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Preface

In the study of mathematical programming, many mathematicians have consid-
ered optimality conditions for mathematical programming problems. In differen-
tiable programming problems [2, 4, 6, 13, 16] which include linear programming
problems and are nonlinear programming problems, the Karush-Kuhn-Tucker
condition is the best-known necessary optimality condition under certain qual-
ifications imposed on the constraints. Such constraint qualifications have been
proposed, for example, linear independence constraint qualification, Cottle’s con-
straint qualification, Abadie’s constraint qualification, and Guignard’s constraint
qualification. In particular, Guignard’s constraint qualification is necessary and
sufficient for the Karush-Kuhn-Tucker necessary optimality conditions in differ-
entiable programming problems, see [2].

In convex programming problems [12, 18, 19, 21, 25, 26, 27, 28], Slater condi-
tion, Farkas-Minkowski and the basic constraint qualification are known as con-
straint qualifications. Farkas-Minkowski is a necessary and sufficient constraint
qualification for the Lagrangian strong duality in convex programming problems,
see [26]. Also, the basic constraint qualification is a necessary and sufficient con-
straint qualification for global optimality conditions in convex programming prob-
lems, see [28]. Nonconvex programming problems involving convex programming
problems have been extensively researched, for example, DC programming prob-
lems [8, 11, 14, 23, 29, 30, 31], fractional programming problems [1, 11, 22] and
mathematical programming problems with reverse convex constraints [7, 10, 20].

In this thesis, we consider optimality conditions for nonlinear and nonconvex
programming problems appeared in the following chapters and constraint quali-
fications for these conditions. The purpose of the thesis is to consider necessary
and sufficient constraint qualifications for optimality conditions in these mathe-
matical programming problems. The thesis is divided into five chapters and is
organized as follows.

In Chapter 1, we introduce a real topological vector space, and definitions
and notations in convex analysis. Also, we introduce results related to convex
analysis. Moreover, we introduce some definitions and notations in the Euclidean
space.

In Chapter 2, we show that the basic constraint qualification is a necessary
and sufficient constraint qualification for local optimality conditions in DC pro-



gramming problems with convex inequality constraints in a real locally convex
Hausdorff topological vector space. Also, we show that the basic constraint qual-
ification is a necessary and sufficient constraint qualification for local optimality
conditions in fractional programming problems and weakly convex programming
problems.

In Chapter 3, we give necessary local and sufficient global optimality con-
ditions for DC programming problems with reverse convex constraints in the
Euclidean space. Also, we show that a certain condition is necessary and suf-
ficient for sufficient global optimality conditions in DC programming problems
with reverse convex constraints. Moreover, we give optimality conditions for DC
programming problems and fractional programming problems.

In Chapter 4, we show that Farkas-Minkowski is a necessary and sufficient
constraint qualification for e-optimality conditions in DC programming problems
with convex inequality constraints in a real locally convex Hausdorff topological
vector space. Also, we show that Farkas-Minkowski is a necessary and suffi-
cient constraint qualification for e-optimality conditions in fractional program-
ming problems.

In Chapter 5, we investigate a necessary and sufficient constraint qualifica-
tion for sufficient optimality conditions in differentiable programming, where the
objective function is pseudoconvex at a point. Also, we observe necessary and
sufficient constraint qualifications for sufficient conditions for Pareto optimality
and weak Pareto optimality in differentiable multiobjective programming, where
the components of the objective function or the linear combination of them is
assumed some convexity condition.
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Chapter 1

Preliminaries

In this chapter, we introduce a real topological vector space and notations in
convex analysis. Also, we introduce results related to convex analysis. Moreover,
we introduce some definitions and notations in the Euclidean space.

1.1 Topological vector space and notations

A real topological vector space is a vector space over R equipped with a topology
such that the vector space operations of addition and scalar multiplication are
continuous. Also, let X* be the topological dual space of the space X endowed
with the weak*-topology, and let (z*, x) denote the value of a functional z* € X*
at x € X, that is, (z*, ) = 2*(x). A real locally convex topological vector space
is a real topological vector space which has a local basis at 0 consisting of convex
sets. Let X be a real locally convex Hausdorff topological vector space.

Definition 1.1. Let A be a subset of X and let B be a nonempty subset of X.
(i) Ais said to be convex if (1—a)x+ay € A whenever z, y € Aand a € (0, 1),
(ii) B is said to be a cone if Ak € B whenever k € B and A\ > 0.

It is clear that the whole space and the empty set are convex. For a set
A C X, we denote the closure, the interior, the convex hull and the conical hull
of A, by cl A, int A, co A and cone A, respectively.

The effective domain and epigraph of f : X — R U {+oc} are defined by

dom f ={z € X | f(z) < +o0},

and

epif ={(z,r) € X xR [ f(z) <1},
respectively.

Definition 1.2. Let f be a function from X to R U {+o0}.

1
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(i) f is said to be convex if epi f is convex,
(ii) f is said to be proper if dom f is nonempty.

Let f: X = RU{+400} be a proper convex function. The conjugate function
of f, f*: X* — RU{+oc}, is defined by

fr(@") = sup{(z”, z) — f(x) [ v € X}

for each x* € X*. For any € > 0, the e-subdifferential of f at € dom f, denoted
by 0. f(x), is defined by

O-f(z) ={z" e X* | («",y —2) < f(y) — f(x) + ¢ for each y € X}.

When ¢ = 0, 9yf(z) is the subdifferential of f at x, and is often denoted by
of ().

Let A be a convex set in X. The indicator function d4 is defined by

Sax) = 0 x € A,
A | 400 otherwise.

For any € > 0, the e-normal cone of A at x € A, denoted by N.(A, z), is defined
by
N(A,z) = 0.04(x) ={a" € X* | (z",y — x) < ¢ for each y € A}.

When ¢ = 0, Ny(A,z) is the normal cone of A at x and is often denoted by
NA(I)

1.2 Results in convex analysis

We introduce important results in convex analysis. First, the following theorem
was proved in [12].

Theorem 1.1 ([12]). Let f : X — R U {400} be a lower semicontinuous (lsc)
proper convex function and x € dom f. Then

epi f* = (J{(v,e — f(2) + (v,2)) | v € 0. f(2)}.

e>0
Next, the following theorem was shown in [24].

Theorem 1.2 ([24]). Let f and g be lsc proper convex functions from X to
R U {400} such that dom f Ndomg # (). Then the following statements are
equivalent:

(a) epi f* + epig* is weak*-closed.
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(b) for any € > 0 and x € dom f Ndom g,

0.f +9)(x) = | (0af(@)+0u9(x)).

€1,62>0
€1+ex=e€

In particular, if epi f* + epi g* is weak*-closed, then for any = € dom f N dom g,

O(f +9)(z) = 0f(x) + dg(x).

Finally, we introduce the following optimality conditions for unconstrained
DC (difference of convex functions) programming problems by Hiriart-Urruty [8].
For a function f: X — RU{+o0}, aset A C X and ¢ > 0, we say that a point
Z € Ais an e-minimizer of f in A if f is finite at z and f(z) > f(Z) — ¢ for each
x € A.

Theorem 1.3 ([8]). Let f : X — RU{+4o00} be a lsc proper convex function and
g : X — R be a lsc convex function. The following statements hold.

(i) If z € X is a local minimizer of f — g in X, then
dg(z) C 0f (7).

(ii) For any € > 0, £ € X is an e-minimizer of f — ¢ in X if and only if for each
a >0,
aag(f) - 8a+sf(j)'
In particular, * € X is a minimizer of f — g in X if and only if for each
a >0,
Jag(T) C Oaf(Z).

1.3 Notations in the Euclidean space

The usual inner product of two vectors z and y in the n-dimensional Euclidean
space R™ is denoted by (z,y), and the norm of a vector x in R™ is denoted by
]l

Remark 1.1. Since (R™)* can be identified with R", for convenience, this inner
product is denoted by (z*,z) which is the value of a functional z* € (R™)* at
x € R"™ introduced in Section 1.1.

Let A be a nonempty subset of R”. The positive polar cone A" and the
negative polar cone A~ are defined by

AT ={z* € R" | (z*,z) > 0 for each = € A},
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and
A7 ={z" e R" | (z",z) <0 for each x € A},

respectively. We note that AT and A~ are closed convex and
(AT)" = (A7)~ = cl cone co A.
The tangent cone to A at x € A, denoted by T4(z), is defined by
Ta(x) = {d € R" | there exist ¢ | 0, d — d such that x + t,d, € A}.

The tangent cone Ts(x) is always closed but not necessarily convex. If B is a
subset of R" and x € AN B, then

A C B=Tu(x) C Tp(x).
The normal cone to A at x € A, denoted by N(z), is defined by
Na(z) = (Ta(z))".

Remark 1.2. Since this normal cone becomes the normal cone introduced in
Section 1.1 whenever A is convex, this normal cone is denoted by Na(z) for
convenience.

Let f: R" - RU {400} be a proper convex function. Define level sets of f
with respect to a binary relation ¢ on R U {+o0} as

L(f,0,a) ={z e R" | f(z) o a},

for each @ € R. The directional derivative of f at x € dom f in direction of
d € R" is defined by

fasd) — i L 1) = 1)

tl0 t ’

where dom f is the effective domain of f.
We introduce the concepts of convexity, quasiconvexity and pseudoconvexity
at a point, see [5].

Definition 1.3. Let f: R” — R and & € R”. The function f is said to be
(i) convex at z, if for each A € (0,1) and z € R",
P = N7+ Aa) < (1= NF(@) + Af(o);
(ii) strictly convex at z, if for each A € (0,1) and z € R™\ {z},

S =Nz + Az) < (1= A)f(Z) + Mf(2);
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(iii) quasiconvex at z, if for each A € (0,1) and = € R™,
(1= Nz + ) <max{f(7), f(2)};
(iv) pseudoconvex at z, if f is differentiable at z, and for each x € R™,
(Vf(z),x —x) > 0 implies that f(z) > f(Z);

(v) strictly pseudoconvex at z, if f is differentiable at z, and for each = €

R™\ {z},
(Vf(z),x —x) > 0 implies that f(z) > f(Z).
Proposition 1.1. The following statements hold.

(i) If f is both convex and differentiable at z, then for each = € R",
(Vf(@),z—z) < fz) - f(2).
(i) If f is both strictly convex and differentiable at Z, then for each x € R"\{z},
(Vf(@), 2 —1) < f(z) - f(Z).
(iii) If f is both quasiconvex and differentiable at z, then for each x € R",
f(z) < f(z) implies that (Vf(z),z —z) < 0.

The above statements are analogous to well-known results in [5], and proofs
are omitted. The following result is important to show theorems in Chapter 5;
(iv) and (v) follow from Proposition 1.1 immediately.

Proposition 1.2. Let f: R” — R and z € R". Then the following statements
hold.

(i) If f is strictly convex at T then f is convex at Z.
(ii) If f is convex at T then f is quasiconvex at Z.

)

)
(iii) If f is strictly pseudoconvex at z then f is pseudoconvex at Z.
(iv) If f is convex and differentiable at z then f is pseudoconvex at Z.
)

(v) If f is strictly convex and differentiable at Z then f is strictly pseudoconvex
at x.



Chapter 2

Local optimality for DC
programming

In this chapter, we investigate a constraint qualification for local optimality condi-
tions in DC programming problems with convex inequality constraints. Through-
out this chapter, let X be a real locally convex Hausdorff topological vector space,
and we consider mathematical programming problems under the following con-
straint set:
S={re X |hi(x) <0 for each i € I},

where [ is an arbitrary index set and h; : X — R U {+o0}, ¢ € I, are Isc proper
convex functions. This chapter is based on [32].

We introduce the basic constraint qualification (the BCQ) that is a necessary
and sufficient constraint qualification for global optimality conditions in convex
programming problems by Li, Ng and Pong [28].

Definition 2.1 ([28]). Let {h; | i € I} be a family of Isc proper convex functions
from X to RU{+oo}. The family {h; | i € I} is said to satisfy the BCQ at z € S
if
Ng(Z) = coneco U Ohi(z),
il ()

where [(Z) ={i € I | hy(Z) = 0}.

Theorem 2.1 ([28]). Let {h; | i € I} be a family of Isc proper convex functions
from X to RU {400}, and € S. Then the following statements are equivalent:

(i) The family {h; | i € I} satisfies the BCQ at z.

(ii) For each lsc proper convex function f : X — RU {400} such that dom f N
S # () and epi f* + epidf is weak*-closed, T is a minimizer of f in S if and
only if there exists A € RSFI) such that \;h;(z) = 0 for each i € I, and

0€f(x)+ > NOhi(),

el
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where RSFI) is the set of nonnegative real tuples A = (\;);e; with only finitely
many A\; # 0.

This theorem shows that the BC(Q is a necessary and sufficient constraint
qualification for global optimality conditions in convex programming problems.

2.1 DC programming
In this section, we consider the following DC programming problem:

minimize  f(z) — g(x),
subject to  h;(x) <0, 1 € 1,

where f: X — RU{+o0} is a Isc proper convex function and g : X — R is a Isc
convex function.

Theorem 2.2. Let {h; | i € I} be a family of Isc proper convex functions from
X to RU{+o0}, and € S. Then the following statements are equivalent:

(i) The family {h; | i € I} satisfies the BCQ at z.

(ii) For each lsc proper convex function f : X — R U {+o0o} such that dom f N
S # () and epi f*+epi 0F is weak*-closed, and Isc convex function g : X — R,
if z is a local minimizer of f — ¢ in S, then for each v € dg(Z), there exists
S RSFI) such that \;h;(z) = 0 for each i € I, and

v EIf(E)+ Y Ndhi(T).

i€l

Proof. First, we prove (i) implies (ii). Assume that (i) holds. Let f be a lsc
proper convex function from X to R U {400} such that dom f NS # 0 and
epi f* + epidy is weak*-closed, and g be a Isc convex function from X to R. The
point Z is a local minimizer of f — ¢ in S if and only if Z is a local minimizer of
(f +3ds) — g in X. We have from Theorem 1.3 that if z is a local minimizer of
(f +ds) — g in X, then

9g(z) C O(f + 05)(7).

By Theorem 1.2,
O(f +0s)(x) = 0f(Z) + 005(2).

Since 0d5(Z) = Ng(Z) and the assumption (i) holds,

Of(z) + 06s(x) = 0f(Z) + coneco U Ohi(Z).

)
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Hence, if Z is a local minimizer of f — ¢ in S, then
Jdg(z) C 0f(Z) + coneco U Oh;(Z).
i€l(x)

This implies that (ii) holds.

Next, we prove (ii) implies (i). Assume that (i) holds and let z* € Ng(Z).
Then Z is a minimizer of —x* in S. By setting f = —2* and g = 0 in assumption
(i), there exists A € RSFI) such that \;h;(Z) = 0 for each i € I, and

0€—2"+ ) Nohi(z).
iel
Therefore, we have
" e Z)\i(()hi(f) = Z AiOh;(Z) C coneco U Ohi(z),
iel 1€I(Z) 1€1(Z)

and hence Ng(Z) C coneco [J;cj ) Ohi(Z) holds. Since the converse inclusion is
always satisfied, (i) holds. This completes the proof. O

This theorem shows that the BC(Q is a necessary and sufficient constraint
qualification for local optimality conditions in DC programming problems with
convex inequality constraints.

2.2 Applications

In this section, we apply the result of previous section to fractional programming
problems and weakly convex programming problems. In particular, we consider
weakly convex programming problems in a smooth real Banach space.

2.2.1 Fractional programming

We consider the following fractional programming problem:

minimize  f(z)/g(z),
subject to h;(xz) <0, i €1,

where f: X — RU{+o0} is a Isc proper convex function and g : X — R is a Isc
convex function such that f is nonnegative and ¢ is positive on S.

Theorem 2.3. Let {h; | i € I} be a family of lsc proper convex functions from
X to RU {+o0}, and & € S. Then the following statements are equivalent:

(i) The family {h; | i € I} satisfies the BCQ at z.



Optimality conditions for nonlinear and nonconvex programming problems 9

(ii) For each lsc proper convex function f : X — R U {400} such that dom f N
S # 0, epi f* + epidy is weak*-closed and f is nonnegative on S, and lsc
convex function g : X — R such that g is positive on S, if z is a local
minimizer of f/g in S, then there exists Ay > 0 such that for each v €

Ao0g(Z), there exists A € R(f) such that \;h;(Z) = 0 for each ¢ € I, and

v EDf(T) + Y Niohi(z).

el

Proof. We first prove (i) implies (ii). Let f be a lsc proper convex function from
X to RU {+o0} such that dom f NS # 0, epi f* + epidf is weak*-closed and f
is nonnegative on S, and g be a lsc convex function from X to R such that g is
positive on S. In addition, let Z be a local minimizer of f/g in S. By putting
Mo = f(Z)/g(Z), T is a local minimizer of f — A\gg in S. Because f — \gg is a DC
function, we can prove (i) implies (ii) by using Theorem 2.2. Also, it is clear that
(ii) implies (i) by taking f = —x* 4+ (z*,Z) and g = 1. O

This theorem shows that the BCQ is also a necessary and sufficient constraint
qualification for the fractional programming problems.

2.2.2 Weakly convex programming

Let X be a real Banach space with norm ||-||]. The norm of X* is also denoted
by ||| for convenience. The duality mapping of X, the multivalued operator

J : X — X*, is defined by
J(z) = {z" € X* | (", 2) = [l2||* = [|2"]*}

for each x € X. Let S(X) denote the unit sphere of X, that is, S(X) = {z €
X | ||z|]| = 1}. Then X is said to be smooth if the limit

ety ]
t—0 t

exists for each x,y € S(X). In this case, because the duality mapping J of X is
single valued, J(z) is identified with the element of J(x) for each x € X see [15].

Recall that a function p is weakly convex if it can be written as p = ¢ — £||-||?
for some convex function ¢ and p > 0. We consider the following weakly convex
programming problem:

minimize  f(z) — &|z|]?,
subject to h;(x) <0, i €1,

where f: X — R U {+o0} is a lsc proper convex function and p > 0.
We show the following theorem in a smooth real Banach space.
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Theorem 2.4. Let {h; | i € I} be a family of Isc proper convex functions from
X to RU {+o0}, and z € S. Assume that X is smooth. Then the following
statements are equivalent:

(i) The family {h; | i € I} satisfies the BCQ at .

(ii) For each lsc proper convex function f : X — RU {400} such that dom f N
S # () and epi f*+epidf is weak*-closed, and p > 0, if T is a local minimizer
of f—£|-||* in S, then there exists A € ]RSFI) such that \;h;(Z) = 0 for each
1€ [, and

pJ(Z) € Of(T) + > Niohi(z

el

Proof. Since X is smooth, J is single valued. By taking g as |-||? in Theorem 2.2,
we can prove (i) implies (ii) because 0g(z) = pJ(Z). Also, it is clear that (ii)
implies (i). O

Example 2.1. Consider the problem:

minimize  z* 4 |z — 2?2,
subject to max{0, —z} <0.

Let X = R, I = {1}, f(z) = 3z* + |z|, p = 2, h(z) = max{0, -z} and
S = [0,+00). Then f and h; are continuous convex functions and {h; | i € I}
satisfies the BCQ at each point of S. Let Z be a local minimizer of f(x) — 62
in S. By Theorem 2.4, there exists A\; > 0 such that pz € 9f(T) + \10h1(T)
and A1hi(Z) = 0, because J is an identity map for X. When z > 0, since
Of(x) = 23 + {1} and Ohy(x) = {0}, T must be 1 or #5 They also satisfy
Ahi(Z) = 0. Otherwise, when T = 0, since 0f(Z) = 7> + [—1,1] and 0h(Z) =
[—1,0], z € [-A; — 1, 1] holds whenever A\; > 0. Also, & = 0 satisfies A h1(Z) = 0.
Therefore 0, 1 and ’“2“/5 have possibilities for local minimizers, and actually, 0 is
—1+V5
2

the global minimizer and 1 is a local minimizer. But is neither a minimizer

nor a local minimizer.



Chapter 3

DC programming with reverse
convex constraints

In this chapter, we consider optimality conditions for DC programming problems
with reverse convex constraints in the Euclidean space R™. This chapter is based
on [33].

3.1 The tangent cones to upper level sets

In this section, we consider the tangent cones to the upper level sets of pseu-
doconvex functions. Recall that a differentiable function h is pseudoconvex if
(Vh(z),y — ) > 0 implies h(y) > h(x). We note that a differentiable convex
function is pseudoconvex. We first introduce the following theorem established
by Bazaraa, Goode and Nashed [3].

Theorem 3.1 ([3]). Let A : R® — R be a differentiable function at z € R".
Assume that VA(Z) # 0. Then

Trn<h@)(T) = {d € R" | (Vh(Z),d) < 0},
Tr(n>n()(2) = {d € R" [ (Vh(2),d) > 0}.

In the following theorem, we prove a characterization of the tangent cone to
the upper level set of a pseudoconvex function without Vh(z) # 0.

Theorem 3.2. Let h: R” — R be a pseudoconvex function and z € R™. Then
Tih>n@)(T) = {d € R" | (VA(Z),d) = 0}.

Proof. When Vh(z) = 0, by the pseudoconvexity of h, we have L(h, >, h(Z)) =
R™. Thus, TL(h,z,h(i))(f) = R"™ and {d € R” | <Vh(f),d> > 0} = R”. When
Vh(z) # 0, the conclusion follows from Theorem 3.1. This completes the proof.

[

11
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Theorem 3.3. Let I = {1,2,...,m}, h; : R* — R, i € I, be pseudoconvex
functions and z € R™. Then

Thiernnezh(@) () = NierTrn, 2.0 (7).
Proof. For each i € I, since NjerL(hj, >, h;(z)) C L(h;, >, h;(Z)), we have
Thyerning 2y @) (T) C Togny 2., ()

Therefore,

TﬂiGIL(hin7hi(j))(‘f) - ﬂz’EITL(th,hi(f))(j)'
Conversely, let d € Mic;Tr(h, > h,(3))(T). From Theorem 3.2, (Vh;(Z),d) > 0 for
each i € I. For each k € N and ¢ € I, since (Vh;(Z),z + (1/k)d —z) > 0 and
the pseudoconvexity of h;, we have h;(z + (1/k)d) > h;(Z), that is, = + (1/k)d €
L(hl, Z, hl(f)) Thus j‘f—(l/k)d € mie]L(hi, Z, hl(i‘)) and d € TﬁieIL(hiyz,hi(i)) (53)
Hence,

mielTL(hmZ,hi(f))<f> - TﬁieIL(hi,Z,hi(i‘))(i):
and this completes the proof. O]

In the following example, we can see that Theorem 3.3 is satisfied.

Example 3.1. Let n =2, I = {1,2}, hy(x1,12) = 23 — 29, ho(x1,12) = 23 + 9
and T = (0,0). Then h; and hy are differentiable convex functions, L(hy, >
Jhi(Z)) = {(x1,22) € R? | 22 > 25} and L(hg, >, ho(T)) = {(71,79) € R? | 29 >
—x1}. Further, Ty > p2)(Z) = {(@1,22) € R? | 25 < 0} and Tp(ny > ho(2)) (T) =
{(x1,29) € R? | 29 > 0}. Thus, Tre  L(hi> @) (@) = {(z1,22) € R? | 2o =0} =
M1 T hy > i (2)) (7).

3.2 Local optimality conditions

In this section, we consider necessary local optimality conditions for DC pro-
gramming problems with a set constraint and reverse convex constraints.
First, we consider the following DC programming problem with a set con-
straint:
minimize  f(z) — g(x),
subject to z € .5,
where f, g : R™ — R are convex functions and S is a subset of R".

We show the following theorem by using some results related to convex anal-
ysis, for example, see [17].

Theorem 3.4. Let f, g : R" — R be convex functions, S be a subset of R™ and
z € S. Assume that Ts(Z) is a convex set. If Z is a local minimizer of f — g in
S, then

dg(z) C OF(z) + Ns(2).
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Proof. Suppose that there exists vy € dg(Z) such that vy ¢ 0f(Z)+ Ng(z). Since
Of(z) + Ng(Z) is a closed convex set, by the separation theorem, there exists
dy € R™ such that

<I‘* + y*, do) < <’U0, d0> s

for each z* € 0f(z) and y* € Ng(z). Therefore,
<£C* — Uo,d0> <0< <—y*,d0> s

for each x* € 0f(z) and y* € Ng(Z). Because (y*,dy) < 0 for each y* € Ng(7)
and Ts(Z) is a convex set, dy € Ts(Z). Then there exist t; | 0 and dy — dy such
that & + txd, € S. Since 7 is a local minimizer of f — g in S,

9(T + tedy) — 9(7) < f(T + trdy) — f(7),

for large enough k.

Now, we show that f'(Z;dy) = limy_,eo (f (Z+txdi)— f(Z))/t. Since fislocally
Lipschitz at Z, there exists K > 0 such that |f(z+txdy) — f(Z+tedo)| < K||tr(dx—
do)|| for large enough k. Therefore, limy o0 (f(Z + trdy) — f(Z + trdy))/tx = 0.
Thus,

hm f(ﬂ73+tktdk)_f(i‘) _ hm f(i‘-i—tkdk)—f(i"f'tk;lo)'i'f(i"i‘tkdo)_f(i')
k—o0 k k—o0 k
— i L@Htede)—f(@+tedo) + lim f(@+trdo)—f(Z)
k—so00 Uk k—o00 te
= fl(z;do).

Similarly, we can show that ¢'(Z; dy) = limg_,00(9(T +txdr) — g(Z)) /ti. Hence,

¢ do) = lim 9(z + tydy) — g(T) < lim f(Z + tydy) — f(Z)
k—o00 tr k—o0 iy

= f'(@; do).

Since f'(Z;do) = Sup,«copz) (2%, do) and Of(Z) is compact, there exists x5 €
Of(z) such that f'(z;dy) = (x§,dp). Thus,

<U0, d0> § g/('f7 dO) S f/('f7 dO) = <x>(k)7 d0> )
because vy € dg(z). Then (xf — vg,dp) > 0, and this is a contradiction. O

Next, we consider the following DC programming problem with reverse convex

constraints:
minimize  f(z) — g(z),
subject to h;(x) >0, i € I,

where I = {1,2,...,m}, f, g : R* — R are convex functions and h; : R* — R,
1 € I, are pseudoconvex functions.

Lemma 3.1. Let h; : R" — R, i € I, be pseudoconvex functions, S = {x € R" |
hi(x) > 0 for each ¢ € I} and & € S. Then



Optimality conditions for nonlinear and nonconvex programming problems 14

(1) Ts(Z) = Nier@{d € R [ (Vhi(7),d) > 0},
(ii) Ng(Z) = coneco Ujerz {—Vhi(Z)},
where [(Z) = {i € I | hy(Z) = 0}.
Proof. (i) We first prove that

Tmiel(o’:)L(thvO) (f) CTs (f)

Let d € Th, ., L(h: >.0)(Z), then there exist t; | 0 and d, — d such that Z +
tedr € Nicrz)L(hi, >,0). For each i ¢ I(Z), since hy(Z) > 0 and h; is lsc, there
exists d; > O such that h;(z) > 0 for each z € R™ with ||z — Z|| < ¢;. Put
§ = minggrz) 6; > 0, then h;(z) > 0 for each x € R™ with ||z — Z|| < § and
i ¢ I(x). Smce T + tgdy, — z, for large enough k € N, h;(Z + tydy) > 0 for each
i ¢ I1(z), that is, T+ tpdi, € Nigrz) L(hs, >,0). Thus, Z+t,d, € S and d € Ts(Z).
Hence,

Ts(x) = ThiLhi>0)(T)
ThicriayLihi, > i () (T)
mze]( VL Lk, > hi )(f)
= Niel@ {dGR”\( hi(r),d) = 0},

from Theorems 3.2 and 3.3.
(i) From (i),

Ns(z) =

= cl coneco Ujerz) {—Vhi(z)}
= coneco Uiey(z) { Vhi(z)},

because cone co Uier(z) {—Vhi(Z)} is a finitely generated cone. O

Theorem 3.5. Let f, g : R™ — R be convex functions, h; : R” — R, i € I, be
pseudoconvex functions, S = {x € R" | h;(z) > 0 foreachi € I} and z € S. If &
is a local minimizer of f — g in S, then for each v € 0g(7), there exists A € R}
such that \;h;(z) = 0 for each i € I, and

vef(®) + > Mil—
el
where RT = {A € R™ | A, A, ..., A > 0}

Proof. From Lemma 3.1, Ts() is a convex set. By Theorem 3.4, we have dg(z) C
Of(z) + Ng(z). Hence, from Lemma 3.1 again, we obtain dg(z) C Jdf(z) +
cone co Ujerz) {—Vhi(Z)}. This implies that the conclusion holds. O
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Finally, we consider the following convex programming problem with reverse

convex constraints:
minimize  f(z),
subject to h;(x) >0, i €I,

where I = {1,2,...,m}, f: R" — R is a convex function and h; : R* - R, i € I,
are pseudoconvex functions.

Theorem 3.6. Let f : R® — R be a convex function, h; : R* — R, ¢ € I, be
pseudoconvex functions, S = {z € R" | hy(z) > 0 foreach i € [} and 7 € S. If
7 is a local minimizer of f in S, then there exists A € R’ such that \;h;(Z) =0
for each 7 € I, and

0€0f(Z)+ ) M(=Vhi()).

iel
Proof. The conclusion follows from Theorem 3.5 by taking g = 0. O
Example 3.2. Consider the problem:

minimize max{z, zs},
subject to (@1 + 1) +a23—1>0,
24 (ra+1)2—=12>0.

Let n =2, I = {1,2}, f(z) = max{x, 22}, hi(x) = (21 + 1)> + 23 — 1, hy(z) =
i+ (ra+1)2—1andz € S = {z € R* | y(z) > 0, ha(x) > 0}. Then f
is a convex function and hq, ho are differentiable convex functions. Let Z be a
local minimizer of f in S. By Theorem 3.6, there exist \;, Ay > 0 such that
0 € 9f(Z) + M(=2(Zy + 1), —2T3) + Ao(—271,—2(ZT2 + 1)), Mh1(Z) = 0 and
Aho(Z) = 0. When Ay = Ay = 0, 0 € Uzegdf(z) = co{(1,0),(0,1)}. But
this does not hold. When A\; > 0 and Ay = 0, Z; < Ty because hy(Z) = 0 and
hao(Z) > 0. If 1 = T, then Z must be (0,0). If Z; < Zo, then Z must be (—1,1).
Similarly, when A; = 0 and Ay > 0, we have z = (0,0), (1, —1). When A\, Ay > 0,
Z must be (0,0). Therefore (0,0), (1,—1) and (—1, 1) have possibilities for local
minimizers, and actually, (0,0) is a local minimizer and (1,—1), (—1,1) are not
local minimizers.

3.3 Global optimality conditions

In this section, we consider a necessary and sufficient global optimality condition
for DC programming problems with reverse convex constraints.

Lemma 3.2. Let A be a closed convex cone of R”, z € R™ and ¢ > 0. Then

Ne(Z + A, %) = Nz4)(T).
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Proof It is clear that Nz, (q_:) A~. Therefore it is sufficient to show that
N (z+ A,z) = A~. Let 2* € N(z+ A,z) and x € A. For each A > 0, since
T+t exT+ A,

Az" xy = (2", 2+ e —T) <,

that is, (z*,z) < €/A. Letting A — oo, (z*,x2) < 0 and thus z* € A~. Hence we
have N (Z+A,Z) C A™. Also, the converse inclusion is satisfied since N(z14)(Z) C
N.(z 4+ A, z). This completes the proof. ]

In the following theorem, we give a necessary global optimality condition for
DC programming problems with reverse convex constraints.

Theorem 3.7. Let f, g : R — R be convex functions, h; : R® — R, 7 € I, be
pseudoconvex functions, S = {z € R | hy(x) > 0 foreach i € [} and z € S.
Assume that Uz-g](f){Vh (z)} € Ts(z)™. If T is a minimizer of f — ¢ in S, then
for each € > 0 and v € 0.9(Z), there exists A € R such that A\;h;(Z) = 0 for each
1€ 1, and

vE DS (@) + D> Nil—

el

Proof. We first prove that z + T(zZ) C S. Let © € 7+ Tg(Z). Since Lemma 3.1
and Uigr{Vhi(Z)} C Ts(Z)", (Vhi(Z),x —x) > 0 for each i € I. For each
i€l, by the pseudoconvexity of h;, h;(z) > h;(Z) > 0, and thus = € S. Assume
that Z is a minimizer of f — ¢ in S. Then Z is a minimizer of f — g in T + Ts(Z),
that is, z is a minimizer of (f + 5(:7:+Ts(:f))) — ¢ in R™. From Theorem 1.3, for
each € > 0,

0cg(%) C Oc (f + dar1s(a))) (7).
It follows from [17, Theorem 2.8.7] that

Oc (f + 0a+75(z))) (B) = Useqo,g (05.f (%) + Nie—s) (T + Ts(Z), T)).
By Lemma 3.2,

Useo. (0. (Z) + Nie—5)(T + Ts(7), 7)) = Useo,q9s.f (%) + Nairs(a) (Z)
- aef('i;) + N5<j)7

and by Lemma 3.1,
Ocf(T) + Ns(T) = 0f(T) + coneco Uiera) {—Vhi(z)}.
Hence, we have
0:.9(z) C 0. f(x) + coneco Uicrz) {—Vhi(z)}.

This implies that the conclusion holds. O]



Optimality conditions for nonlinear and nonconvex programming problems 17

In the following theorem, we establish that the necessary global optimality
condition of the above theorem is also sufficient.

Theorem 3.8. Let h; : R — R, i € I, be pseudoconvex functions, S = {x €
R™ | hi(z) > 0 for each i € I} and z € S. Then the following statements are
equivalent:

(i) SCzx +Ts(:f‘).

(ii) For each convex functions f, g : R” — R, assume that for each ¢ > 0 and
v € 0.9(7), there exists A € R such that \;h;(Z) = 0 for each 7 € I, and

v E DS () + D Ni(=Vhi(z)).
iel
Then Z is a minimizer of f — ¢ in S.

Proof. First, we prove that (i) implies (ii). Assume that (i) holds. In addition,
let f and g be convex functions from R"™ to R and suppose that for each € > 0
and v € 0.g(7), there exists A € R such that A\;;(z) = 0 for each ¢ € I, and

v e d.f(z)+ Z Mi(=Vhi(z)).

Since

v+ Z AiVhi(z) € 0. f (%),
)

i€l(

for each = € 7 + Ts(7),

F) = f@)+ 02— T) + T M (Vhi(@) 2 — ) — ¢
> f@)+{va—5) -«

from Lemma 3.1. Therefore, for each x € R",
(f +0Gsrsay) (@) = (f + dzsmsay) () + (v, 2 — T) — ¢,
that is, v € 9, (f + 5(55+TS(@)) (). Thus, we have
0cg(%) C Oc (f + das1s(a))) (2).

From Theorem 1.3, Z is a minimizer of (f + 5(j+TS(5))) — g in R", that is, T is a
minimizer of f — ¢ in T + Ts(Z). Hence, the conclusion follows from (i).

Next, we prove that (ii) implies (i). Assume that (ii) holds and let i € I(Z).
Put f = (Vh;(z),-) and g = 0, then f and g are convex functions. For each ¢ > 0

and v € 0.9(Z), put
_J 1 g=uq
Aj‘{(ﬁ)j#@
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then A € RY and we have Ajh;(Z) = 0 for each j € I. Also,

v+ Y N Vh(E) = Vhi(z) € 0.f (%),
jel
that is,
v E DS (Z)+ Y N(=Vhy(T)).
jel
Therefore, 7 is a minimizer of f — ¢ in S from (ii). Since (Vh;(Z),z —Z) > 0 for
eachz €S, SCz+{deR"|(Vhi(z),d) >0}. Hence S C T + Nz {d € R |
(Vhi(z),d) > 0} and the conclusion follows from Lemma 3.1. This completes the
proof. O

This theorem shows that the condition (i) of this theorem is necessary and
sufficient for sufficient global optimality conditions in DC programming problems
with reverse convex constraints, that is, the optimality condition of this theorem
is derived for each DC objective function whenever the condition (i) holds, but
the optimality condition is not derived for some DC objective function whenever
the condition (i) does not hold. Therefore it is important whether the condition
(i) holds or not. Let us see the following two examples.

Example 3.3. Let h;(z) = ¢;({(al,x)), i € I, where af € R” and ¢; : R — R
is a nondecreasing differentiable function such that inf,er ¢i(y) < ¢;(z) implies
¢(x) > 0. Also, let S = {x € R" | ¢;((a},z)) > 0 foreach i € I} and = €
S. Then h;, i € I, are pseudoconvex functions and T(Z) = Nicyz{d € R" |
¢ ({a},z)) (af,d) > 0}. Since

T+ Ts(z) = Nicrair € R | ¢({(a}, 7)) (aj, o —T) > 0}
= Nicr@iz € R | ¢;({a], 2)) > ¢:({a], 7))}
= mie](a’:){x € R" | Qi(<a;'k>x>) = O}a

the condition (i) of Theorem 3.8 holds. Thus for each convex functions f, ¢ :
R™ — R, it is possible to characterize a sufficient condition for global optimality
for the following problem by using Theorem 3.8,

minimize  f(z) — g(x),
subject to h;(x) >0, i € I.

Example 3.4. Let n =2, [ = {1}, hy(x) = 21 + 2%, S = {x € R? | hy(z) > 0}
and z = (0,0). Then h, is a differentiable convex function. Since Ts(z) = {x €
R? | z; > 0}, the condition (i) of Theorem 3.8 does not hold. Thus for some
convex functions f, ¢ : R?> — R, it is impossible to characterize a sufficient
condition for global optimality for the following problem by using Theorem 3.8,

minimize  f(z) — g(x),
subject to  hy(z) > 0.
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Actually, let f(z) = z; and g(z) = 0. Let € > 0 and v € J.g(z). Put A; = 1, then
we have that \jhy(Z) =0and v =0 = (1,0)+1(—(1,0)) € 0.f(Z)+ A (=Vhi(T)).
However, z is not a minimizer of f — g in S.

In the following theorem, we obtain a sufficient global optimality condition
for convex programming problems with reverse convex constraints.

Theorem 3.9. Let h; : R — R, i € I, be pseudoconvex functions, S = {z €
R™ | hi(z) > 0 for each ¢ € I} and 7 € S. Then the following statements are
equivalent:

(i) Scz+Ts(z).

(ii) For each convex function f : R” — R, assume that there exists A € R}
such that \;h;(Z) = 0 for each ¢ € I, and

0€0f(Z)+ ) M(=Vhi()).
i€l
Then Z is a minimizer of f in S.
Proof. We first prove that (i) implies (ii). Assume that (i) holds. In addition, let

f be a convex function from R" to R and suppose that there exists A € R’ such
that A\;h;(Z) = 0 for each ¢ € I, and

0€0f(x)+ ) M(—=Vhi()).
iel
Put g = 0, then g is a convex function. For each ¢ > 0 and v € 0.9(Z),
v = 0 € af<f> + Zie[ )\1(—th<$)>
C Oef(T) + Xjer M(=Vhi(T)).

Thus the conclusion follows from (i) and Theorem 3.8. Also, it is clear that (ii)
implies (i). This completes the proof. O

3.4 Applications

In this section, we apply the results of the previous sections to DC programming
problems and fractional programming problems. Recall that a function h is poly-
hedral convex if it can be written as h = max;c,((aj,-) + b;) for some finite set
J,a; € R" and b; € R.
First, we consider the following DC programming problem:

minimize  f(z) — g(x),

subject to  fi(x) — g;(x) <0, i €I,
where I = {1,2,...,m}, f, g : R™ — R are convex functions, f; : R" - R, i € I,

are polyhedral convex functions and ¢; : R" — R, 7 € I, are differentiable convex
functions.
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Theorem 3.10. Let f, g : R — R be convex functions, f; : R® — R, i € I, be
polyhedral convex functions such that f; = max;ey,((af; ;). ") + bij), i R —
R, i € I, be differentiable convex functions, S = {z € R" | fi(z) — gi(z) <
0 for each i € I} and = € S. If Z is a local minimizer of f — g in S, then for each
v € 0g(x), there exists \ € le‘ such that A ((a},Z) + by — ¢;(Z)) = 0 for each
t e T, and
veEIfF(E)+ ) Mlaj — V().

teT
where T'= {t = (i,j) | i € I, j € J;}, the cardinality of T" is denoted by |T'| and
R = {Ae R |\ >0 for each t € T}.

Proof.

S = {zeR” |maX]€J((aE‘Z) z) + b j)) — gi(x) <0 for each ¢ € I}
= {z eR"[(af;;), ) +buy —gi(x) <0 foreach i€ l, j€ J}
{r e R" | gi(x) — ({a} ,x)—l—bt)zOforeachtET}.

For each t = (i,5) € T, put hy = g; — ({a},-) + b;). Then, h; is a differentiable
convex function and Vhi(z) = Vg;(Z) — aj. Thus the conclusion follows from
Theorem 3.5. [l

Theorem 3.11. Let f; : R® — R, ¢ € I, be polyhedral convex functions such
that f; = maxjey,((af; ;). *) + ba), 9i : R* = R, 7 € I, be differentiable convex
functions, S = {x € R" | fi(z) — gi(x) < 0 for each i € I} and & € S. Then the
following statements are equivalent:

(i) SCzx +TS(ZE’).

(ii) For each convex functions f, g : R" — R, assume that for each ¢ > 0 and
v € 0.9(T), there exists \ € R‘f' such that A ( (a},Z) + b, — g;(z)) = 0 for
each t € T', and

v € DS + Y Mlaj — Vai(z)).

teT

Then 7 is a minimizer of f — ¢ in S.

Proof. The proof follows from Theorem 3.8 and the arguments of Theorem 3.10.

O
Next, we consider the following fractional programming problem:
minimize f(z)/g(z),
subject to  fi(x)/gi(x) < ¢, i€ 1,
where I = {1,2,...,m}, f, g : R® — R are convex functions, f; : R" — R,

1 € I, are polyhedral convex functions, ¢g; : R* — R, i € I, are differentiable
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convex functions such that g; > 0 and ¢; > 0, ¢ € I. Also, g is positive on the
constraint set. We investigate the above problem by using an approach due to
Dinkelbach [1].

Theorem 3.12. Let f, g : R® — R be convex functions, f; : R" - R, 7 € I, be
polyhedral convex functions such that f; = maxjey,({af; ;") + b)), g R" —
R, @ € I, be differentiable convex functions such that ¢; > 0, ¢; > 0, 7 € I,
S={xeR"| fi(x)/gi(x) < ¢ for each i € I} and € S. Assume that f(z) >0
and g(x) > 0 for each # € S. If Z is a local minimizer of f/g in S, then for each
v € N\0g(T), there exists A € R‘f‘ such that A\ ((a},Z) + by — ¢;9:(z)) = 0 for
each t € T', and
vedf(E@) + Y Mlaj — ¢ Vgi(T)),

where Ao = f(Z)/g(Z).

Proof. We can verify that if Z is a local minimizer of f/g in S, then Z is a local
minimizer of f — Agg in S. Further,

S = {zeR"| fi(z) < c¢gi(x) for each i € I}
= {x eR"| fi(x) — ¢;gi(x) <0 for each i € I}.

Hence, the conclusion follows from Theorem 3.10 because \gg is convex and c¢;g;,
1 € I, are differentiable convex. O]

Theorem 3.13. Let f; : R® — R, ¢ € I, be polyhedral convex functions such
that f; = manGJi(<a)(ki’j),'> +bij), 9 - R" = R, i € I, be differentiable con-
vex functions such that g; > 0, ¢; > 0,i € I, S = {z € R" | fi(x)/g:(x) <
¢; for each i € I} and & € S. Then the following statements are equivalent:

(i) S C x4 Ts(x).

(ii) For each convex functions f, g : R™ — R such that f(z) > 0 and g(x) >
0 for each x € S, assume that for each ¢ > 0 and v € 0.(A\og)(Z), there

exists A € R'f' such that \; ({a}, Z) + b; — ¢;9;(Z)) = 0 for each t € T, and

v e Of(T)+ Z Ae(a; — e Vgi(T)).

teT
Then Z is a minimizer of f/g in S.

Proof. First, we prove that (i) implies (ii). Assume that (i) holds. In addition,
let f and g be convex functions from R™ to R such that f(z) > 0 and g(z) >
0 for each x € S, and suppose that for each € > 0 and v € 9.(\og)(Z), there exists
A€ RLFT‘ such that A, ({(a},z) + by — ¢;9:(%)) = 0 for each t € T', and

vEDf(E) + Y Mlaj — iVg(T)).

teT
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From Theorem 3.11 and (i), we have Z is a minimizer of f — A\gg in S. Hence the
conclusion follows from the definition of Ag.

Next, we prove that (ii) implies (i). Assume that (ii) holds. Put T( ) =
{t=(i,) € T | cagu(a) — ({af, 7) + bi) = 0} and let ¢ = (i,§) € T(@). Put f
(¢;iVgi(z) —a;,-— ) and g = 1, then f and ¢ are convex functions, f(z) >
and g(z) > 0 for each x € S. For each € > 0 and v € 0.9(Z), put

1 =t
w9 =0 (rs) £t
then \ € R'fl and we have A5 ({af, ), Z) +b(s) —¢-9,(Z)) = 0 for each (r,s) € T.
Also,

o |l

vt Y A (Vg (T) — af,y) = e Vgi(T) — af € 0.f(7),

(r,s)eT
that is,

v € Df(T)+ Z Ars)(@(rs) — &V gr(T)).

(r,s)eT

Therefore, Z is a minimizer of f/g in S from (ii). Since (;Vg;(z) — a],x —
) > 0 for each 2 € S, S C Z+ {d€R"|(¢;Vg;(T) —aj,d) >0}. Thus
S C T+ Mer@ {d e R" | (;Vgi(Z) —a;,d) > 0}. For each t = (i,5) € T,
put hy = ¢g; — ({a},-) +b;), then hy is differentiable convex and Vh(z) =
¢;Vgi(z) —a;. Since S = {z € R" | hy(x) >0foreacht €T} and S C = +
Nier@) {d € R™ | (Vhi(Z),d) > 0}, the conclusion follows from Lemma 3.1. This
completes the proof. O

Remark 3.1. When we consider fractional programming problems, we often add
the assumption such as f is nonnegative and ¢ is positive on the constraint set
to a objective function f/g, for example, see [11, 20]. From Theorem 3.13, we
notice that the assumption of f is strong to obtain these results and assumption
f(z) > 0 is enough.



Chapter 4

e-Optimality for DC
programming

In this chapter, we investigate a constraint qualification for e-optimality condi-
tions in DC programming problems with convex inequality constraints. Through-
out this chapter, let X be a real locally convex Hausdorff topological vector space,
and we consider mathematical programming problems under the following con-

straint set:
S={re X |hi(x) <0 for each i € I},

where [ is an arbitrary index set and h; : X — RU {+o0}, i € I, are Isc proper
convex functions. This chapter is based on [34].

We introduce the notions of the conical epigraph hull property (conical EHP
for short, see [28]) and Farkas-Minkowski (FM for short, see [26]) that are con-
straint qualifications for optimality conditions and duality in convex programming
problems, respectively.

Definition 4.1 ([26, 28]). Let {h; | ¢ € I} be a family of Isc proper convex
functions from X to RU {+o0}. The family {h; | i € I'} is said to satisfy

(i) the conical EHP if
epidg = cone co U epih;,
iel
where S # 0;
(i) FM if
cone co Uepi hi + {0} x [0,400)
iel

is weak™*-closed.

The following characterization of the conical EHP was proved in [28].

23
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Theorem 4.1 ([28]). Let {h; | i € I} be a family of Isc proper convex functions
from X to RU {+o00}, and S # 0. Then the family {h; | i € I} satisfies the
conical EHP if and only if

cone co U epih;
el

is weak™*-closed.

Remark 4.1. By Theorem 4.1, it can be verified that the family {h; | i € I}
satisfies FM if and only if the family {0, h; | ¢ € I} satisfies the conical EHP
(see [28]).

4.1 Characterizations of the conical EHP and
FM

In this section, we provide characterizations of the conical EHP and FM by using
e-subdifferentials and e-normal cones.

Theorem 4.2. Let {h; | i € I} be a family of Isc proper convex functions from
X to RU{+o0}, and € S. Then the following statements are equivalent:

(i) The family {h; | i € I} satisfies the conical EHP.

(ii) For each z € S and € > 0,

N.(S,z) = U > X0y ha(z).

AeRf), perl icl

dier Ni(pi—hi(z))=¢
(iii) For each € > 0,

N.(S,7) = U D N0 hi(@),

AGRS_I), uerl il

D ier Ni(pi—hi(T))=¢

where Ri is the set of nonnegative real tuples A = (\;);es, and ]R(f) is the set of
an element A = (\;);e; € RY with only finitely many \; # 0.

Proof. First, we prove (i) implies (ii). Assume that (i) holds. Let z € S and e > 0.
Take z* € N.(S,z). Then we have 0%(z*) < (z*,x) +¢, that is, (z*, (x*,2) +¢) €
epid%. Since the assumption (i) holds, we obtain

(%, (z*,x) + €) € coneco Uepi hy.
iel
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Thus, there exist A € RSFI) and (z},a;) € epihf, i € I, such that

(x*, (2", x) +¢e) = Zj\i(x;‘,ozi).

el

By Theorem 1.1, there exist fi; > 0, ¢ € I, such that for each i € I, x} € J5,h;i(z)
and o; = fi; — hi(x) + (x}, x). Since

Z N — hi(x)) = Z&(ai — (2}, 7)) = (2", 2) + e — (2", 2) = ¢,
we have

(I) T i€l
kelRJr s M€R+

2ier dilpi—hi(z))=¢
and hence the following inclusion holds:

N.(S,x) C U > N0y hil).

/\e]R(I), nerl i€l

2ier Ai(ki—hi(z))=e
Conversely, let A € Rg) and p € RL such that >, ; Ai(ps — hi(z)) = e, and
take z* € Y. ; A0, hi(x). Then there exist z7 € 0,,hi(z), i € I, such that
v =) . Nzi. Let y € S. Since

(x*,y—x) = Z)‘l<‘r?7y_$>

< izéwi(y) — ha() + )
< %‘}Mui — hi(x)) = ¢,

we obtain z* € N.(S,z). Thus we have

U Z)\zamhz<x) C NE(va)u
aerld), per! =
dier Ni(pi—hi(x))=e

and hence (ii) holds.
Next, it is clear that (ii) implies (iii) by setting x = = in the assumption (ii).
Finally, we prove (iii) implies (i). Assume that (iii) holds and take (z*,a) €
epidg. let y € S. Since

(¢ y —x) < og(2") = (2", 7) < a = (2", 7),
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we obtain 2* € Ny_(z+ (S, Z). By setting ¢ = o — (2*, Z) in the assumption (iii),
there exist A € RSFI), W E ]RfL and x} € 0,,hi(Z), i € I, such that

= Z Niz; and Z)‘i(“i — hi(Z)) = a— (2", ).
i€l il

Since

a =Y Nl = hi(@) + (@7 2) = Y Nl = hal@) + (], 7)),
iel iel
it follows from Theorem 1.1 that
(2%, ) = ZAi(xZ‘,ui — hi(z) + (z},7)) € Z)\iepi R} C coneco Uepi I
iel i€l iel

Hence we have
epidg C cone co Uepi h.
iel
Since the converse inclusion is always satisfied, (i) holds. This completes the
proof. O

Corollary 4.1. Let {h; | i € I} be a family of Isc proper convex functions from
X to RU{+o0}, and € S. Then the following statements are equivalent:

(i) The family {h; | i € I} satisfies FM.

(ii) For each z € S and € > 0,

N.(S,z) = U > X0y ha(z).

rerD) | perl €l

Pier Ai(pi—hi(z))<e
(iii) For each ¢ >0,

N.(S, %) = U > X0, (7).

(I) T i€l
/\E]R+ s HGR+

> ier Ni(pi—hi(Z))<e
Proof. Consider the family {0, h; | i € I}. Then
{r e X |0(z) <0, hi(z) <0 foreachiec I} =S5.

By Theorem 4.2, the following statements are equivalent:

(a) The family {0, h; | i € I'} satisfies the conical EHP.
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(b) For each z € S and € > 0,

N.(S,z) = U (N 0(x) + > Nid,

A >0, xerD) | perl el

N (W =0(x))+> e Ai(pi—hi(x))=e

(c) For each € > 0,

N.(S, %) = U (N O(T) + > Xid,

Mol >0, AeR$D) | perl el

N (W =0(@))+2 e r Ailki—hi(z))=e

Hence, the conclusion follows from Remark 4.1. n

Remark 4.2. In [29], the equivalence between (i) and (ii) in Corollary 4.1 was
shown, but the equivalence between (i) and (iii) was not. In the next section, the
equivalence between (i) and (iii) in this corollary plays a key role.

4.2 Results of DC programming
In this section, we consider the following DC programming problem:

minimize  f(z) — g(x),
subject to h;(xz) <0, i €1,

where f: X — RU{+o0} is a Isc proper convex function and g : X — R is a lsc
convex function.

Theorem 4.3. Let {h; | i € I} be a family of lsc proper convex functions from
X to RU {+o0}, and 7 € S. Then the following statements are equivalent:

(i) The family {h; | i € I} satisfies FM.

(ii) For each lsc proper convex function f : X — R U {+o0o} such that dom f N
S # () and epi f* + epidk is weak*-closed, lsc convex function g : X — R
and € > 0, Z is an e-minimizer of f — g in S if and only if for each a > 0
and v € 0,9(7), there exist f,7 > 0, A € RSFI) and 1 € RL such that
B+vy=a+e > e Ni(p — hi(T)) <7, and

vEDf(T)+ Y Nidy,

el
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Proof. First, we prove (i) implies (ii). Assume that (i) holds. Let f be a lsc
proper convex function from X to R U {400} such that dom f NS # 0 and
epi f* + epidy is weak*-closed, ¢ a lsc convex function from X to R and ¢ > 0.
The point z is an e-minimizer of f — ¢ in S if and only if ¥ is an e-minimizer of
(f+3ds) —¢gin X. From Theorem 1.3, Z is an e-minimizer of (f + dg) — g in X
if and only if for each a > 0,

00g(Z) C Dare(f + 05)(T).

By Theorem 1.2, we have that for each o > 0,

Dore(f +05)@) = | (9sf () + 0,65(2)).

B,v=0
B+y=ate

Since the assumption (i) holds, it follows from Corollary 4.1 that for each v > 0,

005 =N, = | Ak

(1) I el
)\ER+ s p,e]R+

2ier Ailki—hi(T))<y

Hence, 7 is an e-minimizer of f — g in S if and only if for each a > 0,

dagm) . |J @0sf(2) + U > A0 hi())

ﬁ‘f';/’y:ZOE)+E rerll), perl el
Dier Nilpi—hi(2)<y

This implies that (ii) holds.
Next, we prove (ii) implies (i). Assume that (ii) holds. By Corollary 4.1, it is
sufficient to show that for each ¢ > 0,

N.(S,z) = U > " Nib, hi(7).

(I) I el
AERJr s uE]RJr

dier Ni(pi—hi(7))<e
Let € > 0. Take z* € N.(S,Z). Then Z is an e-minimizer of —z* in S. By setting
f=—-2",g=0and a =0 in the assumption (i), there exist 3,7 >0, A € ]RSFI)
and i € RY such that 8+~ =¢, >, .; Ni(fi — hi(Z)) <, and

0€—2"+ ) N hi(z).
el

Since

Zj\i(ﬂi_hi<j>> <y<B+y=¢

icl
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we have

v €Y Nduhi(T) C U > Xy, hi(7),

el AeRg)y MER{‘_ el

Dier Ni(ni—hi(2))<e

and hence the following inclusion holds:

N.(S,7) C U > Xy, hi(T).
AE]RS'_I), nerl icl
dier Nilpi—hi(Z))<e

Also, by the arguments of Theorem 4.2, it can be verified that the converse
inclusion holds. This completes the proof. O

This theorem shows that FM is a necessary and sufficient constraint quali-
fication for e-optimality conditions in DC programming problems with convex
inequality constraints.

Corollary 4.2. Let {h; | i € I} be a family of Isc proper convex functions from
XtoRU{+oo},z€ 8, f: X = RU{+00} a lsc proper convex function such
that dom f NS # 0 and epi f* + epidf is weak*-closed, and g : X — R a Isc
convex function. Assume that the family {h; | i € I} satisfies FM. Then z is a
minimizer of f — ¢ in S if and only if for each & > 0 and v € 9,9(Z), there exist

B,v>0, A€ ]Rg) and p € RY such that 8+~ =a, >, ; Ni(p — hi(z)) <, and

v EDpf(Z)+ Y Ny hi(T).

iel
Proof. The proof follows from Theorem 4.3 by setting £ = 0. O]
Example 4.1. Consider the problem:

minimize fz* + |z — 2?2,
subject to max{0, —z} <0.

Let X =R, I = {1}, f(z) = 12" + |z], g(z) = 2%, hi(z) = max{0, —z} and
z €8 =10,400). In Example 2.1, we have already seen that 0, 1 and ’1;‘/5 have
possibilities for local minimizers. We now find minimizers of f — g in S. We can
check that {h; | i € I} satisfies FM. Let @ > 0 and v € 9,9(0) = [—2v/a, 2/al.
Take 8 > 0 such that 8 < a and 2y/a < (%6)% + 1, and put v = o — 8 and
A1 =1 = 0. Then 5+ v =« and A;(p1 — hq1(0)) < . Moreover, we have

v e [-2va,2v/a] C [—(%6) ~1,:8)

3

[
NN

+1]+0[—1,0] = 95f(0) + X138y, 1 (0).

By Corollary 4.2, 0 is a minimizer. However, since f(0)—g(0) =0, f(1)—g(1) = 3
and f(ZHV0) - g(Z1V8) = =980V5 1 and =4Y5 are not minimizers.
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4.3 Results of fractional programming

In this section, we consider the following fractional programming problem:

minimize  f(z)/g(z),
subject to h;(xz) <0, i €1,

where f: X — RU{+o0} is a Isc proper convex function and g : X — R is a Isc
convex function such that g is positive on S.

Theorem 4.4. Let {h; | i € I} be a family of Isc proper convex functions from
X to RU{+o0}, and € S. Then the following statements are equivalent:

(i) The family {h; | i € I} satisfies FM.

(ii) For each lsc proper convex function f : X — RU{+o0}, lsc convex function
g: X — R and € > 0 such that dom f NS # 0, epi f* + epidf is weak*-
closed, g is positive on S and v. > 0, T is an e-minimizer of f/g in S if and
only if for each a > 0 and v € 0,(v.9)(Z), there exist 5,7 > 0, A € Rg)
and p € R such that §+v = a+eg(z), >0 Nl — hi(Z)) < v, and

el

where v, = f(Z)/g(Z) — .

Proof. We first prove (i) implies (ii). Assume that (i) holds. Let f be a lsc proper
convex function from X to RU {400}, ¢ a Isc convex function from X to R and
e > 0 such that dom f NS # 0, epi f* + epid% is weak*-closed, g is positive on
S and v. > 0. Then it can be verified that Z is an e-minimizer of f/g in S
if and only if  is an £¢g(Z)-minimizer of f — v.¢g in S. Thus, (ii) follows from
Theorem 4.3. Also, it is clear that (ii) implies (i) by setting f = —a* + (2*, ) +¢,
g =1 and a = 0 in the assumption (ii). This completes the proof. O]

This theorem shows that FM is also a necessary and sufficient constraint
qualification for e-optimality conditions in fractional programming problems with
convex inequality constraints.

Corollary 4.3. Let {h; | i € I} be a family of Isc proper convex functions from
X toRU{+o0}, z €8, f: X — RU{+00} a lsc proper convex function and
g : X — R alsc convex function such that dom f NS # 0, epi f* + epidf is
weak*-closed, g is positive on S and vy > 0. Assume that the family {h; | i € I}
satisfies FM. Then Z is a minimizer of f/g in S if and only if for each o > 0 and
v € 0q(10g)(Z), there exist 8,7 >0, A € Rg) and p € RL such that 8+ v = a,
D ier Ailpi — hi(T)) < 7, and

v EDf(T) + ) Ny hi(T).

el
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Proof. The proof follows from Theorem 4.4 by setting £ = 0. O]



Chapter 5

Optimality for differentiable
programming

In this chapter, we consider a constraint qualification for sufficient optimality
conditions in differentiable programming. Throughout this chapter, let g;, i €
I ={1,2,...,m}, be functions from R" to R,

S={xeR":g(x) <0foreachie I}
and
I(x)={iel:g(x)=0}
for each x € S. We consider the following mathematical programming problem:

minimize  f(z),
subject to  g;(z) <0, i €1,

where f is a function from R™ to R. This chapter is based on [35].

The following theorem shows that the assumption of quasiconvexity at a point
of g; is a constraint qualification for sufficient optimality conditions in a differ-
entiable programming problem whose objective function f is pseudoconvex at a
point, see [16].

Theorem 5.1. Let f : R® — R be pseudoconvex at z € S, and g;, i € 1(Z),
differentiable at . Suppose that g;, i € I(Z), are quasiconvex at Z. In addition,
assume that there exist \; > 0, 7 € I(Z), such that

V@) + ) AiVa(z) =0. (5.1)
)

icl(z

Then Z is a minimizer of f in S.

32
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5.1 Results of differentiable programming

In this section, we consider constraint qualifications for sufficient optimality con-
ditions in differentiable programming, where the objective function is pseudocon-
vex at a point.

In the whole of the chapter, suppose that g;, i € I(Z), are differentiable at
Z € S. From Theorem 5.1, the following assumption is a constraint qualification
for sufficient optimality conditions:

(CQL) ¢;, i € I(x), are quasiconvex at T.
The purpose of this chapter is to study the following assumption:
(CQ2) Scz+Cy(x),

where

Cs(z) ={d e R": (Vg;(z),d) <0 for each i € I(z)}.
First we give the relation between (CQ1) and (CQ2).
Theorem 5.2. (CQ1) implies (CQ2).
Proof. Suppose that (CQ1) holds. Then, for each i € I(z),
gi(z) < g;(z) implies that (Vg,;(z),z — z) <0,
that is
g:(z) < 0 implies that (Vg;(z), 2 —z) < 0.
Therefore we have

S C {xeR":g(x)<O0foreachiecI(z)}
C {zeR":(Vyg(x),x —x) <0 foreach i€ I(z)}
= 7+ Cs(2),

and then (CQ2) holds. O
The inverse of Theorem 5.2 is not true in general, see the next example:

Example 5.1. Let n = 2, [ = {1,2}, gi(x1,22) = 2% — 29, go(w1,20) = —13
and T = (0,0). Then g; and g, are differentiable at 7, Vg (z1,z2) = (322, —1),
Vga(x1,22) = (—1,0) and I(z) = {1,2}. Since S = {(z1,22) : 1 > 0, x5 > 23}
and Cg(z) = {(z1,22) : 1 > 0, 25 > 0}, (CQ2) holds. However (CQ1) does not
hold because g; is not quasiconvex at Z.

The following theorem shows that (CQ2) is a constraint qualification for suf-
ficient optimality conditions.

Theorem 5.3. The following statements are equivalent:
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(i) (CQ2) is fulfilled.

(ii) For each f:R™ — R such that f is linear, assume that there exist A\; > 0,
i € I(z), such that (5.1) is fulfilled. Then Z is a minimizer of f in S.

(iii) For each f :R™ — R such that f is both strictly convex and differentiable
at 7, assume that there exist A\; > 0, ¢ € I(Z), such that (5.1) is fulfilled.
Then Z is a minimizer of f in S.

(iv) For each f : R™ — R such that f is both convex and differentiable at z,
assume that there exist \; > 0, i € I(Z), such that (5.1) is fulfilled. Then
Z is a minimizer of f in S.

(v) For each f : R™ — R such that f is strictly pseudoconvex at T, assume
that there exist \; > 0, ¢ € I(z), such that (5.1) is fulfilled. Then Z is a
minimizer of f in S.

(vi) For each f:R™ — R such that f is pseudoconvex at z, assume that there
exist \; > 0, ¢ € I(z), such that (5.1) is fulfilled. Then Z is a minimizer of
finS.

Proof. 1t is clear that (vi) implies (v), (v) implies (iii), (vi) implies (iv), and (iv)
implies (ii). Then we will show that (iii) implies (ii), (ii) implies (i), and (i)
implies (vi).

Suppose that (iii) holds. To show (ii), assume that (5.1) is fulfilled for a linear
function f: R" — R and \; > 0, i € I(Z). Let k € N and define f* : R* — R by

F@) = plla— 2l + (o) - @)

for each x € R". Since V f¥(&) = Vf(z), the assumption of (iii) also holds for
function f* which is both strictly convex and differentiable at . Therefore T is
a minimizer of f* in S. For any z € S and k € N,

0= ) < Fila) = o — 7l + F@) — F(@),

and taking the limit as k& — 400, we have that f(z) < f(x). Thus z is a
minimizer of f in S, and then (ii) holds.

Next, suppose that (ii) holds. To show (i), we may assume that I(Z) # (). Let
[ € I(z) and define f: R™ — R by

f(x) = = (Va(z), z)

for each x € R™, and put
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for each ¢ € I(Z). Then we have

V@) + Y ANiVei(@) = —Va(@) + Va(z) = 0.

Since the assumption of (ii) holds, Z is a minimizer of f in S. For each z € S,
we have

—(Vau(2),7) = f(@) < f(z) = = (Vai(@),2) ,
so (Vg (z),z —z) < 0. Since this inequality holds for any [ € I(z) and = € 5,
we obtain

SCcz+{deR": (Vg(z),d) <0foreach [ € I(z)}

and hence (i) holds.

Finally, suppose that (i) holds. To show (vi), assume that (5.1) is fulfilled for
a function f : R" — R which is pseudoconvex at z and \; > 0, ¢ € I(z). For
any z € S, (Vg;(z),z —z) < 0 for each i € I(Z) because (CQ2) holds. Thus it
follows from (5.1) that

(Vf(z),z—x) Z)\ (Vgi(z),z — ) > 0.

i€l(z

Since f is pseudoconvexity at Z, we obtain that f(z) > f(Z). Then Z is a
minimizer of f in S and hence (vi) holds. This completes the proof. O

This theorem shows that (CQ2) is a necessary and sufficient constraint quali-
fication for sufficient optimality conditions in differentiable programming, where
the objective function is pseudoconvex at a point. Remark that Theorem 5.1 can
be shown as a corollary of Theorem 5.3.

Example 5.2. Consider the problem:

minimize  zo/(2? + 1),
subject to a3 — 1y <0,
—X1 S 0.

In Example 5.1, we have already seen that (CQ2) is fulfilled at z = (0,0). Since
f(z1,29) = w9/ (22 + 1) is pseudoconvex at T and (5.1) is fulfilled for A\, = 1
and Ay = 0, then we have that z = (0,0) is a minimizer of f in S by using
Theorem 5.3.



Optimality conditions for nonlinear and nonconvex programming problems 36

5.2 Results of differentiable multiobjective pro-
gramming

In this section, we observe necessary and sufficient constraint qualifications for
sufficient conditions for Pareto optimality and weak Pareto optimality in dif-
ferentiable multiobjective programming, where the components of the objective
function or the linear combination of them is assumed some convexity condition.
We consider the following multiobjective programming problem:

minimize  F(z),
subject to  g;(z) <0, i €1,

where F' is a function from R" to RP. Let C be a closed convex pointed cone in
R? such that C' is not the whole space and the interior of C' is not empty. It is
known that int C* # () and

int C* ={ueRP: (u,v)>0foreach v e C\ {0}},

where C is the positive polar cone of C, that is, C* = {u € R? : (u,v) >
0 for each v € C}. For a function F' : R® — RP, we say that £ € S is a Pareto
minimizer of F' in S with respect to C' if F(S) N (F(z) — C) = {F(z)}. Also,
we say that z € S is a weak Pareto minimizer of F' in S with respect to C' if
F(S)N(F(z) —int C) =0, see [9].

First, let us see results related to differentiable multiobjective programming,
where the linear combination of the components of the objective function is as-
sumed some convexity condition. For a function F' : R™ — RP and a vector
i € RP the composition of F' and (u, ) is denoted by p o F' for convenience.

Theorem 5.4. The following statements are equivalent:
(i) (CQ2) is fulfilled.
(ii) For each F : R™ — RP, assume that there exist p € C* \ {0} and \; > 0,
i € I(Z), such that p o F is linear, and
V(o F)(Z)+ Y AiVgi(z) =0. (5.2)
iel(z)

Then z is a weak Pareto minimizer of F' in S with respect to C.

(iii) For each F': R® — RP, assume that there exist p € C*\ {0} and \; > 0,
i € I(z), such that o F is both convex and differentiable at z, and (5.2) is
fulfilled. Then Z is a weak Pareto minimizer of F' in .S with respect to C.

(iv) For each F': R" — RP, assume that there exist p € C*\ {0} and \; > 0,
i € 1(Z), such that p o F' is pseudoconvex at Z, and (5.2) is fulfilled. Then
T is a weak Pareto minimizer of F' in S with respect to C.



Optimality conditions for nonlinear and nonconvex programming problems 37

Proof. 1t is clear that (iv) implies (iii), and (iii) implies (ii). We will show (ii)
implies (i) and (i) implies (iv).

Suppose that (ii) holds. To show (i), it suffices to show that (ii) of Theorem 5.3
holds. Assume that (5.1) is fulfilled for a linear function f : R" — R and \; > 0,
i € I(Z). Let ¢ € int C and p € C*\ {0} such that (u,c¢) = 1 and define
F:R" — RP by

Fx) = f(x)c
for each x € R". Then we have ypo F' = f and
V(po F)(z Z)\Vglfi' + > AVg(@) =0,
€l(z 1€I(Z)

and then the assumption (ii) of the theorem holds. Therefore z is a weak Pareto
minimizer of F' in S with respect to C, and so Z is a minimizer of f in S.
Consequently, (ii) of Theorem 5.3 holds.

Next, suppose that (i) holds. To show (iv), assume that (5.2) is fulfilled for
a function F' : R" — RP, yp € C*\ {0} and \; > 0, i € I(Z) such that po F
is pseudoconvex at Z. Define f = po F, then f is pseudoconvex at & and (5.1)
holds for function f, and then the assumption of (vi) of Theorem 5.3 holds. By
using Theorem 5.3, Z is a minimizer of g o F in S. This implies that z is a weak
Pareto minimizer of F' in S with respect to C, and hence (iv) of the theorem
holds. This completes the proof. O

This theorem shows that (CQ2) is a necessary and sufficient constraint quali-
fication for sufficient conditions for weak Pareto optimality in differentiable mul-
tiobjective programming, where the linear combination of the components of the
objective function is pseudoconvex at a point.

In the following theorem, we show that (CQ2) is also a necessary and sufficient
constraint qualification for sufficient conditions for Pareto optimality.

Theorem 5.5. The following statements are equivalent:
(i) (CQ2) is fulfilled.

(ii) For each F' : R™ — RP, assume that there exist y € int C* and \; > 0,
i € I(z), such that po F' is linear, and (5.2) is fulfilled. Then Z is a Pareto
minimizer of F' in S with respect to C.

(iii) For each F': R™ — RP, assume that there exist yp € C*\ {0} and \; > 0,
i € I(Z), such that po F is both strictly convex and differentiable at z,
and (5.2) is fulfilled. Then Z is a Pareto minimizer of F' in S with respect
to C.

(iv) For each F : R® — RP| assume that there exist p € int C* and X\; > 0,
i € I(Z), such that p o F' is both convex and differentiable at z, and (5.2)
is fulfilled. Then 7 is a Pareto minimizer of F' in .S with respect to C.
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(v) For each F': R" — RP, assume that there exist p € C*\ {0} and \; > 0,
i € I(xz), such that o F' is strictly pseudoconvex at z, and (5.2) is fulfilled.
Then z is a Pareto minimizer of F' in S with respect to C.

(vi) For each F' : R™ — RP, assume that there exist p € int C* and X\; > 0,
i € I(z), such that p o F is pseudoconvex at Z, and (5.2) is fulfilled. Then
Z is a Pareto minimizer of F' in S with respect to C.

Proof. 1t is clear that (vi) implies (iv), (iv) implies (ii), and (v) implies (iii). We
will show that (ii) implies (i), (i) implies (vi), (iii) implies (i), and (i) implies (v).

The proofs of (ii) implies (i) and (i) implies (vi) are almost same to the proofs
of (ii) implies (i) and (i) implies (iv) of Theorem 5.4, respectively; the differences
are the following: ¢ € C'\ {0}, u € int C*, and T is a Pareto minimizer.

Also the proof (iii) implies (i) is almost same to the proof of (ii) implies (i) of
Theorem 5.4; the differences are the following: to show that (iii) of Theorem 5.3
holds, f is both strictly convex and differentiable at z, and z is a Pareto minimizer
of F.

Suppose that (i) holds. To show (v), assume that (5.2) is fulfilled for a function
F:R" - R, pe CT\ {0} and \; > 0, ¢ € I(Z) such that po F is strictly
pseudoconvex at . If Z is not a Pareto minimizer of F' in S with respect to C,
there exists zop € S such that F(xy) € F(z) — C and F(z¢) # F(z). From (i),
xo — T € Cg(7), that is, (Vg;(Z), 20 —z) <0 for all i € I(z). From (5.2),

(V(po F)(Z), 20— T) = — < Z ANV gi(Z), o — f> >0,

)

then (V(uo F)(Z),x¢) > (V(uo F)(Z),z). Since po F is strictly pseudoconvex
at T and zg # T, po F(xg) > po F(z), that is, (u, F(z9) — F(z)) > 0. This
contradicts to u € C and F(x¢)— F(Z) € —C'. Therefore T is a Pareto minimizer
of F in S with respect to C' and consequently (v) holds. This completes the
proof. O

Example 5.3. Consider the problem:

minimize (21, 72),
subject to 2} — x5 <0,
—T1 S 0.

In Example 5.1, we have already seen that (CQ2) is fulfilled at z = (0,0). Let
C = R3, and F(21,22) = (Fi(21,22), Fa(w1,22)) = (21,22). Clearly Fy, F
and p Fy 4+ poFy are linear at . Put uy = pg = A\ = Ay = 1, then (5.2) is
fulfilled. Hence, z = (0,0) is a Pareto minimizer of F' in S with respect to RY. by
Theorem 5.5.
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In the rest of the chapter, we consider the special case when C' = RE. Clearly,
CT=C,int C* = {(p1, ..., p1p) 1 15 >0 forall j € J}, and po =370 ji; F;
In Theorems 5.4 and 5.5, it is required that some linear combination of the
components of the objective function Z§:1 1; F; holds linear, convex, strictly
convex, pseudoconvex, or strictly pseudoconvex at a point. If all F}; are linear,
convex, or strictly convex at a point, and (1, . . ., p,) € RE\{0}, then 3%, u; F;
is also linear, convex, or strictly convex at the point, respectively; We have seen
the situation in Example 5.3. However, even if all F}; are pseudoconvex at a
point, Z];:l 1; F; is not pseudoconvex at the point in general. Therefore, we
give results when the components of the objective function are assumed some
convexity condition.

Theorem 5.6. The following statements are equivalent:
(i) (CQ2) is fulfilled.

(ii) For each F' : R® — RP such that F} is linear for all j € J, assume that
there exist p; >0, j € J, and \; > 0, i € I(Z), such that (u, po, ..., pp) #
(0,0,...,0) and

> W VE(z)+ Y AVgi(z) =0. (5.3)

jeJ 1€l(z)

is fulfilled. Then Z is a weak Pareto minimizer of F' in S with respect to
R%.

(iii) For each F': R™ — RP? such that Fj is both convex and differentiable at ©
for all j € J, assume that there exist p; > 0, j € J, and \; > 0, ¢ € I(Z),
such that (p1, po, ..., 1) # (0,0,...,0) and (5.3) is fulfilled. Then 7 is a
weak Pareto minimizer of F' in S with respect to RY.

(iv) For each F' : R® — RP such that Fj is pseudoconvex at z for all j € J,
assume that there exist y; > 0, j € J, and A\; > 0, i € I(Z), such that
(g1, pas -5 pip) 7 (0,0,...,0) and (5.3) is fulfilled. Then Z is a weak Pareto
minimizer of F' in S with respect to RY.

Proof. 1t is clear that (iv) implies (iii), and (iii) implies (ii). Then we may show
that (ii) implies (i) and (i) implies (iv).

Suppose that (ii) holds. To show (i), it suffices to show that (ii) of Theorem 5.3
holds. Assume that (5.1) is fulfilled for a linear function f : R® — R and \; > 0,
i € I(z). Define F': R — RP by

for each x € R", where F(z) = (Fi(x),...,F,(x)), and put 4 = (1/p,...,1/p).
Then we have

> W VE(z +Z)\Vgl = ZAng

jeJ i€l(z i€el(z
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By the assumption (ii) of the theorem, Z is a weak Pareto minimizer of F' in S
with respect to RY.. This implies that Z is a minimizer of f in S, and hence (ii)
of Theorem 5.3 holds.

Suppose that (i) holds. To show (iv), assume that (5.3) is fulfilled for a
function F : R* — RP, p; > 0, j € J, (p1,---, ) # (0,...,0) and A\; > 0,
i € I(z), where F' = (Fl, . .,Fp), all F;, j € J, are pseudoconvex at Z. Define
F:R" - R by -

Fiw) = (V@) 2)
Fy(x

for each x € R"™, where ﬁ( ) = (Fl( ), -

v(zﬂjﬁ) Z AVgi(E) =3 1, VE () Z A Vai(7) = 0,

jeJ i€l(Z JjeJ 1€l(T

). Since >, ,ujﬁ’j is linear and

the assumption of (ii) of Theorem 5.4 holds. By using Theorem 5.4, Z is a weak
Pareto minimizer of F in S with respect to RY. This implies that Z is a weak
Pareto minimizer of F' in S with respect to RE. If not, there exists xy € S
such that Fj(xg) < F;(z) for all j € J. Slnce all F; are pseudoconvex at z,
(VF;(z),z0 — 7) <0, that is F, i(zg) < F( ) for all j € J. This shows Z is not a
weak Pareto minimizer of F in S with respect to R”, and this is a contradiction.
Hence (iv) holds. This completes the proof. ]

This theorem shows that (CQ2) is a necessary and sufficient constraint quali-
fication for sufficient conditions for weak Pareto optimality in differentiable mul-
tiobjective programming, where the components of the objective function are
pseudoconvex at a point.

In the following two theorems, we show that (CQ2) is a necessary and sufficient
constraint qualification for sufficient conditions for Pareto optimality.

Theorem 5.7. The following statements are equivalent:
(i) (CQ2) is fulfilled.

(ii) For each F': R™ — RP such that Fj is both strictly convex and differentiable
at T for all j € J, assume that there exist p; > 0, j € J, and \; > 0,
i € I(z), such that (uy,po,...,pp) # (0,0,...,0) and (5.3) is fulfilled.
Then 7 is a Pareto minimizer of F' in S with respect to R.

(iii) For each F' : R®™ — RP such that Fj is strictly pseudoconvex at z for all
J € J, assume that there exist p; > 0, j € J, and \; > 0, i € I(Z), such
that (1, po, ..., ) # (0,0,...,0) and (5.3) is fulfilled. Then Z is a Pareto

minimizer of F' in S with respect to RY.

Proof. Tt is clear that (iii) implies (ii). We will show that (ii) implies (i) and (i)
implies (iii).
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Suppose that (ii) holds. To show (i), it suffices to show that (iii) of The-
orem 5.3 holds. Assume that (5.1) is fulfilled for a function f : R — R and
Ai > 0,14 € I(Z), where f is both strictly convex and differentiable at Z. Define
F:R" - RP by

Fy(x) = f(x)
for each z € R™, where F' = (F},...,F},), and put y; = 1/p. Then we have

> W VE(T) + Y AiVgi(x) = ZAng =

jedJ 1€l(z) i€l(z

By the assumption (ii) of the theorem, Z is a Pareto minimizer of F' in S with
respect to R%. This implies that Z is a minimizer of f in S, and hence (iii) of
Theorem 5.3 holds.

Next suppose that (i). To show (iii), assume that (5.3) is fulfilled for a function
F:R" - R, pu; >0,5€J, (p1,...,1p) # (0,...,0) and \; > 0, i € I(Z),
where F' = (Fy,...,F)), all F;, j € J, are strictly pseudoconvex at . Define
F:R" - Rp by

Fy(x) = (VE(2), 2)
for each z € R", where F(z) = (Fy(z), . .. ,ﬁp(x)). Since D, ; ,uj}N?’j is linear and

v(ZMﬁ) Z ANVai(T) =S VE@) + Y AVg(@) =0,

Jjed iel(z jeJ icl(z)

the assumption of (ii) of Theorem 5.4 for the function F holds. By using The-
orem 5.4, T is a weak Pareto minimizer of F in S with respect to R%. This
implies Z is a Pareto minimizer of F' in S with respect to R%. If not, there ex-
ists zg € S such that F(zo) — F(z) € —RE and F(x¢) # F(Z). For all j € J,
therefore, Fj(x¢) < F;j(Z) and then (VF;(Z),xo —Z) < 0 because Fj is strictly
pseudoconvex at T and xg # Z. From the definition of ﬁj,

Fj(x0) < F()

for all j € J. This shows ¥ is not a weak Pareto minimizer of F in S with
respect to R”, and this is a contradiction. Therefore Z is a Pareto minimizer of
F in S with respect to R”.. Hence (iii) of the theorem holds. This completes the
proof. O]

Theorem 5.8. The following statements are equivalent:
(i) (CQ2) is fulfilled.

(ii) For each F': R™ — RP such that F} is both convex and differentiable at =
for all j € J\{jo}, and F}, is both strictly convex and differentiable at z for
some jo € J, assume that there exist y; > 0, j € J, and \; > 0, i € I(Z),
such that (5.3) is fulfilled. Then Z is a Pareto minimizer of F' in S with
respect to RY.
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(iii) For each F': R" — R? such that F} is both quasiconvex and differentiable
at = for all j € J\ {jo}, and Fj, is strictly pseudoconvex at z for some
Jo € J, assume that there exist y; > 0, j € J, and \; > 0, ¢ € I(Z), such
that (5.3) is fulfilled. Then Z is a Pareto minimizer of F' in S with respect
to RE.

Proof. 1t is clear that (iii) implies (ii), and the proof of (ii) implies (i) is almost
same to the proof of (ii) implies (i) of Theorem 5.7.

Suppose that (i) holds. To show (iii), assume that (5.3) is fulfilled for a
function F' : R* — RP, pu; > 0, j € J, and \; > 0, i € I(z), where F' =
(Fy,...,F,), F; is both quasiconvex and differentiable at z for all j € J\ {jo},
and Fj, is strictly pseudoconvex at z for some j, € J. Define F:R" - RP by

Fi(z) = (VF(7), )

for each € R", where F(z) = (Fy(z),..., F,(z)). Since dies 11, F; is linear and

JjeJ €l(z JjeJ i€l(z

the assumption of (ii) of Theorem 5.5 for the function F holds. By using The-
orem 5.5, T is a Pareto minimizer of F in S with respect to RY. This im-
plies Z is a Pareto minimizer of F' in S with respect to R%. If not, there ex-
ists o € S such that F(xg) — F(z) € —RE and F(x¢) # F(z). For each
J € J\{Jo}, since Fj(xy) < F;(z) and Fj are both quasiconvex and differentiable
at z, (VFj(z),z0 — ) < 0 holds from Proposition 1.1. Also Fj,(x¢) < Fj,(Z)
and F}, is strictly pseudoconvex at z, (VFj (Z),zo — Z) < 0 holds. Therefore we

have
F(zo) < F(z) and F(xo) # F(7),

and this shows 7 is not a Pareto minimizer of F' in S with respect to RY . Therefore
T is a Pareto minimizer of F' in S with respect to R” | and hence (iii) holds. This
completes the proof. O

There are trade-off relationships between conditions of F; and p; in Theo-
rems 5.7 and 5.8.
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