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Abstract

Let P be the set of all parabolic elements in SL(2,C) with trace —2. If P; and P> in P
do not commute, then the complex lambda length between P and P» is the trace of a matrix
Q € SL(2,C) satisfying Q* = — Py P2, which is determined uniquely up to sign. For each n-gon
(Pl,Pg, ...,Pn) in P consider the tuples (Ql,QQ, ...,Qn) with QZQ = —PiPiJ,_l with Pn+1 = P.
The tuples are classified into tuples of (—)-system and tuples of (+)-system. Suppose that
(P, ..., Py) is divided into subpolygons (Pi, P, ..., Py) and (Pi, P, P, ..., Pn), and Ry,
and S, € SL(2,C) with R?, = —P, P, S?, = —P1 P,, and trR,, = trS,, are given. We show
that if (Q1,...,Qm—1, Rm) and (S, Qm, ..., @n) are (—)-systems, then (Q1,Q2, ..., Q) is also
a (—)-system.

§1. Introduction and the main result

This paper is a continuation of [4] which established the “ideal Ptolemy identity”
for complex A-lengths introduced in [2] and [3] following Penner’s paper [5]. We define

P ={P e SL(2,C) : P is parabolic with trP = —2}.

Note that P is the conjugacy class of

(1.1) <_é j)
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and hence two matrices in P are conjugate to each other in SL(2,C). If two elements
P, and P, € P do not commute, then there exists a square root () of —P; P, that is, a
matrix in SL(2,C) such that

(12) Q2 = —P1P2.
Q is determined up to sign, satisfies tr(P;P) = 2 — (trQ)? and also
(1.3) P, =Q 7 'PQ, and Q7' P, and Q' P; are elliptic of order 2.

(Here the order of an elliptic A in SL(2, C) means the order of the Mdbius transformation
A(z).) In order to see this, it suffices to consider the normalized pair

P - —-1-1 Py -10
0 —1 A —1
with A # 0. Then Q must be of the form

[ VA-VA
Q_i<ﬁ 0 )

With this we can verify (1.3) and also

(1.4) tr@ # 0.

In what follows the diagram

(1.5) <P

means that P; and P, € P do not commute and Q? = — P, P».

Definition 1.1. A cycle (Py, P, ..., P,), P11 = Py, of elements in P is called an
n-gon if P; and P; do not commute for ¢ # j. If, in particular, n = 3 or 4, then it is called
a triangle or quadrangle, respectively. Two n-gons (Py, Ps, ..., P,) and (Ry, Ra, ..., Ry,)
are congruent if there exists T' € SL(2,C) such that R; = T~ 'P;T for j =1,...,n.

Let (P1,..., P,) be an n-gon in P. Then there exists a square root @); of —P;P; 1
for i =1,2,...,n. Since from (1.3)

P, =Q7'PiQ1, Ps=Q5'PQs, ..., PL=Q, P,Qy,
Q1Q3 - - - Q,, commutes with P; and hence trQ1Q> - - - @, is either —2 or +2.

Definition 1.2.  (Q1,Q2, ..., Qy) is called a (—)-system if trQ1Qs2 - - - Q,, = —2 and
a (+)-system if trQ1Q2 - - Qn = +2.



Let (Py, Ps, ..., P,,) be an n-gon and @; be such that P; 2, Pjiiforj=1,..,n. If
2 < m < n, then the “diagonal” P P, divides the n-gon into an m-gon (P, Ps, ..., Py,)
and an (n —m + 1)-gon (P1, P, Pm+1, ..., Py). Choose R,, and S,, € SL(2,C) such
that
p,, Lt p p 2 p,

and that trR,, = trS,,. So S,, = PlRmPl_l. The main objective of this paper is to

prove

Theorem 1.1.  If two among (Q1, @2, ..., Qm—-1, Bm), (Sm, Qm, Qm+1, ..., @n) and
(Q1,Q2,...,Qyn) are (—)-systems, then so is the rest.

In [4] we showed this theorem for n = 4 and m = 3. In this case, if both of

(Q17Q27R3) and (537Q37Q4) are (_)_SyStemS7 then (Q17Q27Q37Q4) is also a (_)_
system. We choose Ry and S5 so that

e p, P p,
and that trRe = trSy. See Figure 1. If (Q1, Rz, Q4) is a (—)-system, then from Theorem
1, (Q2,Q3,S52) is also a (—)-system. In this situation the following “ideal Ptolemy
identity” holds ([4, Theorem 0.1])

(16) tI‘RQtI'Rg = tI‘QltI'Q3 + tI‘QgtI‘Q4.

Py
A
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Figure 1. A decomposition of a quadrangle into triangles

Theorem 1.1 follows immediately from
Lemma 1.1.  With the notation as above the following identity holds:

(1.7) (trQ1Q2 - Q1R ) (4181 Qm -+ - Q) = —2trQ1Q2 - - - Q.

We prove (1.7) in Section 3.



Remark 1.1.  Let S be an oriented closed surface of genus g and P = {xy, ..., 2, }
a non-empty set of distinct points on S. Let S = S — P. We assume that 29 —2+n > 0.
Let R(.S) denote the space of all conjugacy classes of faithful representations p : 71(S) —
SL(2,C) such that if § is the homotopy class of a loop which goes around a puncture
x; once, then p(d) € P. Let A = {c1,¢2,...,cq}, where d = 6g — 6 + 3n, be an arbitrary
ideal triangulation of S (see [5]). Let ¢ = ¢; € A and suppose that x; and xj, are the
end points of ¢. Choose a point y of c. We define §; to be the loop which goes from y
to x; along c and turns around z; in the positive direction and goes back to y along c.
We define J; in the same way for x;. Choose an arc dy from the base point of m1(5)
to y. Let [p] € R(S). Then homotopy classes of 6810, " and §od20, ' determine two
elements P; = p(505150_1) and P, = p(605250_1) in P. Since p is faithful, P; and P, do

not commute. Choose @); so that P; 9, P5. The value

Ai = Aci, p) = trQ;.

depends only on the class [p] and the homotopy class of ¢;. This value J; is called in [2]
and [3] the complex A-length of ¢; associated to [p] . The positive branch of \; restricted
to the Fuchsian representation space of m1(.5) coincides with the A-length (for a special
choice of horocycles around punctures) introduced by Penner [5].

Since \; is determined up to sign, the tuple (A, ..., A\g) defines a map A, : R(S) —
(C/{£1})?. If it is restricted to, for example, the subspace QF of quasifuchsian rep-
resentations, which is simply connected, the map A, can be lifted to a holomorphic
injection Aax of QF into C?, and it is possible to choose a lift Aa so that Ai,..., Ag
satisfy the condition that (Q;, @;, Q) are (—)-systems for all triangles (c;,cj,cx) in A,
see [3] for details. By using (1.6) we can show just as in [5] that, for two ideal triangula-
tions A; and As, the coordinate change between Aa, (QF) and Aa,(QF) is a rational
transformation. Thus the faithful representation of the mapping class group of S by a
group of rational transformations for its action on the decorated Teichmiiller space ([5])
is naturally extended to its action on QF.

§2. Trace identities

We shall use repeatedly the following basic trace identities which hold for matrices
in SL(2,C) (see [1, 3.4]):

(2.1) trY ' XY = trX,
(2.2) trXY +tr XY ! = trXtrY,

From (2.1), trX X --- X, = trX;1)X,(2) -+ - Xo(n) for any cyclic permutation o on
{1,2,...,n}. So (2.2) yields

(2.3) trXYZ =trYtrXZ —tr XY 'Z



for X, Y and Z € SL(2,C). The following trace identities are proved in [2, Proposition
1.1] and [4, Lemma 1.3], respectively.

Lemma 2.1. If A.B,C and D € SL(2,C) are such that trABCD = —2, then

(trAB + trCD)(trBC + trAD)
= (trA +trBCD)(trC + trABD) + (trB + trACD)(trD + trABC).
(2.4)

Lemma 2.2.  Let X, Y1,..., Y11 € SL(2,C), where n > 1. If trY] = -+ - = tr¥j, 41,
then

Z (_1)e1+~..+entrXY1€1 Y2€1+62 . Y6n71+6nY€i—1’_1
n n
€1,..-,€n€{0,1}
(25) = Z (_1)61+-..+entrXY161+1Y2€1+62 . Y;”*1+6”Y511'

517-~~55n€{051}

Lemma 2.3.  Let X € SL(2,C) and P,..., P, € P with n > 2. Then

> twXP{P?.-- Py
61a---7€n€{071}

(2.6) = ) (=pattemtlgxpltappte... pootan

Proof. If n = 2, then by using (2.3) and trP; = trP, = —2, we can deform the right
had side of (2.6) to the left hand side as follows:

> ()T X PITUPR Y = —trX P+ X PPPy — trX Py Py + 1 X PP Py
€1,62€{0,1}
= —t1X P + (—2tr X PPy — tr X Py) — trX P Py + (—2tr X P2 P, — tr X P})
=—trXP, —trXP, —3tr XP P
+(—2(=2trX PPy —tr X Py) + 2tr X P; + trX)
=trX +tr XP) +tr X P +tr X P Ps.

We prove (2.6) for n > 2 by induction. We divide the sum in the right hand side into
the sum for e; = 0 and that for ¢; = 1. Then it equals

Z (—1)624_".+€n_1+1trXP1P;1P21+62P§2+63 L P:Ln_1+€n
EQ,...,EnE{O’l}
- Z (—1)52+...—|—en71+1trXP12P21+62P§2+63 e Pgnfl‘f'@n.
€2,...,6,€{0,1}



We assume that (2.6) holds for n — 1 and we apply it to Ps,..., P, and X replaced by
XP,P;! and X P2. Then the last term equals

(2.7) > wXPPy'PRe-Pr— ) tXPIPg - P
€2,...,6n,€{0,1} €2,...,n,€{0,1}

Let Y = Pg?P§® .- PSr. From (2.3) trXP, Py 'Y = —trXP PY — 2trXPY and
trXP2Y = —2trXPY — trXY. Then we have with Z = P§? - - P¢

> uXPPNP2Z)- Y tXPI(Ps*Z)

e2€{0,1} e2€{0,1}
=— Y wXPPPPZ+ Y trXPsZ
626{0,1} 626{0,1}

=—tr XP P/ — trXP1P22Z +tr XZ +tr X P Z
= —trXPPoZ — (2t XP\ P2 Z —tr X P\ Z) + tr X Z + tr X Py Z
=trXZ +tr XP Z +tr X PoZ +tr X P P Z.

Summing the last term over es,..., €,, we obtain the left hand side of (2.6). Thus (2.6)
holds for all n. O

Lemma 2.4. Let P;,P, € P and X,Y € SL(2,C). Then

(28) Y wPePREY. > wPPPYX = (tPP-2) Y wP'YPRX.
61,626{0,1} 637646{071} 61,626{0,1}

Proof. We can substitute A = Py, B= P 'XP,, C = P{' XY~ and D = Y P, into
(2.4), because trABCD = trP, = —2. We have

trA +trBCD = trP, + trP; ' Py
= tI‘Pl + (—2trP1 — tI‘Plpg) = —tI‘Pl — tI‘P1P2.

Likewise we obtain

trA+trBCD =2 —trP Py, trB +trACD = —trX — tr X Py,
trC +trABD = tr X P, Y +tr X P, Y Py, trD + trABC = trY + trY Py,
trAB +trCD = —tr X P —tr X P P>, trBC +trAD =trP Y +trP Y Ps.

Therefore (2.4) in this case equals

(tI‘XPl + trXPlpg)(trplY + trPlYPQ)
= (trP1P2 - 2)(tI'XP1Y + tI'XP1YP2) + (tI‘X + tI’XPg)(tI’Y + tI‘YPQ)
(2.9)



Substituting P, 1Y to Y in this equation, we obtain

(trX Py + tr X P Po) (trY + trY Ps)
= (trPy Py — 2)(trXY +tr XY Py) + (trX 4+ tr X Po) (tr P 'Y + tr P MY Py).
= (trP Py — 2)(tr XY + trXY P,)
(2.10) +(trX + trX Po)(—2trY —trP Y — 2trY Py — trPLY Ps).

By adding (2.9) and (2.10) we obtain (2.8).

§3. Proof of the main theorem

Let (Py, Py, ..., P,) be an n-gon in P, where n > 4, and @Q; € SL(2,C) be such that
Q: o
P, — Pjyq fori=1,2,...,n.

Lemma 3.1.

(3.1) rQitrQy - trQutrQr - Qu = Y 2erP{' P P,
61,...,€n€{0,1}

Proof. By (2.2) we have with X,,_1 = Q1+ Qpn—1
trQntrQl toe Qn = tan—lQi + tan—lQnQ;I = tan—lQi +trX,—1
and then with Xn_Q = Ql s Qn_g

trQp1trQptrQy - - Qn
= (trQan—QQi—l + trQan—Q) + (tan—ZQi—l + tan—Q)
= ) eXa@nren.
€n—17€n€{071}

By proceeding in this manner we have

trQitrQs - - - trQutrQq - - - Qp = Z trQ%el Qgez QP

€1,...,en €{0,1}

Thus

trQitrQs - trQntrQy - - - Qn

- Z tr(—P1P2)€1(_P2P3)€2 ...(_Pnpl)Gn
617.‘.76,”6{0,1}

= Z (_1)61+62+~-~+€ntrplen+€1 P261+€2 . _P;n,1+en
€1,...,n,€{0,1}



We divide the last sum into the sum for ¢, = 0 and the sum for €, = 1 and apply (2.5)
to the second term by setting X = P; and Y; = P; for ¢« = 1,...,n. Then we obtain

Z (_1)€1+~..+6n—1trP1€lP2€1+€2 . Pfln_l
617"'7571,716{071}
-+ Z (_1)1+e1+...+en—1trpll+e1 P2€1+62 L P€n—1—|—1
n
€1,.-,en—1€{0,1}
= Z (_1)61+~..+6n71trP1€1P2€1+62 . benil
€1,..,6n—1€{0,1}

(3.2) + Z (_1)1+61+~--+6n71trpl2+61P2€1+62 . P’Snil'
613'“;671—16{0,1}

Let Y = P*t® ... py"~'. Then from (2.3)
trP'Y — tr PP Y = 2tr PITYY 4 2tr PYY
Taking the sum over €1, ..., €,_1 we see that (3.2) equals

Z (_1)€1+-..+6n71 Qtrpll+61P261+eQ N
517“-7611716{0,1}
+ Z (—1)srtFen—1ogy pe poitez ... pen-1,

61,...,€n_1€{0,1}

We apply (2.5) to the first term in this expression, then it equals

Z (_1)61+-..—|—€n—1 2trP161P261+52 . P:Ln—rl-l
€1,-.ren—1€{0,1}
+ Z (_1)61+~,.+€n—1 Qtrple1p2€1+eg . P;”fl
€1,-,6n—1€{0,1}
= Z (_1)61+62+~..+6n71 Qtrpf1p261+62 . PfL”*H_E"
€1,..,€n€{0,1}
Let a1 ,2,... n) denote the last expression. Then by dividing the sum in it into the sum

for e, = 0 and the sum for ¢; =1,
a(1,2,...n) = Z (—1)2then-19ty 52 ps2tes .. pen-iten
627---7€n€{0,1}
+ Z (_1)1+62+-,.+6n71 2tI'P1P21+62P§2+63 . .Pﬁn71+€n_
€2,...,6n,€{0,1}
From (2.6) follows

(3.3) a(1,2,...n) = 4(2,3,...n) T Z 2trP1P262P3€3 R A
62,"'76n€{071}



We have

Uy = Y (S 2Py Pt
€n—1,6n€{0,1}

= 2tr] + 2trP, — 2trP,_, P, — 2trP,_, P?
=2trl + 2trP, — 2trP,,_1 P, — 2(—2trP,_1 P, — trP,,_1)
=2tr] + 2tr P, + 2tr P, + 2trP,_1 P,

where I is the unit matrix. From this and (3.3) we can obtain (3.1) by induction on n.
0

Now we prove the identity (1.7) in Lemma 1.1 from which Theorem 1.1 is easily
obtained. From (3.1) we see that

(trQl e terfltrRm)(trQl o melRm) : (trsmter e tI‘Qn)(tI'SQO U Qn)

equals

m—1 m
Nm>N1,€25.00€m—1€{0,1} €1,€Ems--,€n€{0,1}

> 2trPIm P PS2 ... PSmot . > 2tr P Pom Pt ... Pen

By replacing Ps, X and Y in (2.8) by P,,, P;"_ff .- P and P52 .- P respectively,

m—1

we see that the last expression equals

A(rP Py —2) Y PP Py
€1,...,n,€{0,1}

— —Q(trRm)QtrQltrQQ o trQutrQ1Qa - - - Q.

Here we used —trPy P,,, = trR2, = (trR,,)? — 2 and (3.1). Since trR,, = trS,, and none
of trR,,, trQ1,..., tr@Q, are non-zero (see (1.4)), we obtain (1.7).
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