

(", 2y < a< (z%)y),

since L(f,<,m)NF =0 and L(f, <, m) is a nonempty open convex set. By
condition (i) and Theorem 3,

(z*,a) € epidy, = U cl cone epi (Z /\igi(-,vi)) .
VEV,AER™ i=1
Hence, there exist o € V and \ € R?" such that
(x*, ) € clconeepi (Z )\igi(-,ﬁi)> :
i=1
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Also, by Theorem 1,

epidy . = su
i = oz (o a0

= clco Uepl (aZ)\lgZ UZ>

a>0

= clconeepi (Z)\igi('vvi)> ;
i=1

in detail, see [2, 7, 14]. Hence, (z*,a) € epié}(ﬂ). By using the above
separation inequality, we can prove that for all x € R",

ZXZQZ<£L',171) <0 <= =zxe€ F(T),S\)
= (",2)<a
= x ¢ L(f,<,m)
— f(x) >m,

that is, inf{f(z) | >, Migi(x, ;) < 0} > m, which shows that (i) holds.

It is clear that (ii) implies (iii).

Finally, we show that (iii) implies (i). Because of Theorem 3, we only show
that epidy C UveV,AeRm cleoneepi (3000, Nigi(+,v:))". Let (z*,a) € epidy.
Then, 05.(z*) € R and 6},(2*) = —inf,ep (—2*, ). Since —z* is a continuous
linear function, by condition (iii), there exist ¥ € V and A € R such that

inf (—2*,z) = inf{(=2",2) | Y Nigi(z,5;) <0}

zelF -
=1

Hence, for all x € R",
S hgile, o) <0 = (—a",a) > —65(a")

—  (x%,x) < Ip(xh).

This implies 5}'}(7 (@) < 65(2") < a, and hence by Theorem 1,

x*,a) € epidy. _ = clconeepi XiGi(-, v; :
F,5)

i=1
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This completes the proof.

Now we give an example illustrating Theorem 4.

Example 2. Consider the following optimization problem (UP) with an un-
certainty parameter v:

(UP) minimize f(z) := 2® subject to g(z,v) < 0,v €V :=[0,1],

where g s a function as follows:

v(r — 2+ v)? r>2—u,
g(x,v) =40 —1-v<r<2—v,
(1—v)(z+14+v)? < —-1—0.
Then, f is continuous quasiconver and F = [—1,1]. Also, we can check that
epidy = {(z,0) €R?| 2] < a}

= {(r,0)eR*|0<z < a}| J{(z,0) eR*|0< —2 < 0}
= cleoneepi(g(- 1))" | cLeoneepi(y(-, 0))"
C U clcone epi(Ag(-,v))".

vEV,A>0

*

Hence by Theorem 3, |J,cy \socleoneepi(Ag(-,v))* is closed and conver.

Moreover, let (v,\) = (0,1), then
inf{f(x) | Yo €V, g(z,v) < 0} = —1 = mf{f(x) | Mgz, ) < O}.

We give examples showing that without the closed cone constraint qual-
ification (in Theorem 4), Theorem 4 may not hold.

Example 3. Let g(z,v) := Jolz| — v, for allz € R and v € V := [0,1].
Then, g(-,v) is conver and for each v € V and X\ > 0,

<mummm:{m>ﬂe%m%am,

oo, otherwise.

Then, for each A\ > 0,

U cleone epi(Ag(-,v))* = {(z,y) € R* | y > 0} U {(0,0)}.

veY



Hence, |J,ep yo cleoneepi(Ag(+,v))* is not closed, that is, the closed come
constraint qualification in Theorem / does not hold.
Let f be a function from R to R as follows:

ro={2 120

-1 x<0.

Then, f is a usc quasiconvez function and inf{f(z) | Vv € V,g(z,v) <0} =
0. Howewver, for allv € V and A > 0, inf{f(z) | A\g(z,v) <0} = —1, that is,
surrogate duality does not hold.

Furthermore, if f(x) = 23,

inf{f(z) | Vo € V,g(z,v) <0} = sup inf{f(z) | A\g(z,v) <O0}.

A>0,0€V

However, the maximum does not attained. Actually, we can check that inf{ f(z) |
Vo € V,g(z,v) <0} =0. Letv eV and A > 0. Ifv =0 or A\ =0, then
inf{f(z) | A\g(z,v) < 0} = —o0. Ifv > 0 and X > 0, then inf{f(x) |
Ag(z,v) <0} = —vy/v <.

Example 4. Let g(z,v) = v?|z1| + max{zy, 0} — 2v for all x = (z1, 7)) € R?
andv € V =[0,1]. Then, F = {z € R?* | Vv € V,g(z,v) < 0} = {z € R? |
71| < 2,1 <0},

2/\1@1, Z'T € [—)\1’0%,)\11)%],23; € [O,)\l],
0, otherwise,

(Arg1 (-, 1)) (2*) = {

for each v €V and X € Ry, and U,cy se, €PI(Ag(+,v))" is not conver (see
Example 2.1 in [8]). Hence, we can not apply Theorem 3.1 in [8] to this func-
tion g. Furthermore, |,y ycg, clconeepi(Ag(-,v))* is not conver. Actually,
we can check that (2¢((0,2),0))* =0 and (29((2,2),1))* = 4, that is,

((0,2),0) € epi(2¢(-,0))" C U clcone epi(Ag(+,v))*,

veEV,AER L
((2,2),4) € epi(2¢9(-,1))" C U clconeepi(Ag(-,v))*.
vEV,AER L
However,
1 1 . x
5((072)70)—’_5((272)74) = ((152)72> §é U Clconeepl()\g(-,v)) .
veEV,AER L



1f((1,2),2) € U,ep rer, cleoneepi(Ag(-,v))*, then there existv € V and A €
R, such that ((1,2),2) € clconeepi(Ag(-,v))*. Since clconeepi(Ag(-,v))* is
closed, ((1,2),2) € coneepi(Ag(-,v))* and hence there exists v > 0 such that
7v((1,2),2) € epi(Ag(-,v))*. This implies that

—\? < v < )\vz, 0 <2y <\, and 2 v < 27.

Then, we can see that § < % and ¥ > 1, which is a contradiction. Hence,
UUEV,)\ER+ clconeepi(Ag(+,v))* is not convex. So we can not apply Theorem 4
to this function g.

Let f be a function from R to R as follows:

. —1 x>0,
o, 22) = {0 25 > 0.

Then, we can check that surrogate duality does not hold by the similar way
of Example 3.

Next, we investigate uncertainty in the objective function. The following
theorem indicates that the constraint qualification also characterizes com-
pletely surrogate duality for uncertainty in the objective function.

Theorem 5. The following conditions are equivalent:
(1)
U cl cone epi (Z )\Z-gi(-,vi)>
UEV,AGRT i=1

1s closed and conver,

(i1) for all continuous function f from R™ x RP to R such that f(-,u) is
quasiconvez for each u € RP and f(x,-) is quasiconcave for each x €
R™, and any compact convex subset U of RP,

inf max f(x,u) = max  inf{f(z,u) | Z Aigi(z,v;) < 0}.
i=1

z€F ueld uEUWEV,AERT?
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PROOF. We first prove that (i) implies (ii). Let f be a continuous function
R™ x R? to R such that f(-,u) is quasiconvex for each u € R? and f(z,")
is quasiconcave for each x € R”, and let U be a compact convex subset of
RP. Then, max,ey f(-, u) is continuous and quasiconvex. So, by Theorem 4,
there exist v € V and A € R such that

inf = inf .

ebnar /e =l g se
We know that F; 3y is convex since g;(-,v;) is convex for all 7 and v;. Hence,
by Sion’s min-max theorem ([12]),

inf max f(z,u) = max inf T.U).
zEFwy;\) uel f( ’ ) ueU mGFwy;\)f( ’ )

Thus there exist @ € U such that

inf = inf ).
pnar /o) = gl T

And also, for all A\ € R, v9 € V and ug € U,

inf max f(z.u) > inf max f(x,u) > max inf z,u) > inf T, Up).
xeF uel f< ’ ) - TEL (g 0g) UEU f( ’ ) T uel mEF(UO’A())f( ’ ) - $€F(u0,>\0)f( ’ 0)

Hence (ii) holds.
The converse implication is obtained by choosing for f a continuous linear
form.

4. Surrogate min-max duality

In this section, we consider a surrogate min-max duality theorem for
robust convex optimization problem.

For all (v,\) € V x R7,

(x*,(z*, 7)) € Clconeepi(z )\igi(-,vi))*} . (D)

NE,, (@) = {x* eR"
i=1
Actually, by using Theorem 1, we can prove that for each (v,\) € V x R,
xt e NF(M)@) — 5}(U7A)(x*) < (x*,T)
= (2", (2", 7)) € epidp
< (2%, (2", 7)) € clconeepi( Z Nigi( i),
ie(z)

11



and then we have {z* € R" | (z*, (z*,Z)) € clconeepi(d_ | Nigi(-,v:))*} =
N, (Z). Also, since F' C F{, ), we can check that N, , (%) C Nr(Z).
Now, we define the following constraint qualification:

i=1

Ne@) = {x*ew <x*,<x*,x>>eclconeepﬂZAigi("”))*}’
()

(v,\)eJ

where J(z) = {(v,\) € V x R | Vi € I, \;g;(Z,v;) = 0}. We show that this
constraint qualification is a necessary and sufficient constraint qualification
for surrogate min-max duality for robust optimization.

Theorem 6. The following conditions are equivalent:

(i) Np(z) = | {:c €R"| (2", (2", %)) € clconeepi(D )\igi(',vi))*},
(z) i=1

(v,\)eJ
(i1) for any real-valued convex function f on R"™, T is a minimizer of f over

F if and only if there exist v € V and A € R such that X\ig;(Z,v;) =0
and

f(Z) = min {f(x) ‘ ZAigi(iﬁan) < 0} :

PROOF. First, we show that (i) implies (ii). Let f be a convex function.
Then, Z is a minimizer of f over F' if and only if 0 € 0f(Z) + Nr(Z). By
condition (i), there exist (v, A) € J(Z) such that

0€0f(z)+ {x* eR" | (z*, (2", 7)) € Clconeepi(i )\igi(-,vi))*} :

By the equation (1), we can prove that Z is a minimizer of f over F{, ), that
is, (ii) holds.

Conversely, let v € Ng(Z); then Z is a global minimizer of —v in F'. From
(i), there exist (v, \) € J(&) such that

(—v,Z) = min {(—v,x} ) Z)\igi(x,vi) < O} :

i=1

12



For all x € R™,

Z)\igi(x,vi) <0 = (—v,z)>(-0v,7)
i=1
— (v, —1x) <0,

that is v € Ng, , (). So, by the equation (1), (i) holds.

Example 5. Let g(z,v) = v?|z1| + max{zy, 0} — 2v for all z = (z1,7,) € R?
and v € V = [0,1]. Then, by Example /, F = {x € R* | Vv € V, g(x,v) <
0} ={z € R? | |z1] < 2,25 <0},

()\g(_’v))*(x*) _ {2)\2)7 f{ c [_/\1}27)\1}2]71:; c [0’)\],

o0, otherwise,
forallveV and A € Ry, and J,ey \eg, clconeepi(Ag(-,v))* is not convex.
So we can not apply Theorem 4 to this function g.

However, we can apply Theorem 6 to this function g. Let x = (z1,x2) =
(2,-1). Then x € F and

Ne(@)= {x e R"
(v, N e ()
We can show that Np(z) = U nesw) Nroy (@) Let v =1 and A = 1.
Then, (v,\) € J(x) and Np(r) = Np, , (z). This implies that the above
equation hold. So, we can apply Theorem 6 to this function g at x = (2, —1).
Unfortunately, we can not apply Theorem 6 to g at for ally € F. Actually,
the above equation does not hold at (2,0).

(*, (x*,x)) € clconeepi(Ag(, v))*} :

Theorem 7. The following conditions are equivalent:

(i) Np(Z) = U z* € R"| (2", (2", Z)) € clconeepi( Z Aigi (- 0:))*

(v,\)EJ(Z) i€1(T)

(ii) for any continuous function f from R™ x RP to R such that f(-,u) is
convez for each u € RP and f(z,-) is quasiconcave for each x € R",
and any compact convex subset U of RP, T is a minimizer of f over F
if and only if there exist v € V and A € R such that X\igi(x,v;) = 0
and

f(z) = max min {f(:v,u) ‘ Z)\igi(x,vi) < O} :

uelU -
=1

13



PROOF. We first prove that (i) implies (ii). Let f be a continuous function
such that f(-,u) is convex for each u € R? and f(z,-) is quasiconcave for
each x € R" and let U be a compact convex subset of RP. By assumption,
max, ey f(+,u) is continuous and convex. So, by Theorem 6, Z is a minimizer
of maxyey f(-,u) over F if and only if there exist v € V and A € R such

that \;g;(x,v;) = 0 and f(z) = min{meagli f(x,u)‘ Z)\igi(x,vi) < 0}. By
“ i=1

Sion’s min-max theorem, we can show that

ueU

f(z) = max min {f(x,u) ‘ Z Nigi(x,v;) < O} :

The converse implication can be proved as in the proof of Theorem 4.

5. Surrogate duality for robust semi-definite optimization problem

In this section, we obtain a surrogate duality theorem and a surrogate
min-max duality theorem for semi-definite optimization problem in the face
of data uncertainty.

Let S™ be the space of n X n symmetric matrices. For A € S™, A = 0
mean that A is positive semidefinite. Let T = {A € S™ | A = 0} and
I ={0,1,...,m}. We denote the trace of the matrix A by Tr[A].

Following the proof of Theorem 4, we can prove the following surrogate
duality theorem for semi-definite optimization problems in the face of data
uncertainty.

Theorem 8. Let V;, i = 0,1,...,m, be a closed and conver subset of S,

V= HZOVZ‘, and F = {.I' e R™ | AO_‘_Z:ilszz >~ O,VAZ € VHVZ € I} 7é 0.
Then the following conditions are equivalent:

(i)

U {(-mlza),... . -T2[ZA,], Te[ZAg +6)" | § > 0}

ZeT, A€V

18 closed and conver,

14



(i) for all usc quasiconvez function f from R" to R with domf N F # 0,
there exist Z € T and A € V such that

inf{f(z) |z € F} = inf{f(x) | Tr[ZAo] + inTr[Zf_li)] > 0}.

=1

PROOF. Let K(z4) = {(-Tr[ZA4],...,—Tr[ZA,], Tt[ZAo)+ )" | § > 0} for
each Z € T and A € V. Then, we can prove that

U cl cone K(Z,A) = U K(Z,A)-
ZeT,AcV ZeT,AcV
Indeed, it is clear that UZeT,Aev cl cone Kz 4) D UZGT’AE], K (z,4). Let ZeT
and A € V. If (-Tx[ZA],...,—Tr[ZA,,]) = 0, then

clcone Kz 5y = {0} x cone{Tr[ZA,]+ 0| > 0}
= {0} x[0,00)

= Ko

C U K(Z,A)
ZET, A€V
since Z Ay is positively semi-definite. Assume that (—=Tr[ZA}], ..., —Tr[ZA,]) #
0. Then (@, @) € cl cone Kz z). Then, there exist {(ax, @)} C R™ x R such
that (ay,ax) € cone Kz z) and (ay, o) converges to (a,@). For each k € N,

there exist A, > 0 and 05 > 0 such that (ay, o) = M (=Tr[ZA], ..., =Tr[ZA,], Tr[Z A+
Or). Since \g(=Tr[ZA4], ..., =Tr[ZA,,]) converges to @, Ay converges to some

A>0anda = A-Tr[ZA],..., =Tr[ZA.]). Also, \xdx converges some d > 0

and a = A\(Tr[ZAp]) + J. Since T is a cone,

(@,a) = M-Tr[ZA],...,—Tr[ZA,)], Tx[ZAy]) + (0,6)
~Tr[AZA],..., —Tr[AZA,.], Tr[AZ Ag] + 6)
S U K(Z,A)-
ZeT,AcV

Hence, by using Theorem 4, this completes the proof.

Following the proof of Theorem 6, we can prove the following surrogate
min-max duality theorem for semi-definite optimization problem in the face
of data uncertainty. We omit its proof.

15



Theorem 9. Let V;, i = 0,1,...,m, be a closed and conver subset of S,
Y = HZZOVi, and F' = {.’ﬂ c R™ ’ AO_‘_ZleZAl t O,VAz < VZ,VZ € I} 7é @
Let J(z) = {(Z,A) € T xV | Tr[ZAo] + >, & Tx[ZA;] = 0}. Then the

following conditions are equivalent:
(1)

Ne(@) = |J {(-TzA),...,-T[ZA,])"},
(Z,A)eJ(z)

(i1) for any real-valued convex function f on R", T is a minimizer of f
over I if and only if there exist Z € T and A € V such that Tr[Z Ao] +
Yo wTr[ZA;)] =0 and

£(x) = min{f(z) | Te[ZA] + ) 2, Tr[ZA;)] > 0}.

=1

6. Conclusion

In this paper, we showed surrogate duality and surrogate min-max duality
theorems for optimization problems with data uncertainty via robust opti-
mization. We investigated necessary and sufficient constraint qualifications
for surrogate and surrogate min-max duality, and showed some examples that
these duality theorems are used effectively. Also, we obtained a surrogate
duality theorem and a surrogate min-max duality theorem for semi-definite
optimization problems in the face of data uncertainty.
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