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ABSTRACT. A minimizer of the Dirichlet norm of order 1 is called a 1-harmonic
function. The aim of this paper is a research of properties of 1-harmonic func-
tions on a network. First we consider the 1-Dirichlet space and show that every
network is of 1-hyperbolic type and that the ideal boundary coincides with the
1-harmonic boundary. Next we introduce the notion of 1-harmonic functions and
that of strongly 1-harmonic functions. We discuss the Dirichlet problem and the
maximum principle with respect to (strongly) 1-harmonic functions.

1. INTRODUCTION

For 1 < p < oo a minimizer of the Dirichlet norm of order p is called a p-
harmonic function. Properties of p-harmonic functions on a network, as well as
on a Euclidean space, have been deeply studied (see, for example, [4], [5]). A
minimizer of the Dirichlet norm of order oo is called an oo-harmonic function.
Properties of co-harmonic functions on a network was studied in [1]. On the other
hand a minimizer of the Dirichlet norm of order 1 seems not to be studied yet. The
aim of this paper is a research of properties of 1-harmonic functions on a network.

In Section 2 we consider the functional space of functions with finite Dirichlet
norms of order 1. In case 1 < p < oo a network is classified into that of p-hyperbolic
type and of p-parabolic type (see [4]); on the other hand Theorem 2.1 shows that
any networks are of 1-hyperbolic type. Also Theorem 2.2 implies that all the ideal
boundary points are 1-harmonic boundary points.

In Section 3 we define the notion of 1-harmonic functions as a local minimizer
of the Dirichlet norm of order 1. Also we define the notion of strongly 1-harmonic
functions, which is a limiting case of that of p-harmonic functions as p — 1. We
discuss in Theorem 3.1 the Dirichlet problem with respect to strongly 1-harmonic
functions. Theorems 3.2 and 3.3 show the maximum principle for (strongly) 1-
harmonic functions.
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2. FUNCTIONAL SPACES

Let N = {X,Y, K,r} be an infinite network which is connected and locally finite
and has no self-loop. Here, X is the set of nodes, Y is the set of arcs, K is the
node-arc incidence matrix, and r is the resistance. For y € Y let e(y) = {z €
X; K(x,y) # 0}. For a € X let da be the set of neighboring nodes, i.e., x € da if
and only if there exists y € Y such that e(y) = {a,z}. Let X(a) = da U {a}. For
D C Xlet D=,.pX(a)and 9D = D\D. Let P = (Cx(P), Cy(P),p) be a path,
where Cx(P) is the series of nodes, Cy (P) is the series of arcs, and p is the path
index. More precisely, let Cx(P) = {xo,21,...,2;} and Cy(P) = {y1,y2, ..., Ui}
with e(y;) = {x;_1,z;}. Then p(y;) = —K(z;_1,y;) = K(x;,y;) and p(y) = 0 for
y ¢ Cy(P). Let P, be the set of paths from a € X to b € X. Let P, o be the set
of infinite paths from a € X.

Denote by L(X) the set of real valued functions on X. Let Ly(X) be the set
of real valued functions on X with finite supports. The sets L(Y) and Lo(Y') are
similarly defined. For u € L(X ) we let

du(y ZK T, y)u
rzeX
For w € L(Y) and P € P, o, we let
w(P)= > rypy)wy)
y€Cy (P)

if it converges. Let £4 be the characteristic function for A C X. If A is a singleton
{a}, then we denote by ¢, instead of e¢,;. Most of notations and terminology are
the same as in our preceding papers.

For w € L(X), its Dirichlet sum D;[u] of order 1 is defined by

Difu] =Y r(y)ldu(y)| =Y > K(wy)u

yey yeY |lzeX

which is a semi-norm on the space DY(N) = {u € L(X); D;[u] < co}. Notice that
D [u] does not depend on the resistance r. For an arbitrarily fixed node ay € X,
the space D(NV) is a Banach space with the norm

[ully = Dilu] + |u(ao)|-

Notice that choosing another ag € X makes an equivalent norm. Denote by Dél) (N)
the closure of Ly(X) in the Banach space DM (N).

Lemma 2.1. The inequalities |u(z) — u(z)| < Di[u] and |u(z)| < ||u||y hold for
any v € DO(N) and for any x,z € X. Especially u is bounded.

Proof. We may assume that x # z. Let P be a path from z to z and let Cx(P) =
{z = x¢,x1,...,2, = z}. Then we have

u(z) — u(x)] < Z u(ei) — w(zia)| < Diful.
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It follows that |u(x)| < Difu] + |u(ag)| = ||ul|1- O

Proposition 2.1. Ifu,,u € DO(N) and ||u, —ull, — 0 asn — oo, then {u,(z)},
converges to u(x) for each x € X.

Proof. Lemma 2.1 shows that |u,(z) — u(z)| < ||u, — u||y — 0. This means that
{un(x)}, converges to u(zx). O

Example 2.1. Let X = {z;}72,, Y = {y;}32,, and r = 1. Define K by K(v,,y,) =

j=1
1 and K(x,_1,y,) = —1 for each n, and K(z,y) = 0 for any other pair (x,y). Let
u(zy) = 1/(k +1)%2. Then u € DW(N). In fact,

=3 luta) <) = 3 (= ) <!

We show that u € D(()l)(N). Let f.(zx) = u(xk) for £k < n and f,(xx) = 0 for
k>mn+1. Then f, € Lo(X) and

lu = fulli = Dafu = fu] = lu(zas)l + Y fuler) = ulziy)]

k=n-+2
1 =1 1
-t Y )
2 2 2
(n+2) k:n+2k (k+1)
2

Namely, we see that D ( ) # Lo(X).

A network N is said to be of p-hyperbolic type if 1 ¢ D(()p )(N ); otherwise N
is said to be of p-parabolic type; see [4]. On the other hand any networks are of
1-hyperbolic type. Namely

Theorem 2.1. 1 ¢ Dél)(N).
Proof. Let f € Lo(X). We choose a path P € Py, o and let Cx(P) = {x;}32, with

xo = ag. Since f(x;) = 0 for sufficiently large j, we have

ll—fH1>Z|fxa F@ja)[ + 11 = f(zo)]

M%Z

(1f ()l = [f(2p)]) + 1 = |f (o) = L.

1

j
This means 1 ¢ Dél)(N). O
Lemma 2.2. Let P € P, o with Cx(P) = {7;}3%,. Let u € L(X). If du(P)
exists, then lim,,_,. u(zx,) exists and

du(P) = u(zg) — lim u(z,).

n—oo
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Proof. Let Cy(P) = {y;}32, and p the path index of P. We have

n n

> r(yi)p(yy)duly;) = > (w(w;1) — ulz))) = w(zo) — u(zy).

j=1 j=1

By the assumption the left-hand side converges to du(P) as n — co. We have the
assertion. O

Lemma 2.3. Let u € Dél)(N). Then du(P) exists for every P € P,y o and is
equal to u(xg).

Proof. There exists a sequence {f;} in Ly(X) such that ||u — fi||1 — 0 as k — oo.

Let w(y) = du(y) and wi(y) = dfi(y). Then limy o0 >,y 7(y)|wi(y) — w(y)| = 0.
It follows that > .y 7(y)|wi(y) — w(y)| < /2 for sufficiently large k. Especially
w(P) exists and satisfies |wg(P) — w(P)| < ¢/2.

Proposition 2.1 shows that | fi(x¢) —u(zo)| < /2 for sufficiently large k. Apply-
ing Lemma 2.2 to f we have fiy(zo) = wi(P), and

|u(wo) = w(P)] < fulwo) = frlwo)| + |wi(P) —w(P)| <e.
Therefore u(xg) = w(P). O

The p-harmonic boundary is the set of infinite paths P € P, o with Cx(P) =

{zn}n such that lim, ., u(z,) =0 for all u € Dép)(N); see [5]. The next theorem
means that 1-harmonic boundary coincides with P, .

Theorem 2.2. Let u € Dgl)(N). Then lim, oo u(x,) = 0 for every P € Py

Proof. Lemmas 2.2 and 2.3 show the assertion. U

Lemma 2.4. Let u € Dgl)(N). For any € > 0, there exists a finite subset X' of X
such that |u(z)| < e on X \ X'

Proof. Since Difu] = 3 oy |w(y)| < oo with w(y) = >,y K(z,y)u(z), there
exists a finite subnetwork N’ = (X', Y”) of N such that }_ .,y |w(y)| <e. We

may assume that X \ X’ has no finite connected component. Let x € X \ X’ and
let P € P, besuch that Cy(P)NY’" = 0. Let Cx(P) = {z;};2, with 7y = =.
Theorem 2.2 shows that

Ju(e)| = lim Ju(an) - u(eo)| < lim 3 fu(a;) - ule;-)

< ) lwl<e

yeY\Y”’
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3. 1-HARMONIC FUNCTIONS AND STRONGLY 1-HARMONIC FUNCTIONS

For a finite set of real numbers S = {ay,...,a,} and a real number a we denote
by S+a={a;+a,...,a,+a}, aS ={aa,...,aa,}, and =S = {—ay,..., —a,}.
We renumber S as a1 < ag < --- < a,, and define M_(S) and M (S) by

M_(S) = M,(S) =amsy1 incasen=2m+ 1;
M_(S)=am, Mi(S)=ans1 in casen =2m.

It is easy to see the following:

Lemma 3.1. (1) M_(S) < M. (5);

(2) M_(S+a)=M_(S)+ a and M (S +a) = M. (S)+ «;

(3) If a > 0, then M_(aS) = aM_(S) and M, (aS) = aM(S);
(4) M_(=S) = —M.(5) and M. (=S) = ~)L_(5);
()

5) Let S, = {a v) ...,agf)} forv=1,2,... and S ={ay,...,a,}. ]faz(y) — a;
as v — 0o for each i, then M_(S,) — M_(S) and M,(S,) — M.(S) as
Vv — OQ.

Lemma 3.2. Let S = {ay,...,a,} be a finite set of real numbers. Let fs(t) =
Sorlt—ail and gs(t) =0 sen(t — ;). Let ty € R.

(1) The following are equivalent:
(a) fs( ) is nondecreasing for t > to;
(b) M_(S) < to;
(c) gs(t) >0 for all t > to;
(d) (t —t0)gs(t) > 0 for all t > t.
The followmg are equivalent:
) fs(t) is nonincreasing for t < to;
) to < My(5);
) gs(t) <0 for all t < to;

(t —t0)gs(t) >0 for allt < ty.

followmg are equivalent:

s(t) attains its minimum at t = to;

)
) f
) M_(S) < to < M (5);
) 9
)

(2)
(a
(b
(c
(d
(3) Th
b)

(

(

( ( ) < 0 < gs(t2> thl < t() < tg,'
(d ( —t9)gs(t) >0 for allt € R.

Proof. We shall show (1). It is easy to see that fs is piece-wise linear and is
continuous and that its slope is gs(t) except at ¢ = a; for some i. Since gg(t) is
nondecreasing, it follows that (1a) is equivalent to (1c).

It is obvious that (1c) is equivalent to (1d).

To show the equivalence of (1b) and (1c) it suffices to prove that M_(S) =
inf{t € R; gs(t) > 0}. First assume that n = 2m + 1 and

1 < Sy <y == A = = @y < Goyr < -o- <ay,



6 H. KURATA AND M. YAMASAKI

where 10 <m + 1 < jo. For t < a;,
gs(t) < (ip—1)—(n—ig+1) =2ip —n—2
<2(m+1)—02m+1)—-2=—1;
for t > aj,
9s(t) = jo— (n—Jjo) = 2jo —n > 2(m+1) — (2m+1) = 1.

Thus inf{t € R; gs(t) > 0} = a1 = M_(5).
Next assume that n = 2m and

a1 <o S yg < iy == gy = Uy = = gy < A1 < e < s
where g <m <m+1 < jo. Fort < a,,
gs(t) <(ip—1)—(n—idp+1)=2ip—n—2<2m—2m—2 = —2;
for t > aj,
9s(t) = jo — (n—jo) = 2jo —n =2(m+1) = 2m = 2.

Thus inf{t € R; gs(t) > 0} = a,, = M_(S).
Last assume that n = 2m and

a1 < S g1 < iy = = gy < gy = = gy < Gjgar < e <
where 1o <m <m+1< 5. Fort =a,,
gst)=(ip—1)—(n—m)=ip—n+m—-1<m-2m+m-—1=—1,
for a,, <t < apm41
gs(t)=m—(n—m)=2m —n=0.

Thus inf{t € R; gs(t) > 0} = a,, = M_(S).

We can similarly show (2). Combining (1) and (2) we have (3). O

For a € X and u € L(X(a)), let

Sa(u) = {K(a,y)r(y)du(y);y € Y with a € e(y)} = {u(z) — u(a);z € da}.
We say that u is 1-superharmonic (1-subharmonic, resp.) at a if
M_(Sa(u)) <0 (Mi(Sa(u)) = 0, resp.).

In case that w is both 1-superharmonic and 1-subharmonic at a, we say that w is
1-harmonic at a. For a subset D of X we say that u € L(D) is 1-harmonic (1-
superharmonic, 1-subharmonic, resp.) in D if w is 1-harmonic (1-superharmonic,
1-subharmonic, resp.) at every node in D.

Let a € X and u € L(X(a)). We define the 1-Laplacian A, as
Avu(a) = sgn(K(a,y)du(y)) = Y K(a,y)sgn(du(y)).

yey yey
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Let D C X. A function u € L(D) is said to be strongly 1-superharmonic (strongly
L-subharmonic, resp.) in D if

tz Aj(u—teq)(z) >0 for all ¢ < 0 (for all £ > 0, resp.)

T€EA

for all finite subset A C D. A function u € L(D) is said to be strongly 1-harmonic
in D if u is both strongly 1-superharmonic and strongly 1-subharmonic in D. In
case D = {a}, we replace the terminology “in D” by “at a”. It is easy to see that
every constant function is 1-harmonic and strongly 1-harmonic in X.

For A, B C X we let

AeB={yeY;e(yyNA#0,e(y)NB+#0D}.

For A C X and y € Y we denote by na(y) a node in e(y) N A if e(y) N A consists
of exactly one node; otherwise na(y) is undefined. Note that

d Aw(z)= > K(naly),y)sgn(du(y)).
z€A yeAS(X\A)

Also note that, for y € A© (X \ A), we have
dea(y) = —r(y) " Kna(y).y).

and

Z Aj(u—tey)(z) = Z sgn (K (na(y), y)du(y) + tr(y) ™)

€A yEAS(X\A)
— Z sgn(K(nA(y)» y)r(y)du(y) + t)'

yeAS(X\A)

This implies that >
relations repeatedly.

vea A1(u—te4)(x) is nondecreasing function of . We use these

Remark 3.1. For 1 < p < oo the p-Laplacian A, is defined as

= ep(K(a.y)du(y)),

yey

where @, (t) = [t[P" ! sgn(t). A function u is p-harmonic in D C X if Ayu = 0in D,
which is equivalent to

tZAp(u—teA)(m)z() forallt € R
€A
for all finite subset A C D. Therefore the definition of the strong 1-harmonicity is

a limiting case of the p-harmonicity.

Proposition 3.1. Let a € X. A function u is strongly 1-harmonic at a if and only
if w s 1-harmonic at a.
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Proof. Suppose that u is strongly 1-harmonic at a. Then tA;(u — te,)(a) > 0 for
all t € R. This is equivalent to

t Z sgn (K (a, y)r(y)du(y) +t) >0
ayeiz;)

for all ¢ € R. Lemma 3.2 implies that M_(—95,(u)) < 0 < M, (—S.(u)), or
M_(S,(u)) <0< M, (Sy(u)). This means that u is 1-harmonic at a.

Conversely, suppose that u is 1-harmonic at a. We follow the previous implication
in reverse order and obtain that u is strongly 1-harmonic at a. 0

Proposition 3.2. Let D C X. If u is a strongly 1-harmonic function in D, then
u s 1-harmonic in D.

Proof. Suppose that u is strongly 1-harmonic in D. It is obvious that u is strongly
1-harmonic at each node in D. Proposition 3.1 shows that u is 1-harmonic at each
node in D. This implies that u is 1-harmonic in D. U

The converse of Proposition 3.2 is not true; see Example 3.1.

Lemma 3.3. Let D C X. Ifu € L(D) satisfies that Dy[u] < Di[u —tea] < oo for
all t € R and for each finite subset A of D, then u is strongly 1-harmonic in D.

Proof. Since Di[u] < Di[u —tea] and dea(y) =0 fory ¢ Ao (X \ A), we have
Yoo rldu@) < Y r(y)lduly) — tdzay)l,

yEAS(X\A) yeAS(X\A)
so that
> IKma), w)r)du@)l < > [Kmaly), y)r(y)duly) + .
yeAS(X\A) yeAS(X\A)

This means that the right-hand side attains its minimum at ¢ = 0. Lemma 3.2
shows that ¢ 4o x\a) sgn (K (na(y), y)r(y)du(y) +t) > 0 for all ¢ € R, which is
sea Di(u—teq)(z) = 0. 0

Theorem 3.1. Let D C X and f a function on X \ D. We consider the extremal
problem

(1) « = inf{D;[u];u = f on X \ D}.

If a < o0, then there exists an optimal solution u to the problem (1). Moreover
each optimal solution is strongly 1-harmonic in D.

equivalent to ¢

Proof. We take a minimizing sequence {u,}, of feasible solutions. Fix a node
a € X\ D and let z € D. Lemma 2.1 shows that {u,(z)}, is bounded for each
x. By taking a subsequence, we may assume that u(z) := lim, . u,(z) exists for
each x. Then u is a feasible solution to (1). Fatou’s lemma implies

a < Dilu] <liminf Di[u,| = a.
n—oo

This means that u is an optimal solution to (1).
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Let u be an optimal solution and let A be a finite subset of D. Since u —te, is a
feasible solution for each t € R, we have D;[u] < D;[u — te4]. Lemma 3.3 implies
that u is strongly 1-harmonic in D. O

Theorem 3.2 (the maximum principle for strongly 1-subharmonic functions). Let
D be a finite subset of X. If u is a strongly 1-subharmonic function in D, then
maxp u < maxgp U.

Proof. Suppose that A := {x € D;u(z) > maxgpu} #0. Forye Ao (X \ A) we
have

K(na(y), y)r(y)du(y) = —u(na(y)) + u(nx\a(y)) <0.

Taking a small ¢ > 0 with K (na(y),y)r(y)du(y) +t <0 forally € Ao (X \ A),
we have

> sen(Kmaly), y)r(y)duly) + 1) <0,
yeAS(X\A)

which contradicts the strong 1-subharmonicity of . 0

Theorem 3.3 (the maximum principle for 1-subharmonic functions). Assume that
N =A{X,)Y,K,r} is an infinite tree such that deg(z) > 3 for all x € X. Let D be

a finite subset of X. If u is 1-subharmonic in D, then maxp u < maxgp u.

Proof. Suppose that o := maxpu > maxgp u. Let A = {z € D;u(x) = a}. Since
A is a finite set, there exists a € A such that da N A consists of at most one node.

For y € {a} © (X \ {a})
K(a,y)r(y)du(y) = —u(a) + u(nx\(a}(y))-

If nx\(a}(y) € A, then K(a,y)r(y)du(y) = 0; otherwise K(a,y)r(y)du(y) < 0.
Since a has at least three neighbors, we have M (S,(u)) < 0, which contradicts
the 1-subharmonicity of u. O

The maximum principle for 1-harmonic functions does not hold in general; see
Example 3.1.

Lemma 3.4. Let D C X. Let {u,}, C L(D) and u € L(D) be such that
limy, o0 tn () = u(z) for each v € D.
(1) If w, is 1-harmonic (1-subharmonic, 1-superharmonic, resp.) in D for all
n, then u is 1-harmonic (1-subharmonic, 1-superharmonic, resp.) in D.
(2) If w, s strongly 1-harmonic (strongly 1-subharmonic, strongly 1-
superharmonic, resp.) in D for all n, then w is strongly 1-harmonic
(strongly 1-subharmonic, strongly 1-superharmonic, resp.) in D.

Proof. (1) Suppose that u, is 1-superharmonic in D for all n. Let a € D. Since
M_(Sa(uy,)) <0 for all n, Lemma 3.1 shows that M_(S,(u)) < 0. This means that
u is 1-superharmonic in D. The other statements follows similarly.

(2) Suppose that u, is strongly 1-superharmonic in D for all n. Let A be a finite
subset of D. Let ¢ < 0 and € > 0 be such that t + ¢ < 0. We take n so large that
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X1
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[ L 2 @ L
I I i) I3
FIGURE 2

|du(y) — du,(y)| < er(y)~" forally € A (X \ A). Then

Kna(y),y)r(y)du(y) < Kma(y), y)r(y)du.(y) + €,
so that

> sen(E(na(y), y)r(y)du(y) + t)

yEAS(X\A)

< > sen(K(nay), y)r(y)dun(y) +t +¢).
yeAS(X\A)

Since u,, is strongly 1-superharmonic in D and ¢t + ¢ < 0, it follows that the right-
hand side is non-positive, and so is the left-hand side. This implies that u is
strongly 1-superharmonic in D. The other statements follows similarly. U

Example 3.1. Consider the network shown in figure 1. Let u(zg) = u(z) =
u(xe) =1 and u(x3) = 0. Let D = {xg, x1, x2}. We easily verify the following:
(1) w is strongly 1-harmonic at xo and Aju(zy) = —1, i.e., the 1-Laplacian does
not vanish for a strongly 1-harmonic function;
(2) w is strongly 1-harmonic at each node in D and not strongly 1-harmonic in
D, i.e., the strong 1-harmonicity is not a local property;
(3) w is 1-harmonic in D and is not strongly 1-harmonic in D;
(4) maxpu > maxpp u, i.e., a 1-harmonic function does not satisfy the maxi-
mum principle.

Example 3.2. Let us consider the network shown in Figure 2. Let u(xy) = 0,
u(zy) = a, u(zy) = F, and u(zz) = 1. It is easily seen that u is strongly 1-
harmonic in {z1, 25} for any a and § with 0 < o < § < 1. This shows that there
are many solutions to the Dirichlet problem with respect to strongly 1-harmonic
functions. Also this implies that Harnack’s inequality does not hold for strongly
1-harmonic functions.

More precisely, we show the following;:

Proposition 3.3. Let X = {z,,}7°__ andY ={y,}>>_. Let K(zp—1,Yyn) = —1,

K(xp,yn) =1 and K(x,y) = 0 for any other pairs. A functionu € L(X) is strongly
L-harmonic in X if and only if {u(z,)}, is either non-decreasing or non-increasing.



1-HARMONIC FUNCTIONS ON A NETWORK 11

Proof. First assume that u is strongly 1-harmonic in X. The maximum principle
(Theorem3.2) shows that {u(x,)}, is either non-decreasing or non-increasing.

Conversely, we assume that {u(x,)}, is non-decreasing. Let A C X be a finite
set. We need to show that

t> > K(x,y)sen(duly) —tdzea(y)) > 0

for all £ € R. Notice that ) _, K(z,y)sgn(du(y) —tdea(y)) = 0 for y € Y with
e(y) C A. Let
{y €Y | e(y) N A consists of exaCtly one node} = {yllaymaylza Yras -5 Yl yrk}

with l; <7 <ly <19 <--- <l <7y It suffices to show that
(2)

E> (K@) sen(dulu,) — tdealu,)) + K (@,y,,) sgnldu(y,,) — tdea(ys,))) = 0
€A

for each j and for all ¢t € R.
We know that e(y;,) N A = z;; and e(y,,) N A = x,,_1. The left-hand side of (2)
equals to

(K (o, ) sen(duly,) — tdea(y,)) + K (21, ye,) sen(duly,) — tdea(ye,)))

u(wy,) — u(xy—1) t o <on _u(mrj) — u(zy,-1) ot
(Y1) " T(yzj)) n r(Yr;) T(yrj)>>

= t(sgn(—
(3)
=t (sgn(t — u(wy,) + u(xy,_1)) + sgn(t + u(z,,) — u(z,,-1))) .

Note that u(z;,) —u(ry;—1) > 0 and u(z,;) —u(r,,—1) > 0. Also note that t(sgn(t —
a) +sgn(t 4+ 5)) > 0 for t € R and for nonnegative numbers o and 5. Thus (3) is
nonnegative, and that (2) holds. O

A similar argument shows the following:

Proposition 3.4. Let X = {ZTmntmeznez and Y = {Ymn, Ypntmeznez. Let
K<xmfl,n>ym,n) = _17 K(.fl:m,n,ym’n) = 17 K(xm,nfluyvln,n) = _17 K(xmﬂw:y;n,n) =
1 and K(z,y) = 0 for any other pairs. If u € L(X) satisfies that both {u(x,,;)}:
and {u(x;,)}; are non-decreasing for each m and n, then u is strongly 1-harmonic
mn X.
Proposition 3.5. Let u € DW(N) and o € Dél)(N) satisfy the relation

Di[u — 0] = min{D;[u —v];v € Dél)(N)}.

Then u — v is strongly 1-harmonic in X.

Proof. For any finite subset A C X and ¢t € R, we have v +te4 € Dél)(N), so that
Di[u — 9] < Di[u — ¥ — te4]. Lemma 3.3 shows that u — o is strongly 1-harmonic
in X. U
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Question 3.1. For u € D (N) does there exist & € Dél)(N) satisfying the relation
in Proposition 3.57

Proposition 3.6. Denote by I:ID(I)(N) the set of u € DW(N) such that u is
strongly 1-harmonic in X. Then D((Jl)(N) N I:ID(I)(N) = {0}.

Proof. Let u € D(()l)(N) N I:ID(D(N). Lemma 2.4 implies that, for any € > 0, there
exists a finite subset D C X such that |u(z)| < € for x € X \ D. Theorem 3.2
shows that — < mingp v < minp u < maxpu < maxgp v < €. This implies that
|u] <ein X. Since ¢ is arbitrary, it follows that u = 0. O

Example 3.3. Let HDW(N) be the set of u € DM(N) such that u is 1-harmonic
in X. We consider the network N shown in Figure 3. Let u(z;) =1 for j =0,1,2
and u(z;) = 0 for j > 0. Then u € Lo(X) N HDY(N) ¢ D{”(N) n HDW(N).
Namely D{”(N) n HDM(N) # {0}.

Let A and B be mutually disjoint nonempty subsets of X and consider the
following extremal problems:

di(A, B) = inf{D;[u);u € DY(N),u=10n A,u=0on B},
di(A, 00) = inf{D1[u];u € Ly(X),u =1 on A}.

Theorem 3.4. Assume that di(A, B) < co. Then there exists an optimal solution
v to the problem di(A, B) such that 0 < v <1 in X and v is strongly 1-harmonic
in X\ (AU B).

Proof. Let D =X\ (AUB). Let f =1o0n A and f =0 on B. Applying Theorem
3.1 we find an optimal solution u to di(A, B). Let v = min(max(u,0),1). Since
v is also a feasible solution and D;[v] < D;[u], we see that v is also an optimal
solution. Theorem 3.1 implies that v is strongly 1-harmonic in X \ (AU B). O

Lemma 3.5. Let {N,, = (X,,,Y,)} be an exhaustion of N with A C X,. Then
limy, 0o d1 (A, X \ X)) = di(A, 0).

Proof. 1t is easy to see that dy(A, X \ X,,) > di1(A, X \ X,41) > di(A, 00). Con-
versely, for € > 0, we find v € Lo(X) such that D[u] < dy(A,00) +¢ and u =1
on A. We take n so large that v = 0 on X \ X,,. Then d;(A4, X \ X,,) < Dy[u] <
di(A,00) + €. Since ¢ is arbitrary, we have lim,, . d1(A, X \ X,,) < di(A,00). O

Theorem 3.5. Fora € X there ezists a function u € Lo(X) such that u is strongly
L-superharmonic in X, strongly 1-harmonic in X \ {a}, u(a) =1, and 0 <u <1
on X.
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Proof. Let A and B be mutually disjoint nonempty subsets of X. Let

. S we LT(Y),
EL(A,B)"" = inf{ Hy[w]; ey (my TWw(y) > 1 for all path P € Py p b
-1 _ . ’LUGLT(Y),
ELl(Aa OO) - lnf{Hl [w]7 ZyGCy(P) r(y)w(y) > 1 for all path P € PApo }’
w e LL(Y),

1 .
EW (A, 00)"" = inf{H\[w]; ZyEQ w(y) > 1 for all cut Q € QA 0 s

For nonempty finite subsets A and B of X with AN B = () and for an exhaustion
{N,, = (X,,,Y,)}, Nakamura and Yamasaki [2, Theorem 2.1] and [3, Theorem 3.2,
Theorem 3.4, Corollary 2| showed that

di(A,B) = EL,(A,B)™,
lim EL (A, X\ X,,) = EL (A, ),
n—o0

ELi(A,00) ' = EWy (A, ),

EWw(A, 00) = inf{)} " 1;Q € Quc}-
yeRQ

Lemma 3.5 implies that

di(A,00) =inf{) 1;Q € Quo} = nf{#Q;Q € Qux}-
yeQ

Now let A = {a}. Since d;({a},o0) < oo, it follows that d;({a}, c0) = #Q for
some cut Q € Q4. Let A be a finite subset of X such that Q = AS(X\A). Let u
be a function such that v =1 on A and u = 0 on X \ A. Then D, [u] = d;({a}, 00).
We take n so large that A C X,,. Then u is an optimal solution to the problem
di({a}, X\ X,). Theorem 3.1 shows that u is strongly 1-harmonic in X \ ({a}UX,,).
Since n is arbitrary, u is strongly 1-harmonic in X \ {a}.

Next we shall prove that u is strongly 1-superharmonic in X. Let D be a finite
subset of X. Let D' = D\ A. Let

I(t) =Y A(u—tep)(z),  I'(t)=> Ay(u—tep)(z).

zeD reD’!

We have
It)= > sen(Knp(y),y)r(y)duly) +t)

yeDO(X\D)

= > sen(K(np(y),y)r(y)duly) +t)
yED'S(X\D)

+ Z sgn (K (npra(y), y)r(y)du(y) + t)

ye(DNA)e(X\D)
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and

r'y=" 3  sen(K@p(y),y)r(y)duly) +1)
yeD'o(X\D’)

= Z sgn(K(HD' (y), y)r(y)du(y) + t)
yeD'S(X\D)

+ > sen(K(np(y), y)r(y)duly) +t),
yeD'6(DNA)
and obtain
I-rw= > sen(K(npna),y)r(y)duly) +t)
ye(DNA)S(X\D)
= Y sen(K(up(y), y)r(y)duly) +t).
yeD'6(DNA)

Forye (DNA)e (X \ D)

K(npna(y), y)r(y)du(y) = —u(npna(y)) + u(nx\n(y)) <0,
and

Z sgn (K (npna(y), y)r(y)du(y) +1t) <0
y€(DNA)S(X\D)

for all t < 0. Fory € D'o (DN A)

K(np(y),y)r(y)duy) = —unp(y)) + u(npna(y)) = 1.
For t > —1 we have
> sgn(K(up(y), y)r(y)du(y) +t) > 0.
yeD'o(DNA)

Therefore I(t)—1'(t) < 0for —1 <t < 0. Since u is strongly 1-harmonic in X'\ {a},
we know that I'(t) < 0 for t < 0, so that I(t) < 0 for —1 <t < 0. Since I(¢) is
nondecreasing function of ¢, it follows that /(¢) < 0 for ¢ < 0. This means that u
is strongly 1-superharmonic in X. 0
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