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Abstract

This paper is concerned with pattern recognition for K (> 2)-class problems in a
High Dimension Low Sample Size (HDLSS) context. The proposed method is based on
canonical correlations between the predictors and response vector of class label. This
paper proposes a modified version of the canonical correlation matrix which is suitable
for discrimination of a new data in a HDLSS context. We call such a matrix the naive
canonical correlation matrix which plays an important role in this paper. Provided
the dimension does not grow too fast, we show that the K — 1 sample eigenvectors
of naive canonical correlation matrix are consistent estimators of the corresponding
population parameters as both the dimension and sample size grow, and we give upper
bounds for the misclassification rate. Furthermore, we propose variable ranking and
feature selection methods which integrate information from all K — 1 eigenvectors.
For real and simulated data we illustrate the performance of the new method which
results in lower errors and typically smaller numbers of selected variables than existing

methods.
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1 Introduction

Pattern recognition is a statistical method by which a new data with unknown class label
is classified into one of the previously known classes. Generally, the overall process can be
divided into four main steps: preprocessing of data, feature extraction, feature selection,
and discrimination. Following Devroye et all (I996), we use the notion Pattern Recognition
synonymously with Discrimination, and consider the problem of classifying d-dimensional
random vectors X into one of K classes.

Fisher’s well-known linear discriminant function for K-class problems is the solution
to his paradigm: maximize the between-class variance while minimizing the within-class
variances. See Fisher (1936), and Rad (T94R) for the general multi-class setting. Especially,
for the special case of 2-class problems, we assume that the two populations, C; and
Co, have multivariate normal distributions which differ in their means p; and py, but
share a common covariance matrix ¥. For X from one of the two classes, Fisher’s linear

discriminant function

1

T
o3 = (X = S ) ) = ) (1)

assigns X to C;p if g(X) > 0, and to Cy otherwise. If the random vectors have equal

probability of belonging to either of the two classes, then the misclassification rate of (1)

[ (5) - ()]

where @ is the standard normal distribution function and A is the Mahalanobis distance

is shown to be

between the two populations:

A=/l — 1) S (g — ).

A sample version of () is

~

T
~ .. A~ o~
300 = (X = Y+ 7)) 57 - ) (1.2
where fi,, fi, and S are appropriate estimates for the corresponding population parameters

of the two classes. (I24) can be applied to data sets in the general setting where the



sample size n is much larger than the dimension d. However, for problems with a large
dimension, it has been shown that Fisher’s linear discriminant function performs poorly
due to diverging spectra. Further for High Dimension Low Sample Size (HDLSS) problems,
namely n < d, it is not possible to directly define Fisher’s linear discriminant function
since the sample covariance matrix S in (2) becomes singular when the dimension d
exceeds the sample size n.

Several discriminant rules have been proposed for the HDLSS context which overcome
the problem of singularity of S in different ways: [Dudoif_ef all (2002) proposed diagonal
linear discriminant analysis which only uses the diagonal elements of the sample covariance
matrix, Srivasfava and Kubokawa (2007) proposed a discriminant function based on the
Moore-Penrose inverse, Ahn_and Marron (2010) constructed discriminant function based
on the Maximal Data Piling (MDP) direction vectors, and Aoshima and Yafa (P2O1T)
considered a discriminant rule based on second moments in conjunction with geometric
representations of high-dimensional data.

In this paper we focus on the ‘diagonal’ approach of Dudoif_ef all (2002) which has
special appeal since it is conceptually simpler than the competitors. Further, this approach
can be implemented efficiently for large and complex data sets. We refer to Fisher’s linear
discriminant function based on the diagonal of the covariance matrix as the naive Bayes
rule.

For two-class problems in a HDLSS setting, Bickel_and Levina (2004) and Fan and
Fan (P00R) investigated the asymptotic behavior of the naive Bayes rule, and calculated
bounds for its misclassification rate. [Tamafanief all (2002) defined a modification of
the canonical correlation matrix that is suitable for classification problems, and studied
the asymptotic behavior of the eigenvector and the discriminant direction of the modified
canonical correlation matrix in the context of two-class problems. Also, for multi-class
problems in a HDLSS context, Tamafani et all (2013) proposed a naive Bayes rule in a
general multi-class setting and investigated its asymptotic properties for high-dimensional

data when both the dimension d and the sample size n grow.



Throughout this paper we focus on HDLSS data from K (> 2) classes, that is, we assume
that the dimension d of the data is much bigger than the sample size n. Our discriminant
approach is based on canonical correlations, and in particular on a modification of the
canonical correlation matrix suitable for vector-valued class labels from K classes. In this
framework, we replace the covariance matrix by its diagonal counterpart as discussed in
Dudoif_ef"all (2002), Bicke[and TLevina (2004) and Fan_and Fan (2008). We call such
a matrix the naive canonical correlation matriz, and observe that this matrix plays an
important role in the present theory. The K — 1 eigenvectors belonging to K — 1 non-
zero eigenvalues of the estimated naive canonical correlation matrix yield discriminant
directions which inform our choice of a discriminant function for K classes. For this
setting we study the asymptotic behavior of the eigenvectors and associate discriminant
directions. In principal component analysis, Johnstond (2001) proposes the notion of
spiked covariance matrices and Ahn ef all (2007) and Jung and Marron (2009) combine
the spikiness of the covariance matrix with HDLSS consistency. HDLSS consistency is a
measure of the closeness of two vectors in a HDLSS setting, and is given in terms of the
angle between the vectors. [Ahn_ef all (P007) and Jung and Marron (2009) derive precise
conditions under which the first eigenvector of the sample covariance matrix is HDLSS
consistent. These conditions include the asymptotic rate of growth of the first eigenvalue
which exceeds the dimension d. Like Ahn ef all (2007) and Jung and Marron (2009), we
consider the asymptotic behavior of K — 1 eigenvectors in a HDLSS classification context.
In our context, however, their spiked covariance model is not appropriate since we are
dealing with inverses of the covariance matrix. As a result, our conditions for consistency
differ considerably from theirs.

For HDLSS data from K multivariate normal classes, we derive an upper bound for the
misclassification rate of the proposed multi-class discriminant function. Our asymptotic
results for the misclassification rate are divided into two disjoint types depending on
the precise growth rates of d and n. Depending on the two distinct growth rates, we

also develop HDLSS asymptotic results for estimators of the eigenvectors and discriminant



directions.

In high-dimensional settings, it is necessary to select a subset of relevant features (or
variables) for discrimination. There are several discussions on feature selection methods
for multi-class discriminant analysis, see Saeys et all (2007). It appears that many of these
proposals are variable selection methods which are not specific for or connected with a par-
ticular discriminant function. We believe that in discriminant analysis, a comprehensive
feature selection method should include the discriminant function in the variable ranking
and in the choice of the number of selected features. We propose new feature selection
methods specifically for our multi-class discriminant function.

The paper is organized as follows. In Section B, we review the framework of pattern
recognition and a relationship between Fisher’s rule and canonical correlations for K
classes. This relationship explicitly exhibits Fisher’s ratio of the within-class and between-
class variances, and its maximizer provides a discriminant rule. In Section B, we focus on
the gene expression microarray data, which is a typical example of HDLSS data. In general,
HDLSS data are emerging in various areas of modern science such as genetic microarrays,
medical imaging, text recognition, chemometrics, face recognition, and so on. Further, we
present a similar discussion in Section B for HDLSS data; we replace ¥ by diagdl, and obtain
a corresponding criterion, which leads to a natural derivation of a multi-class version of
the naive Bayes rule. Section @ details the asymptotic behavior of the eigenvectors of the
estimated naive canonical correlation matrix and the associated discriminant directions
in a HDLSS setting under general distributional assumptions. We derive an upper bound
for the asymptotic misclassification rate of the proposed multi-class discriminant function
under assumptions of normal distribution, and we show that the upper bound for the
asymptotic misclassification rate is indeed a multi-class extension of that obtained in Fan
and Fan (PO0R) and [Tamafanief all (2017). Section B includes new feature selection
methods for K-class discriminant analysis, which naturally follow from our analysis of the
naive canonical correlation matrix. Section B provides numerical studies to validate the

theorems derived in Section . Our numerical results confirm the asymptotic behavior of



discriminant directions of Subsection E-3, and an upper bound for the misclassification rate
of the multi-class discriminant function proposed in Subsection B. Furthermore, we apply
proposed methods in Section B to simulated data sets, and compare the performance of our
methods with other ranking methods. Section @ applies the proposed methods in Section
B to microarray data example and English spoken data. These comparisons demonstrate
that our feature selection methods work well and yield a parsimonious set of features which
lead to good classification results. Section B contains proofs of our theoretical results. In
Section B, we summarize our results and survey related works and directions for future

research.



2 Pattern Recognition

2.1 Problem of Pattern Recognition

Let K be the number of class labels. For observation vector & € R¢ belonging to a class

ke {l,...,K}, we define the function g, which is called discriminant function, as
g:RY — {1,...,K}.

For evaluating the accuracy of the discriminant function g, it is important to focus on the
probability
Pg(X) #Y),

which is called misclassification rate of g, where X is a new data taking value in R? and
Y is the class label of X taking value in {1,..., K}. Our purpose is to choose a function

g* such as misclassification rate is small, that is, for any discriminant function g,
P(g"(X)#Y) < P(g(X) #Y). (2.1)

(E00) means that ¢g* is the optimal function, which is called the Bayes rule (see [Devroyé
et all (T998)).

In the following sections, we first consider two-class problem under normal distributions
and then investigate the extension to general multi-class discriminant problems. The aim
of these sections is to relate Fisher’s linear discriminant function and canonical correlation

analysis.

2.2 Fisher’s Linear Discriminant Function

In this subsection, we consider two-class setting. Let C; and Cy be two d-dimensional
populations with different means p; and py and the same covariance matrix 3. For a
random vector X from one of these populations/classes, let 1 be the probability that X

belongs to C1, and let mo be the probability that X belongs to Co, where m 4+ w9 = 1.



Linear discriminant function is obtained by projecting observation vector x to one
dimension using

z(a) =a'x, (2.2)

where a is called a weight vector. For x from one of the two classes, (22) assigns x to
Ci if z(a) > —ap, and otherwise class Ca, where ag is a threshold. A characteristic of
(Z32) is that it is easier to interpret than nonlinear functions. In addition, we can select
a projection that maximizes the class separation by adjusting the components of weight
vector. Here an important point is that we need to find an efficient weight vector which
maximizes the separation between classes.

Fisher’s idea is to obtain the vector a which maximizes the ratio of the between-class

variance % g and within-class variance Xy :

T@) = B2 2.3
where
Sp = (E[X|G]-E[X|G)EX|CG]-E[X][C])"
= (1 — o) (11 — po)"
and

2
Swo= Yy mV[X|C]
(=1

2
= Y mE[(X —p)(X —p)" [ C ]

(=1
= 2.

As is well known, a solution of a* = arg MaXgcpd_{0} J*(a) is given by

a* =37 () — po), (2.4)



see e.g. Bishop and Nasrabadi (2006). Here we select the value

a(a”) = S (E[Z(a")|Ci ]+ E[Z(a%)[C])

N~ N

a (1 + pa)
as the threshold using (24). Therefore, the linear discriminant function

g9'(z) = 2(a”) — ag(a”)
becomes (D), and is called Fisher’s linear discriminant function or Fisher’s rule. It is
also well known that the choice (Z4) yields the Bayes rule, see Devroye et all (T996).
2.3 Discriminant Function Based on Canonical Correlations

In this subsection we review the relationship between canonical correlations and Fisher’s
linear discriminant function in pattern recognition.

In canonical correlation analysis of two subsets of variables X 1 and X2 of a random

x 1
X = 2 | (2.5)

vector

the canonical correlation matrix
C, = x5 ,35 12, (2.6)

and the derived matrix C,CI play important roles, see Mardia_ef all (T979). Here X is
the covariance matrix of X[ (¢ =1,2), and X 2 is the between-covariance matrix of the

two vectors:
% = B[(x1 - Bx)x" - px)7],

Y19 = E [(Xm ~ pix ) (x® - E[X[Zl])T} :

)

For random vectors X belonging to one of the classes C; and Cy, we replace X 1 in

(23) by X, and X by the vector of labels Y defined by

_ | )=
Y_[Y2] and P (Y =ey) = my, (2.7)

8



where ey is the vector with fth entry 1 and 0 otherwise. For X and Y we define the
matrix

C=s2B[(X - WY | {E vy}, (2.8)
where g = 7y + mopy. Strictly speaking, the centered Y should be used for C in (23),

however, for the vector of labels Y, centering is not meaningful. From (272) and (E3) it

follows that

BlvyT - |70 ]
0 o
E[(X-pwY"] = EXY"]-puEY"

= [Wllh T2 Mo ] - H[Wl, 7T2]

= [m(pu —p) ma(py—p)l,
and hence

CCT =x~12 =12 (2.9)

where

M o= B[(X-pY {E[YY")}) E[(X-wYT]

= > molpy— ) (e — )"

/=1

Now, consider the eigenvalue problem éé’Tﬁ = \p. Using the expression (29), we see

that solving the eigenvalue problem is equivalent to maximizing J(b) defined by

~ . b'Mb

YOER (2.10)

From

)T

S
I
]~

(g — ) (g —
=1

= mm2(py — po) (g — NQ)T

= mmXg,

(Z10) is nothing other than the criterion which yields Fisher’s rule (EZ3).



2.4 Fisher’s Rule for Multi-class

We consider the K-class discrimination problem. Let C; (¢ =1,..., K) be d-dimensional
populations with different means p, and common covariance matrix ¥. For a random
vector X from one of the K classes, let my be the probability that X belongs to Cy. Let
Y be the K-dimensional vector-valued class label with ¢th entry 1 if X belongs to C; and
0 otherwise, so P (Y = e;) = my, and Zle mp = 1.

In canonical correlation analysis of two vectors X and Y, with Y the vector-valued
labels and p = 25:1 mepy, the matrix (E8) plays an important role. From the definition
of (X,Y) it follows that

EYYT|=1I and E[(X -p)Y'] =M, (2.11)
where II = diag(m1,...,7x) and Mo = p; —p -+ pr — p ). Using

K
Moo= Y mlp— ) (pe— )" = MMy,
/=1

we have (Z9). If we put b=xVY 2p, where p is a solution to the eigenvalue problem
55TI) = \p with X > 0, then the vector b is the maximizer of the criterion

~ b Mb
J(b) = ————
() b'sb

(2.12)
over vectors b. Note that (2Z12) is nothing other than the criterion which yields Fisher’s
rule for the multi-class setting. In particular, the rank of CCT is K — 1, so the K — 1

eigenvectors [ p; -+ Px_; | belonging to K — 1 non-zero eigenvalues should be used for

constructing the discriminant directions

BE[EI EK—1]2271/2[1~?1 o Pro1 )

Using the discriminant directions B , we want to define a discriminant function g for
classifying new observations X whose class is unknown. For a € {1,...,K — 1}, put
~T ~
Zo(X) = b, X, and define the vector Z(X) = [Z1(X),..., Zx_1(X)]? = BT'X. For

Z(X) and Cy, define the Mahalanobis distance between Z(X) and Cy by

Ad(Z(X)) = \(Z(X) - v) TS (2(X) - v),

10



where
vi=FE[Z(X)| C|=FE[Z(X)| Y =e/]=B"n
and
Se=V[Z(X)| C|=V][Z(X)| Y =e]=B"SB.
Hence Ay(Z(X))? can be rewritten as
Af(Z(X))? = (X —p)" B(BTSB) 'BT (X — ). (2.13)

Using (PZ13), we now derive the multi-class discriminant function g as the minimizer of
the Mahalanobis distance, and let
G(X) = argmin Ay(Z(X))% (2.14)
e{1,...,K}
Note that B depends on ¥ and that (214) reduces to the Fisher’s linear discriminant

function in the case of 2-class by considering the sign of A1(Z(X))? — Ao(Z(X))2.

2.5 Other Discriminant Functions

In previous subsections, we introduced Fisher’s rule and discriminant function based on
canonical correlations. Another discriminant functions have been discussed in literatures
which include empirical risk minimization method, nearest neighbor rule, kernel method,
neural network, and so on (see Devrove et all (1996), Bishop and Nasrabadi (2006), Duda

ef all (2012)).

3 HDLSS

3.1 HDLSS Setting

Gene expression microarray data is a form of high-throughput biological data providing
relative measurements of mRNA levels for genes in a biological sample. One important

application of gene expression microarray data is the classification of new samples into

11



known classes. In the recent years, many laboratories have collected and analyzed mi-
croarray data, and such data have been appeared in public databases or on web sites.
Indeed, the data collected from gene expression microarrays consist of thousands or tens
of thousands of genes that constitute features: leukemia data (Gohib ef all (1999), K =
2, n =173, d="7129), lung cancer data (Gordonet’all (2002), K = 2, n = 184, d = 12433),
prostate cancer data (Singh et all (2007), K = 2, n = 134, d = 12600), the small round
blue cell tumors (SRBCT) data (Khan ef“all (2001), K = 4, n = 83, d = 2308), and
so on. These data, often called the High Dimension Low Sample Size (HDLSS) data, are
characterized with large number of dimensions d and a relatively small number of sample
size n, that is, we can write n < d.

To establish asymptotic theory in this paper, we consider an asymptotic situation in
which the dimension d and the sample size n both approach infinity in such a way that d
is much faster than n:

n=o(d) as n,d — oo.

3.2 Difficulties in HDLSS

The HDLSS data involves serious problems. Let X; (i = 1,...,n) be independently and
identically distributed (i.i.d.) d-dimensional random vectors with the covariance matrix X.

The usual estimates of X is defined as

n

Z(Xi_ﬁ)(Xi_ﬁ)Ta (3.1)

=1

1
n—1

5 =

where gt = (1/n) Y " | X; is the mean vector of the data {X;}i<i<,. When we assume
that the data satisfies n < d, (B1) is a singular matrix because the rank of (B) is at
most n — 1. Hence, it means that the sample version of (2Z3) is not directly applicable in
the case of n <« d.

The difficulty of high-dimensional classification in data analysis is intrinsically caused
by the existence of many noise features that do not contribute to the decrease of misclas-

sification rate. To avoid the above problem, the importance of feature selection has been

12



stressed and several methods of feature selection for HDLSS data have been proposed in
literatures, for example, nearest shrunken centroids method ([I'ibshirani ef all (2007)) , fea-
ture annealed independence rules (Fan_and Fan (200R)), minimum redundancy mazimum

relevance feature selection (Ding and Peng (2003), Peng et all (2005)), and so on.

3.3 Naive Canonical Correlations

In the HDLSS two-class discrimination settings, the sample covariance matrix S is singular
as was discussed in the previous subsection. For a population framework, it therefore
does not make sense to define a discriminant function based on the within-class covariance
matrix . To overcome such a difficulty, we first require a suitable framework for the

population. We define the naive canonical correlation matriz C and vectors b, and p,, by

C=D'2E[(X - YT {EYYT]}

and b, = D~/ 2p,,, where D = diag¥, and p,, is eigenvector of the matrix CCT corre-
sponding to the ath largest eigenvalue A),. Put P = [ p; - pg_; |. The discriminant

directions
B=[by - bg_1]=] Dfl/?p1 Dfl/?pK_1 | = D-12p

can now be seen to maximise the analogous naive criterion

b Mb
J(b) = ———. 3.2
®) =T (32
Note that ¥ in (E12) has been replaced by the diagonal matrix D in (82).
3.4 Discriminant Function in HDLSS
The corresponding discriminant function g is therefore
g(X) = argmin (X — p,)" B(BB'DB)'BT (X — ). (3.3)

e{1,...,K}
Note that ¥ has been replaced by D both in (E12) and (Z13) to yield (B=) and (B33)

respectively.

13



It is worth noting that for K = 2, the discriminant function g reduces to the naive

Bayes discriminant function discussed in Bickel and Levina (2004).

4 Asymptotic Theory

In this section, we evaluate the asymptotic behavior of the estimators of p, and b, in a
HDLSS setting under general assumptions about the underlying distributions. In addition,
we derive upper bounds for the misclassification rate of multi-class discriminant function

under d-dimensional normal populations.

4.1 Preliminaries

Consider data (X, Yy) (0 = 1,...,K; i« = 1,...,ny), where the independently dis-
tributed X are from K disjoint classes, and the Y are independent realizations of

vector labels

. 1 /¢-th component,
Y= Yo, .., Yar)" with Yy = i
0 otherwise.

Let X and Y be matrices defined by X =[ X 11 -+ Xgn, JandY =[Y11 -+ Y, |
Then X is of size d X n, and Y is of size K x n, where n = Zle nyg.

Next we derive an empirical version of C and its left eigenvectors p,. Define estimators
fi, and 3 of p, and T by

1 ng R 1 KA

(=1

where

(X ) (X o — i)t
n[ 1 z; i — i — IU‘Z)

Using the centering matrix, a natural estimator for C is

A A1 )1 1 T T Lo T 2
C =D —(x(1,- =117 ) ) YT} (=vY
n n n
= D '2MyN2, (4.1)

14



where D = diagf], I, is the n X n identity matrix, 1, is the n-dimensional vector of
ones, My = [, —p -+ pp—p ] and N = diag(ni/n,...,ng/n). Hence we obtain the

expression

A~

CCT = D7V2MD™?

where M = ]/\ZONJ/\ZOT.

Since the rank of CCT is K — 1, we use the K —1 eigenvectors p,, of ccT corresponding
to the K — 1 non-zero eigenvalues in the definition of the discrimination directions Ea, and
put by = D Y2p, (a =1,...,K —1). We note that these b, can be obtained as the

maximizers of the function
)

J(b) = ———.
®) b Db

Put

~ ~

B=[b, - bx1]=[D?p, --- D"V, _,]=D?P,

then g, defined by

~ _ . ~\T B/ DT HP\-1DT ~

§(X) = argmin (X —fi))” B(B'DB) BT (X — fiy). (4.2)

e{1,...,K}
is a natural estimator of ¢ in (B3), and this g is our proposed discriminant function in
the HDLSS multi-class setting. To elucidate the asymptotic behavior of g, it is necessary
to develop first asymptotics for B as well as P in a HDLSS setting.
Throughout this paper, we make the assumption that the sample size of each of the

K classes satisfies ¢ < ny/n for some positive constant c and £ =1,..., K.

In what follows we use the asymptotic notation:
1. anq = O(bp,q) to mean that a, q/bnq — M € (0,00) as n,d — oo.
2. apq = o(by,q) to mean that a, q/b,q — 0 as n,d — oo.

The definition of o is usually included in that of big O, however we distinguish these cases

in this paper.

15



In order to evaluate the asymptotic behavior of p,, we need the following definition

and conditions:

DEFINITION 4.1 Let & € R? be a non-stochastic unit vector, and let &, a vector of length

one, denote an estimate of © based on the sample of size n . If
rx — 1 as n,d— oo,

P . . ~ . . .
where —> refers to convergence in probability, then T is HDLSS consistent with x.

CONDITION A. Let X = [ X1 -+ Xkn, | be adata matrix from K classes. Each column
of X can be written as

X = py+ €y
where ey; ((=1,...,K; i =1,...,ny) are i.i.d. copies of an underlying random vector &

with mean 0 and covariance matrix X.

CoNDITION B. (CRAMER’S CONDITION) There exist constants vy, vo, M1 and M such that

each component of € = (e1,...,e4)7 satisfies

Ellg;|™] < m!M"211/2  and E[|5? — 0™ < MMy 20y /2 for all m € N.

ConNDITION C. Let ny — oo (for ¢ =1,...,K), d = o0, logd = o(n), n = o(d). There
exists a positive sequence Cy depending only on the dimension d such that d/(nCy) — &,

where £ > 0.

ConDITION D. All eigenvalues A, of CTC are simple (so A} > -+ > %) and satisfy

AE— X
AL, =0(Cq) and %&H>§ for a=1,...,K—1,
d

and Cy as in CONDITION C.

16



CONDITION E. As d — oo, ul D7, = O(Cy), and there exists § € (0,1) such that

pID=tp, = 0(CY) for all k, ¢ € {1,...,K}, and Cy as in ConDITION C.

ConpITION F. For k, ¢ € {1,..., K}, and k # ¢,

-1

hm /;"Lk; I‘l‘k‘ # hm \/}l“l‘f HZ7

and Cy as in CONDITION C.

We note that the positive sequence C; will play an important role in the subsequent

discussions since it controls the gap between d and n.

4.2 Asymptotic Results for Eigenvectors

To establish the asymptotic behaviour of the estimators p,, we start with an asymptotic
expansion of the matrix CTC /C4. In what follows, © denotes the parameter space for our

multi-class setting:

minge(py, — pe)" D™ (g, — 1) > Ca, (4.3)
)\max(R) < by, minlﬁjﬁd Ojj > 0 ,

@: {(I‘l’lﬂ"'vll'K72)

where R is the correlation matrix R = D~Y/2x,D~1/ 2, Amax(R) is the largest eigenvalue of

R and oj; is jth diagonal entry of ¥.

LEMMA 4.1 Suppose that CONDITION A — CONDITION E hold. Then for all parameters

0coO, aTé/Cd can be expanded as

cTCc cTc
Ci  Cu

+ (I — V2118 11Y2) 4 1515 0p(1),

where 11 is the diagonal matriz given in (2711).

If ¢ = 0, which means d = o(nCy) by CONDITION C, then the above expansion becomes

very simple.
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To proceed with the theoretical considerations, we need to show that the K — 1 eigen-
values of CTC/Cy+&(Ix — 121 1L T1Y/2) are simple in the case of d = O(nCy), that is,

&> 0.

LEMMA 4.2 Let A\o/Cy be ath largest eigenvalue of CTC/Cq + &(Ix — Y211 T11Y/2).
Suppose that the A\, /Cy satisfy CONDITION D, and that d = O(nCy). Then for all param-

eters 0 € O,

Aa . Aa
Ao =0(Cy) and Ed> C’Zl for a=1,...,K—1.

In this paper, eigenvectors have unit length. In addition, we assume that the first entry
of each eigenvector is positive. This assumption avoids any ambiguity about the direction
of the eigenvector. Using LEMMAs BT and B2, we can now describe the asymptotic

behavior of p,, as follows.

THEOREM 4.1 Suppose that CONDITION A — CONDITION D hold. Then, for all parame-

ters 0 € O,
pr T
Call
where v, is eigenvector of CTC/Cq + (I — H1/21K1£H1/2) belonging to the non-zero

=1+4o0p(l) for a=1,...,.K -1,

etgenvalue A,

On the other hand, especially in the case of K = 2, the eigenvector p; of CCT cor-
responding to the non-zero eigenvalue can be easily calculated in a closed form. Using
p = (n1/n)py + (n2/n)py and

o~

My = [p—p py—p]
(™G _ay MG g
= [n(ul e (U )
— () [ _ﬂ}
= (m uz)[n, pal



() can be expressed as

-~ ning ~s_1/2 /~ ~ n2 ni
¢ = \/?D /(Hl—HQ) [Vn’ _Vn] (4.4)

from which we obtain the expression

T
ng ng
PPN N n n
¢ o= i , (4.5)
ni ni
n n

where \* = {(ning)/n?} (B, — 2io)T D7 (fi; — fiy). From (Z3), it follows that the rank
of CTC is one. The non-zero eigenvalue of CTC is \* and its eigenvector is

ny

n

ni

n

=)
(=)
Il

Hence the normalized eigenvector p; of CCT is given by
P = Cpy D=2 (11y — iy)
1 — | A~ -~ ~ T N_1/~ —~ N
ICDoll  (By — HBa)” D (B — 1o)

(4.6)

Proofs of LEMMAs B, B4 and THEOREM B are given in Section B. To gain further
insight in the behavior of the p,, we define the vectors

CYa
Po = Y
A

by referring to THEOREM E1. Under the assumption that d = O(nCy), one can show that

for a=1,..., K -1 (4.7)

the vectors p,, are consistent estimators for the p,. We have the following theorem and

corollary:

THEOREM 4.2 Suppose that CONDITION A — CONDITION E hold, and that d = O(nCy).

Moreover, assume that Ao, /Cq — Ko and ’ygﬂl/?lK — No. Then for all parameters 6 € O,

prp P, [ #8%s = &(0ap — Natlp)
VEar/ K — g(l - 77,%)

where dnp5 is the Kronecker delta-function.

: (4.8)

1<a,B<K—1
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COROLLARY 4.1 Suppose that CONDITION A — CONDITION E hold, and that d = o(nCy).

Then for all parameters 0 € O,

PTp Iy 1. ..

COROLLARY B states that if d = o(nCjy) is satisfied, then p,, is HDLSS consistent with
P, Furthermore, p,, is asymptotically orthogonal to pg for a # 3. On the other hand,
if d = O(nCy) is satisfied, then the angle between p, and pg converges to a particular
non-zero angle for all o and f.

For the two-class setting, we obtain a simple expression of (E=8) that does not need to

use y; appeared in THEOREM E2. Similarly to (E4) and (£=3), we have

C = yamD ™2 (- o) VA2, —V/7l)

and -
—V/T1 —V/T1
where \* = myma (g — o)’ D1 (g — p). Also, the matrix I — II1/21,17T1Y/2 can be

written as

I -P1,15m 2 = ! O][ i v”m]

Therefore, we obtain

T
cTc A* VT2 VT2
I, — 1/21,1711Y/2) — ( ) .
o, e LI = (& +¢ _\/ﬂ”_\/ﬂ]
Hence
[ v=
Y1 —\/771]

is an eigenvector of CTC/Cy + £(Iy — TT/?1,13T1V/2) with \*/Cy + €.
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From the assumption of THEOREM B2, we can see that \i/Cy = \*/Cy + £ and
~TIIY/215 = 0. If we add the assumption that the ratio of (p; — pte)” D™ (gt — py) and

Cy converges to ¢ > 0:
T -
(1 — o) D" (py — pio)

— (¢ as d— oo, (4.9)
Cq

then (AR) can be written as

. P k1 — &1 —ni
p{p1 — /Ecl )

_ mm2(
mimeC + &
1
= —_—. 4.10
VTTemm0 (410
(B1D) is essentially equivalent to Theorem 2 of Tamafanief all (201%).

4.3 Asymptotic Results for Discriminant Directions

Next we turn to the asymptotic behavior of the vectors Ba, We define normalized versions

of direction vectors for discrimination by

N D123 D-1/2
by = . b= Lo (4.11)
Joibe, VDT
fora =1,..., K — 1. Then we have the following theorem and corollary:

THEOREM 4.3 Suppose that CONDITION A — CONDITION E hold, and that d = O(nCy).
Put omax = maxi<j<q0j; and omin = minj<j<qoj;. Then for all parameters 0 € ©,

b b5/ ke — E(1—12)

~xT %

b, b < N/ (Y e (1+ op(1)), (4.12)
*Typx / — 2

by, b > o 5 v/tie — §(1 = 1) (1 + op(1)). (4.13)

\/’{0& - 5(1 - 7734) (1 - Umax/amin)
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COROLLARY 4.2 Let B* = [BI B*K—l | and B* = [ b] --- bj_, |. Suppose that
CONDITION A — CONDITION E hold, and that d = o(nCy). Then for all parameters
ESECH
BT -B7 B L 0.
THEOREM B3 states that the upper and lower bounds of B;Tb/’g are determined by the

ratio of oyax and opin. For example, if all diagonal elements of ¥ are equal, then

b b — b;‘;Tb;;\/1 “Saop) B (4.14)

(0%
«
If d = 0o(nCy) is satisfied, then the angle between 5:; and b}, converges to 0 in probability,

o~k

which shows that the BZ are HDLSS consistent with the corresponding b;,. However, b,

and bz may not necessarily be orthogonal for o £ 3, since
Pnglpﬁ
VpLID™p,\ /P D pg

Remark In the two-class setting, (E12) and (E13) can be written as

by b~ — op(1).

T 1
b, b} < Tt oo Jrimad) (1+op(1)), (4.15)
~T 1

b, b] >
1 Y1 = \/1 + f (Umax/amin) /(771772C)

by using the additional assumption (B9). [Tamafanief all (2012) derived the asymptotic

(1+ op(1)) (4.16)

behavior of discriminant direction Bi under the constrained parameter space in their The-
orem 5. However, we can see that the asymptotic behavior of discriminant directions can
be evaluated on © from THEOREM B3, and such restrictions of the parameter space ©

utilized in Tamafanief all (2012) are not necessary.

4.4 Upper Bound for Misclassification Rate

In this section, we study the misclassification rate of our method in a multi-class setting.
The misclassification rate for two classes has been investigated in Fan and Fan (2008) who

derived an upper bound for the misclassification rate in a HDLSS setting.
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Specifically, for the results in this section we will assume that CONDITION A1 holds.

CONDITION Al. Let X = [ X171 --- Xgp, | be a data matrix from K classes. Each
column of X can be written as

X = oy + €4
where ey; are i.i.d. random vectors distributed as Ny4(0,3), d-dimensional normal distri-

bution with mean vector 0 and covariance matrix X.

In addition to CONDITION A, CONDITION A1 makes statements about the distribution of
X.
Suppose that X belongs to class Ci. The misclassification rate of g, an estimate of the

discriminant function ¢ in (B33), for class Cj, is defined as

Wi(g,0) = P@@(X)#k|Xu, (=1,....K; i=1,...,ng)

1 o~
zTE;1z> dz

1
1—/A ————exp <—2
D \/‘27‘(’2k‘

= 1- q)Kfl (@ka 07219) ’

where 3, is the transformed covariance matrix of size (K —1) x (K — 1) which is defined

in (B13) in Section B, and D, is the (K — 1)-dimensional region given by
D = {zERK’l ’ 2j < dp ae{l,...,K—l}},
where

dyo = I(a <k)dyo + (@ > k)dy(aqr) and

(ki — (g + in)/2)" BBTDB) ' BT (jiy, — i)
V(i — i) B(BT DB)~' BTSB(BT DB)~ B (fy, — i,

dk:oz =

We note that the region .@1 results in the interval obtained in Theorem 1 in Fan"and Fan

(2008) for their special case of K = 2.
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Let ©, be the parameter space associated with the misclassification rate of g for class

Ck:
O = {(l’l‘la'--7l~'LK72)

mingzp, (g — pp) T D™y — py) > Ca,
)\max(R) < bOa minlﬁjﬁd Ojj > 0

In addition to the region @k we also require the following region and quantities in

THEOREM E4:

Do ={zeRET | 2, <dp,(1+0p(1), a=1,...,K — 1},

where dy, = I(a < k)dga + I(a > k)dia41),

Skal' [I7 {CTC + (d/n)(Ix — 211512} 1] T7QF,
\/K(R)\/QMF [TT{CTC + (d/n)(Ix — /21K 1L11Y/2)} T -1 FTQ%’

dka =

I'= [’71) s 77K—1]7 Ska = Mka/z + (d/n)skanil/za Qka = Mkoz + (d/n)qkanil/%

Myo = (Nk_“a)TD_l/QC)

1
ko = [s1,-oiskl, se=m— g {I=k)+I(=a)},
Qo = la1s--,0x], @=Il=k)—I({l=a).

Furthermore, we need the following region in COROLLARY B=3:
Dro = {Z e RE-L ‘ za < dj,(1+o0p(1)), a=1,..., K — 1},

where dj, = I(a < k)dj,, + I(a > k)d} ) and

a+1)

\/ Mol (TTCTOT)  TT M,
& =
b 2/ Amax ()

We have the following theorem and corollary using THEOREM EL.

THEOREM 4.4 Suppose that CONDITION Al and CONDITION B — CONDITION F hold,
and that d = O(nCy). Then, for all parameters 0 € ©y,

Wi(3,0) <1— &, (.@k,o; 0, ik) .
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COROLLARY 4.3 Suppose that CONDITION A1l and CONDITION B — CONDITION F hold,

and that d = o(nCy). Then, for all parameters 6 € Oy,

Wi(g,0) <1—- Qx4 <@k,o; 0, ik) :

Note that THEOREM B4 and COROLLARY EZ3 extend THEOREM 1 in Fan and Fan
(2008) to the general multi-class setting considered in this paper.

Especially in the case of two-class setting, we can achieve a smaller upper bound for the
misclassification rate than has previously been established in Fan and Fan (P00R) under
the assumptions implying the HDLSS consistency of Ei

The worst case misclassification rate for g is defined as

Wi(g) = max Wy(g, ),
0cO

where O is the parameter space in (B23). Note that we have ©® = ©1(= ©2) in the case of
two-class setting. The upper bound for the misclassification rate for two-class setting has

been derived by Fan_and Fanl (2008) as follows:

THEOREM 4.5 ([Fan_and Fan (2008)) Suppose that CONDITION Al, CONDITION B and
CONDITION C hold, and that d = O(nCy). Then, for § € ©, the misclassification rate
W1(g,0) is bounded above by

. ning/(dn)a’ D7ra(l + op(1)) + (n1 — n2)\/d/(nninz)
Wi(g,0) <1-@ ( (B /It et D el T or (D) /(@D > , (4.17)

where o0 = py — po.

The worst case misclassification rate for g is also derived in Fan_and Fan (2008), and

is given under the assumption d = o(nCy). Their result is

Wi(G) =1 @ Gmcd{l + 0P(1)}> .
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This results seems to be derived from the bound stated in THEOREM B3 — part (i) of
their Theorem 1. Our calculations in THEOREM B8 are based on the explicit assumption

d = o(nCy), which yields a tighter bound.

THEOREM 4.6 Suppose that CONDITION A1, CONDITION B and CONDITION C hold, and

that d = o(nCq). Then, for 6 € O, the misclassification rate W1(g, 0) is bounded above by

. Val'Dla
Wi(g,0) <1-® (MnaX(R)(l + 0p(1))> )

with o« = py; — py. Moreover, for the worst case misclassification rate, we have

VCa
2vbo

Wi(g)=1-2 ( (1+ 0p(1))> .
Note that THEOREM B3 is the result for d = O(nCy), while d = o(nCy) is assumed in
THEOREM BEH. We see that, again, the rate of growth of d relative to nCy plays an impor-

tant role. The upper bounds in THEOREMs BZ3 and B8 have the following relationship:

COROLLARY 4.4 Suppose that CONDITION Al, CONDITION B and CONDITION C hold,
and that ny/ny = co + o(1) for 1 < ¢y < 0o. Then, as d — oo, for any 0 € © satisfying

d = 0(nCy) and, a" D~ ta/Cy = O(1), where a = py — pto,

— nina/(dn)a” D 'a(1 + op(1)) + (n1 — n2)y/d/(nning)
e ( 2\/)‘max(R)\/l + ninga’ D1 (1 + op(1))/(dn) > (4.18)

valD 1o
>1—-®

s AmaX(R)u + 0p(1))> . (4.19)

Therefore, (B19), the bound obtained in THEOREM E@, is smaller than the bound
(ET1R) of THEOREM EH. It is interesting to observe that the assumption d = o(nCy),
which leads to the desirable HDLSS consistency of Bi in COROLLALY B, is also responsible

for the smaller error bound (E-19).
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5 Feature Selection

5.1 Feature Selection in 2-class

Koch“and Naitd (2010) propose feature selection in a regression context, which is based on
two different ‘ranking vectors’: the eigenvector p, of the matrix 6*6’3 , and the first canon-
ical correlation vector b, = i;l/ 21/5*, where C, is the sample version of (Z8). Analogously,

we consider a naive Bayes discriminant function

N 1 N\ Al
g(x) = <w—2(u1+u2)> D™ Nfiy — Hsy)
1 T
— o(e-@ra) D,

1 T
= ¢ (w - 5@1 +ﬁ2)) by

which includes feature selection based on P, and on by, where ¢ = ||[D~Y2(fi; — fiy)||-

Because ¢ (> 0) does not affect discrimination, g is essentially

N 1, N\ A ijon
glx) = (w—z(uﬁuz)) D™,

1 T
= (93 - 5@1 +ﬁ2)> by

For notational convenience we write § = (41,...,d4)" to denote either p; = (p1,...,pa)"
or by = (bi,...,bg)T as appropriate.
Let X = (X1,...,X4)T be a random vector from one of the two classes Cy. Put
d 1
330 =3 (%= 5+ ) ) Bi1(651 > ), (5.1)
j=1
where fig; is jth components of fi, = (fu1, . . . ,fieq)T, T is the indicator function and 1 > 0

is an appropriate threshold.
We interpret (60) in the following way. We first sort the features, that is, the variables
of X in decreasing order of the absolute value of the components §; of g, and then consider

the first m features to classify the data.
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We write the sorted components of g as
1Gir| > 1Gis| > -+ > 1dip| = -+ > Giy] > 0. (5.2)

For the naive canonical correlation matrix C , Bl is the naive version of the canonical
correlation vector. In Subsection B3, 31 is the direction vector for the HDLSS naive Bayes
rule; b, therefore plays a dual role of ranking vector for variable selection, and of direction
vector for the naive Bayes discriminant function. We summarize our classification method

based on feature selection with Bl in Steps 1-5 below.

Classification and variable ranking based on Bl
Step 1 Calculate 51.
Step 2 Sort the components of by in descending order of their absolute values as in (B2):
b > [big| > -+ > [bi| > - > [biy| > 0.
Step 3 Apply the permutation 7 : {1,2,...,d} — {i1,i2,...,iq4} to the rows of X, and to
by, and then put by « T(gl) and X « 7(X).
Step 4 Find the best truncation r of (4.3) in Fan_and Fan (2008):

2
A 1 [Z}n:l(ﬂlj — f12)? /G55 +m(1/ng — 1/n1)]
M = arg max -

1€m<d Amax(Rm) — 7m/(nang) + 3700 (ing — f12j)?/6j;

where R,,, is the correlation matrix of the truncated observations.
Step 5 Classify a new datum X by

1. putting X < 7(X), and

2. assigning X to class C; if

Gan(X)=>" (Xi - %([m + ﬂzi)) b; > 0. (5.3)

=1
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We refer to the classification of the five steps above as the NAive Canonical Correlation
(NACC) approach, thus acknowledging the fact that Mardia ef all (T979) call b1 a canonical

correlation vector. For the ranking vector ¢ = p; in (622), the rule (5) becomes

. - 1, ) -
gm(X) = Z <Xij — §(M1¢j + MQij)) bi,

=1

<

[ A

- L. . Qi
E Xi; — 5 (fi; + fizi;) | =

. 2 ;..
j=1 33

for some m € {1,...,d}, where the Xi; are the sorted entries of X, &; = fi1j — fi2j, and

0j; is the jth diagonal element of D given by

. 1
and
ng
l?_ ! Z(X& ﬂf)v £_1727]: ) ,d
7 mp—1 P J J

A comparison of the feature selection induced by (B22) with the Feature Annealed Inde-
pendence Rules (FAIR), which Fan“and Fanl (2008) propose, shows that their selection is

induced by the two sample t-statistics, namely, for jth variable

aj

R 1 n 1
G [ — 4 —
I\ " g

A comparison of (B8) and (64) yields that T; = Cpp; for all j, where the constant C,,

T; = (5.4)

depends on the sample size. Hence, feature selection or variable ranking based on (52)
is essentially equivalent to FAIR, and the eigenvector p; of the naive canonical correlation
matrix therefore offers a natural explanation for the variable selection in FAIR.

The classifications NACC and FAIR differ in that the initial ranking is based on different
vectors; NACC uses Bl, while variable selection in FAIR is based on p;. As a consequence
the order of the variables and the ‘optimal’ number of variables will differ in the two

approaches.
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5.2 Feature Selection in Multi-class

In this section, we propose a method for feature selection in a HDLSS multi-class set-
ting which accompanies our discriminant function. For two-class problems a number of
algorithms exist for extracting and ranking salient features, including the features an-
nealed independence rules (FAIR) of Fan and Fan (P00R), which are based on two-sample
t-statistics. Tamafani ef all (2007) showed that FAIR is essentially equivalent to variable
ranking based on the absolute value of the components of p;. Furthermore, Tamafani
ef_all (P012) proposed the naive canonical correlation (NACC) approach for feature selec-
tion, which exploits the first canonical correlation vector Bl. Feature selection algorithms
for more than two classes have been discussed in the machine learning and bioinformatics
literature; see, for example, the comprehensive survey by Saeys et all (2007).

Feature selection algorithms generally consist of two steps:

Step A
Variable Ranking: Using some reference vectors including information about fea-

tures(variables), we make a ranking vector ¢, of which components satisfy
by 2 2l 2 2 8, 20

A variable ranking scheme for a vector X (or each column of the data matrix X) is

a permutation of the variables of X according to the order inherited from €.

Step B
Number of Discriminant Features: Once the entries of X (or each column of the
data matrix X') have been ranked, we determine the number of effective features, m

and then only use the features X; ,..., X

Jin*
FAIR uses p; as the reference vector. NACC works in a similar way, but it is based
on by instead of p;. Both rules minimize an upper bound for the misclassification rate

as the stopping criterion in Step B. Note that p;, and respectively Bl, is the eigenvector

belonging to the unique non-zero eigenvalue for K = 2.
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We aim to extend FAIR and NACC to the multi-class setting. A natural extension is
the use of all K — 1 vectors py,...,Px_q OF 51, .. ,/I;K_l as reference vectors. Hence we
need a rule for combining the K — 1 vectors. We integrate the K — 1 reference vectors
into a component-wise ‘best’ ranking vector whose entries are chosen as described in
Table b0. The ranking of the variables is then inherited from the ranking vector obtained

by combining these reference vectors.

Table 5.1: The ranking vector ¢ associated with NACC and FAIR for K classes.

Name Component of ¢

M-NACC & = max |bail, j=1,...,d
' 1§a§K_1‘ aj‘7 J 5 s

M-FAIR ¢; = max |pail, 7=1,...,d
] 1§a§K—1‘pa]|’ j 9 9

The criterion for selecting the number of discriminant features is similar to that in
Fan_and Fan (200R): We choose the number /2 which minimizes the upper bound of the
misclassification rate given in THEOREM HE. Suppose that the rows of the data matrix
X are sorted according to some ¢, and then X is truncated into the upper m X n matrix.

The discrimination rule (B2) with feature selection becomes

~ . ~ \T3 /35 A BT\—-15 ~

G (X) = argmin (X, — fig) Bi(BanDaBh) ' BE (X — i) (5.5)
te{1,... . K}

where X, 1, 5, and each column of Em = [/l;]_m e BK,LT;L | are the corresponding first

m-dimensional subvectors and
Dm = diag(c}n, e ,6‘mm)

is the m x m left-upper submatrix of D. Let [ - ],,, denote the vector or matrix containing

the first m features, that is, for ay = [agp,...,a)T €R?and A=[a; - - ag ] € R>*E,
[ ar ]m:[au,...,agm]TeRm, [A]m:[[al }m o lag ]m]GRmXK.

Then, we summarize the new classification method based on feature selection in the fol-

lowing steps:
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Feature Selection Algorithm M-NACC (M-FAIR)
Step 1 Calculate P = [P - Pg_1]and B = [51 o bgg ].
Step 2 Sort the components of ¢ in descending order of their absolute values as
Cjy = Cjy =+ 2 ¢ >0 > ¢j, >0,
where ¢; is based on B for M-NACC, and on P for M-FAIR (sce Table B).

Step 3 Apply the permutation 7: {1,2,...,d} — {j1,j2,...,Ja} to the rows of the data

X, and put X; < 7(X;).

Step 4 Find the best truncation m based on THEOREM B

m = argmax Z nknadka( ), (5.6)
K—1<m<d, =, n?
k;éa

where dq (m) is calculated by
1~
Skaml (T70,L)  TTQF, .
\/ max \/Qk:oz m FTU F) FTQka ,m

o= [T [0, P e

m

dka

~ m _
Qka,m - [/J’k - U‘a]m Dm1/2 [C} m + EqkaN 1/27

i — Fiolr, D2 [C] + =Bk N2,

m

N |

§k‘a,m =
gka:[§1,...,§[(], ) —_7{]( )4_](5:&)}

and ﬁm = (pij)1<i j<m is the appropriate m x m correlation submatrix of R.

Step 5 Apply the same permutation 7 as in Step 3 to a new datum X <« 7(X), use the

first m entries of X and apply rule (53) to assign X to one of the K classes.
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Note that if m = d, then (B3) is nothing other than (E22) without feature selection.
We will refer to this method Multi-class Diagonal Linear Discriminant Analysis (M-DLDA).
We investigate the performance of M-NACC, M-FAIR and M-DLDA for real and simulated

data in the next section.

6 Simulation

In this section, we illustrate the results of Section B and Section B via numerical ex-
periments. Subsection B includes numerical studies to validate the theories for 2-class
problems discussed in Subsections B2, B=3 and B4 Subsection B2 provides a numerical
study for discriminant directions in the multi-class setting to confirm THEOREM E=3 and
COROLLARY E2. In Subsection B33, behavior of the upper bound of misclassification rate
in a 3-class setting is investigated. In Subsection B4, comparative studies for the perfor-
mance of feature selection methods discussed in Section B are given. For the multi-class
setting, we compare the performance of M-FAIR and M-NACC with that of the minimum
redundancy mazimum relevance (MRMR) feature selection proposed by Ding and Peng
(2005), which maximizes an F-statistic or mutual information while minimizing a redun-
dancy criterion which is based on the correlation coefficient. It is worth noting that MRMR
is a variable ranking method which does not include any determination of the number of
ranked features as in Step B of Subsection B2. The ranking approach MRMR does not
exclude the integration of criteria for determining the number of features. Indeed, in the
simulations below we show how one can implement the criterion of (A) in MRMR, as well

as in our new method.

6.1 Simulation I — Discriminant Direction and Misclassification Rate in

2-class

In Simulation I, our interests focus on the misclassification rate Wi (g, 6), and the angle

between B; and b7.
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We generate ny (¢ = 1,2) d-dimensional observations X y; L Ng(py, X)) for d = 200
and d = 1000. For each value of d, we choose n = ni + ng and ny = ny such that n < d.
The estimate of BITb*{ is obtained as the sample mean over 1000 iterations. Similarly, the
estimate of W1(g,0) is calculated as the average of the leave-one out cross-validation on
the 1000 iterations.

In Simulation I, we take g, = 0, gy = t1 = [t,...,t]T, for t > 0. The covariance
matrix ¥ = (0y;) has an autoregressive (AR) covariance structure, with o;; = pl*=7|. For

this example we take p = 0.6. Then we can see that

(11 — )" D7y — py) = dt?

from D= = I;. Thus, for t = 1, (uy — po)T D7y — py) = d. If we take Cy = d in
(233), then the condition d = o(nCy) in COROLLARY B2 is satisfied. Therefore, the angle
between B; and b} converges to 0.

On the other hand, if t = 2/4/n, then we can evaluate

4
nCy

d 1
= — <
n(py — )T D= (g — pg) 4~

on (E33). Thus, the condition d = O(nCy) of THEOREM B3 is satisfied, because we can
take Cy = 4d" for the sequence in CONDITION C such that d = nd” for v € (0,1). It
means that the angle between BI and b] does not converge to 0. Furthermore, we have

Omin = Omax; & — 1/4 and ¢ — 1. If we set m; = w9 = 1/2, then we have

~xT 1
b, b7 5 —

V2
from (E13) and (E18). In fact the angle between gi and b} will converge to 45 degrees.
Table B summarizes the results from Simulation I. The two columns pertaining to
“consistent” relate the results under the assumptions of COROLLARY E=Z; the column
‘Error’ gives the estimated misclassification rate Wi(g, ), and the column ‘Degrees’ lists

the estimated angle

A~k 1 ~k
Z(by,b]) = 180 arccos(blbe)
™
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Table 6.1: Simulation I-I results.

n=
n =

n =10
n =20
n =30
n =40
n =50
n = 80
n = 100
n =120
n = 150
n = 180
n = 200

n =30

n =40

n =50

n = 100
n = 150
n = 200
n = 250
n = 400
n = 500
n = 600
n = 750
n = 900
n = 1000

Consistent Not consistent
d =200

Error  Degrees Error  Degrees
0.06733 61.18507 0.13767 64.44634
0.00325 51.73060 0.04938 57.08087
0.00000 45.18963 0.03200 53.64817
0.00000 31.08961 0.04190 48.12596
0.00000  25.33803 0.06390 47.01111
0.00000 21.93963 0.08670 46.36257
0.00000 19.67402 0.10786  46.05681
0.00000 15.59922 0.15870 45.55593
0.00000 13.89451 0.18283 45.55475
0.00000 12.72426 0.20403 45.22594
0.00000 11.36625 0.22650 45.19424
0.00000 10.43391 0.24979 45.19436
0.00000  9.88011 0.25898  45.04897

d = 1000

Error  Degrees Error  Degrees
0.00000 25.48474 0.00037 47.20665
0.00000 22.03805 0.00130 46.49089
0.00000 19.73937 0.00310 46.19724
0.00000 13.96957 0.02390 45.56207
0.00000 11.43055 0.05001 45.36467
0.00000  9.89451 0.07709 45.25663
0.00000  8.85823 0.09941 45.25595
0.00000  7.01443 0.15405 45.14002
0.00000  6.26700 0.18030 45.06217
0.00000  5.71869 0.20261 45.03024
0.00000  5.12249 0.22683 45.06256
0.00000  4.66969 0.24652  44.99821
0.00000  4.42869 0.25774  45.00964
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Figure 6.1: Kernel density estimates of angles in degrees between Bi and b]. The vertical

dashed line is the asymptotic value derived in THEOREM E=3.

in degrees. The two columns “not consistent” show analogous results under the assump-
tions of THEOREM EZ3.

We note that the angle in the “consistent” columns decreases to zero, as n and d
increase. These results agree with COROLLARY E=2. It is interesting to observe that the
estimated angles for n = 30, 50, 150, 200 are very similar for both values of d. In contrast,
for the “not consistent” columns, the angle clearly approaches 45 degrees, which agrees
with THEOREM E=3. Figure Bl complements the results in Table B: here we show kernel
density estimates of the angles based on the 1000 iterations. The values of n in the top row

(for d = 200) are n = 20, 40, 80 and 180, and the bottom row shows n = 40, 100, 400

36



and 900 for d = 1000. The left panels focus on the “consistent” columns in the Table
B0, and the right panels show density estimates for the “not consistent” columns. These
figures clearly illustrate the behavior of the angle as the sample size increases.

Returning to the “Error” columns in Table B, it is noticeable that the misclassification

” cases, and is largest when n and d are both large, that

rate is almost 0 in the “consisten
is, as BY becomes inconsistent. For these latter results, ¢ = 2/4/n, and this choice of ¢

makes the discrimination problem increasingly difficult as n increases.

6.2 Simulation IT — Discriminant Directions in Multi-class
6.2.1 Simulation II-I

We focus on the investigation of the angle between EZ and bj; for simulated data from the
normal distribution in the case of 3-class setting. In Simulation II-I and II-II, we generate
ny d-dimensional observations X 4 i Ny(py, X) for d =600, 1200 and ¢ =1,..., K. For
each d and ¢y, 0 € {1,..., K}, we choose n = Zle ne and ng, = ny, such that n < d.

For the simulated data we calculate BI, e ,B*K_l, the angles
o~ 180 ~xT
Z(b,, bs) = — arccos(b,, bz) (a,f=1,...,K —1)
™

and display the distributions of these angles based on 1000 iterations.
We take ¥ = (0y;) to be the covariance of an AR structure. For this example we take
p = 0.6. In order to avoid CC7T being singular, we take

lys 0 0
(1 po pg] = n 0 14 O
0 0 1,
In this setting, it is easily confirmed that min;z; (u; — p;)" D~ (p; — p;) = 2d/n and

d d
- < (6.1)
n{ming; (u; — p;) "Dy — py)} — nCa

under (E=3). Thus, if we take Cy = 2d7 for the sequence in CONDITION C such that

d = nd” for v € (0,1), then the condition d = O(nCy) in THEOREM B33 is satisfied. We
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Table 6.2: Average of 1000 simulated angles between B: and bj» in degrees.

d = 600
n Z(b,b)  Z(by,by) Z(bybs) Z(byb})
15 42.237 47.407 90.327 89.976
30 37.392 43.652 90.243 90.127
90 35.159 41.842 90.265 90.026
150 34.746 41.359 90.288 90.074
300 34.388 41.182 90.277 89.959
450 34.257 41.181 89.990 89.881
THEZ  33.855  40.893  90.000  90.000
d = 1200
n Z(b,bi) Z(by,b3) Z(by,b;) Z(b,,b})
15 42.084 47.428 90.273 89.995
30 37.328 43.590 90.302 89.992
90 35.042 41.671 90.046 90.071
150 34.592 41.385 90.073 90.061
300 34.261 41.146 90.196 90.058
450 34.203 41.075 90.164 90.059
600 34.147 41.062 90.120 89.946
900 34.078 41.068 90.021 90.041
THEZ 33855  40.893  90.000  90.000

obtain the following asymptotic angles in degrees 4(5;, b1) T 33.855, 4(3;, b3) L 40.893
and A(B’{, b3), 4(3;, b}) £ 90 from (BT4) with opmax = Omin = 1.

Table B2 summarizes the results for Simulation II-I. The table shows that each angle
approaches the theoretical value shown in THEOREM E=3. Figure B2 and Figure B33 depict
the behavior of 4(/516, b]) and 4(5;, b3) using kernel density estimates. The top panel of
Figure 62 shows the results for Z(Bi,bf), and the bottom panel shows the results for
A(B;,b’é) for n = 15, 30, 150, 300, 450 and d = 600. Similarly, Figure 623 shows the
results for é(gz, b,) for n =15, 30, 150, 600, 900 and d = 1200. These figures show that

each angle converges as the sample size increases.
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Figure 6.2: Kernel density estimates of angles in degrees between BZ and b}, for d = 600.
The top panel and bottom panel are for A(Ei, b7) and A(B;, b3), respectively. The vertical

dashed line is the asymptotic value derived in THEOREM E=3.
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Figure 6.3: Kernel density estimates of angles in degrees between EZ and b}, for d = 1200.

The description of each panel is the same as in Figure 62.
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6.2.2 Simulation II-IT

In Simulation II-II, we extend previous discussions to 4-class setting. The parameter
settings of n, d and X are the same as that in Simulation II-I, but with K = 4. For the

mean parameters pt,, we utilize

140 O 0 0

10 0 154 O 0

[y o pg py :% 0 0 1d/8 0
0 0 0 1,75

In this setting, we can also confirm that if we take the sequence Cy; = 25d" such that
d = nd” for v € (0,1), then the condition d = O(nCy) is satisfied from min;,;(p; —
uj)TD_l(ui — pj) = 25d/n and the inequality (E1) on (E=3).

We obtain the following asymptotic angles in degrees 4(39{, b}) KR 17.136, Z(BZ, b3) £
23.871, Z(by, b3) 1+ 29.496 and Z(b,,, b3) > 90 (for o # ) from (ETA) with oiax = Oymin-

Table B3 summarizes the results for Simulation II-II. Similar to Simulation II-I, the
table shows that each angle approaches the theoretical value shown in THEOREM E33.
Figure 64 and Figure 63 depict the behavior of A(ET, b1), 4(5;, b3) and 4(5;, b3) using
kernel density estimates. The top panel of Figure 64 shows the results for A(BI, b1), the
middle panel shows the results for 4(3; b3), and the bottom panel shows the results for
é(g;, b3) for n =20, 40, 120, 200, 400 and d = 600. Figure B3 shows the results for the
same situation for n = 20, 40, 200, 600, 1000 and d = 1200. These figures also show that

each angle approaches the theoretical value as the sample size increases.

6.2.3 Simulation II-III

In Simulation II-ITI, we use simulated data with a non-normal distribution. We consider

d-dimensional observation vectors Xy; from a multivariate t-distribution

I'((v+d)/2)
['(v/2)(vm)d/2

)

> 7(l/+d)/2

Fx (@5, ) = S (14 - s e

where v(> 3) is the degrees of freedom and I' is the gamma function. Note that the

multivariate ¢-distribution approaches the normal distribution as v — oo.

41



0000006 0000006 0000006 0000006 0000006 0000006 | 1¢967°6¢ 0€TL8'€C  CI9ET LT ERHTL
0872006 8TLE6'68 OTOFG'68 TTFI6'68 8ITE0'06 E€90PR'68 ' FITIS'6E 089LEFT 0€86E°LT  00GT
L690C°06 €9666°68 9¢866°68 86880°06 9106668 €4FV0°06 ' €1808°6¢ GGEVETE G8CEVLL 000T
6,L06°68 ¢8IST'06 1€VS0°06 ¥6010°06 <¢8EOT'06 TIET6°68 @ TI8YF6'6C €EBOVETSE 0EE0G LI 008
G0991T°06 8ECIC 06 96V.L668 LEE60°06 L8LIO06 T&vyI06 | 0C9€6°6¢ VSIEV' VS VVLVG LT 009
GeIye 06  GLG€6°68 GLLT006 ¥OI¥0'06 0L600°06 9T1¢L0°06 | 699.6°6¢ 60009F¢ 08569 LT 00¥
PEIPS'68  T9LL6'68 GLRGE'GR  LIESO'06 6IOZ0'06  €GL80°06 | 6OTET0E T9888FE  TITST'ST  00G
GTPE0'06  TFFO6'68 80086'68 60TT006 GOLIG'68 8TTI0'06 | 0S8€9°0E STOPE'ST  86Y0S'ST 0T
6LET6'68  99LLT'06 TOOS0'06  LFFG0'06 FPE60'06  STEOL06 | 008ELTE  0LES6'LE TIISTTE  OF
6VITC06 7S800°06 T1¢l8668 SG¥890°06 GT066°68 TI8C0°06 1 90667°9€ TIE86V'CE  C6V.LE LT 02
a9z (a7 (l9%97 (97 (997 (q'le)7 (997 (9% (a'l97 u
0021 =P

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
t
|
!

0000006 0000006 00000°06 00000706 00000706 0000006 | 129662 OSTL8'€C TI9ETLT  EWHL
LTFLT06  9FFSS 06 TGEL0'06  069Z1°06 066,006 0STIT'06 ' GL66Z°0E T6090°Gc  LL90L°2T 009
TE6T0°06  OTLS8'68  FGSTO06  FE8T0'06 0ZEI868  9TLOT'06 ' 09STF 0L  966ST°GT  GESTGLT 007
L9€8L°68  08TTT06 0616668 6IEE0°06 FISET06 LEGST06 1 0€989°08  LG6ES'GE  8LESE'ST 00T
P6LG0°06  €FOFT 06  TIT66'68 9TPET'06 6L666'68 8ILST'06 | €0TLO'TE 886E6'GE  GISRG'ST 0T
TELFT'06  8RIFR'GS  99000°06 9LFFT'06 8800868  LESGT'06 ' L9ETO'EE  F6LT€8C 01602TE  OF
EPIT006  9TI8Z'06 G88L6'68 LIEET06 12SST°06 ¥6S8T06 1 L8S0L°98  GIE88'TE  869¢6'L 0T
(Cafq)7 (fa'%q)7 (la'fq)7 (f9'l9)7 (la%9)7 (9'lq)7 1 (9%q)7 (Y9%)7 (9’97 v
009 =p

|
|
|
|
|
|
|
|
|
|
|
4
t
|
!

'$00180p Ul ‘q pue ‘Q usomjoq se[3ue pojernuIs ()OOT JO 9FRIPAY ‘UOHNQLIISIP [RULIOU 9JRLIBANIN €9 O[qR],

42



0000006 0000006 0000006 0000006 0000006 0000006 | 9PeST€E  80L90°LE  TCL6G 6T ERHTL
CEV68'68  OFPSRT'06 9866668  I8TRE'68  LP6IG'G8  LGOPT06 ' TOOLG'EE 8ESGT'ST  TO6ES0Z  00GT
9G7GC'06  €0LLV'06 TCL86°68 <EE60°06 9TCE006 <¢L6CT 06 | OLTV9€E  9GGT1C8C  T6L¥8°0C 000T
€G98L°68 C6L9¢°06 C8EBE68 TICCG6°68  €86C6°68 CEO0T06 , G690G°€E  9T6E€1°8C 98TE6°0C 008
8LEGC06 COBLE'D6 668668 69¢€0°06 <C6VE668 889L0°06 | LIIIV'EE  L¥96C°8C CE661'TC 009
L991¢°06 T¥SG0°06 F49€E0°06 8YG90°06 €0900°06 OPST6°68 | 0L6GT'€E  9860€'8C  O0VILV 1C 00¥
GZEET'06  09T8F06  9ISF0'06 69SL0°06 LPRGS'G8  TLGET'06 | FFCE6'EE 989056 TOLFFEE 008
L8LT6'68  G0S0S'06  SOLO0'0G  €8680°06 SOLVG'G8  9606Z'06 | GRGLEFE €ISFL6T  SOTSEET 0Tl
8LI96'68  CTOSG06 OFEE0'06 OFIEI'06 LSPIO06  CLTOE06 | 998F6'SE  0906£CE  €668T°LC  OF
GCGGL'68 ¢LcG806 L60¢6°68 €GLGT°06 T0L06°68 LCLEE06 1 8EOE6E 9066L°9€ TI88LCE 02
a9z (a7 (l9%97 (97 (997 (q'le)7 (997 (9% (a'l97 u
0021 =P

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
t
|
!

0000006 0000006 0000006 00000706 00000706 0000006 | 9FEST'EE  80L90°LC 1EL6G6T  ETWHL
OLF6G'68  TLRGR'GS  FFG66'68 €S0T0°06  G8960°06 18690706 ' €9T96'€E  006SL'8T  LTFEETE 009
€€080°06 FT88E'06  TTEFG'68  TG8CT06  GLYY6'68 FEILT'06 ' TTT0L'EE 69129'8T  SOIEF'Te 007
867206 1922906 ¥6LG6'68 TIL0T'06 GFILG'68  OT69F'06 ' 8TGIETFE  €FG99'6C 8L864°cc 00T
1L026°68 996T7°06 LETE0'06 T60F006 E€ELE6'6]8  TESYT'06 1 TGLSETE  TFET6'6c 09687'€c 0TI
9F0gT 06  1929%°06 GGG80°06 SFTET'06 GOTFR'68  TE6YP 06 1 0EEET'9E  6FE69°CE 196612 OF
OTES6'68  LTLOV'06  T9890°06 TO9ET'06 LPLOO'06 86ETE 06 1 SEEES6E  GRLIT'LE  LG0G6TE 0T
(Cafq)7 (fa'%q)7 (la'fq)7 (f9'l9)7 (la%9)7 (9'lq)7 1 (9%q)7 (Y9%)7 (9’97 v
009 =p

|
|
|
|
|
|
|
|
|
|
|
4
t
|
!

*$00180p Ul ‘q pue ‘Q uoomjoq se[due pejenuuls (O] JO 98RIGAY ‘UOHNQLIISIP-} OIRLIBAIYNIN  F°Q S[qRL,

43



For the population covariance matrix ¥ = (03;), we choose a moving average covariance

structure o;; = pl=II(|i — j| < 1) for 1 <i,j < d, where p = 0.5. We take v = 3 and

140 O 0 0

15 0 154 O 0

[y o pg py] :% 0 0 1d/8 0
0 0 0 1,7

Then we can confirm that the condition d = O(nCy) is satisfied from

d 4 d
== <

o i (s — 17D — )} 75 = G

The setting of (ng,d) and purpose of Simulation II-IIT are the same as Simulation II-
II. We can calculate Z(by,b}) 5 19.507, Z(by,b}) = 27.067, Z(bs,b%) 5 33.152 and
£(ba,b5) 5 90 (for a # §) from (E13).

Table B4 summarizes the results for Simulation II-II1. The table shows that each angle
approaches the theoretical value shown in THEOREM B=3. The description of Figure 68
and Figure B2 are the same as in Figure 64 and Figure B33. Compared with Figure 64
and Figure B33, we see from degrees and density of each panel that the convergence speed
of A(BZ, b)) with multivariate ¢-distribution is slower than that with multivariate normal

distribution. However, we can see that each angle converges as the sample size increases

also in this situation.

6.3 Simulation IIT — Upper Bound for Misclassification Rate

To appreciate the usefulness of the upper bounds which we derived in THEOREM B4
and COROLLARY B3, we give a numerical example for the case K = 3 with parameters
d = 1200, py = £(1q — ep)/n® (¢ = 1,2,3) and ¥ = (0y;) to be an AR structure. For
this example we take p = 0.6. We see that d = O(nCy) if s = 1/2, and d = o(nCy) if
s < 1/2 (see ConDITION E). The empirical regions .@170 or @170 are obtained from the
sample mean over 100 iterations.

Figure B8 shows estimates of the misclassification rate Wi(g,6) and of the upper

bounds given in THEOREM B and COROLLARY E=3. Both figure panels show that the
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d=600, Normal distribution, AR, angle(hat{b}1,b1)
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Figure 6.4: Kernel density estimates of angles in degrees between BZ and b, for d = 600.
The top panel, middle panel and bottom panel are for 4(3;, bl), A(B; b3) and A(B;, b3),

respectively. The vertical dashed line is the asymptotic value derived in THEOREM EZ3.
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d=1200, Normal distribution, AR, angle(hat{b}1,b1)
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Figure 6.5: Kernel density estimates of angles in degrees between BZ and b}, for d = 1200.

The description of each panel is the same as in Figure G4l
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d=600, t-distribution, MA, angle(hat{b}1,b1)
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Figure 6.6: Kernel density estimates of angles in degrees between E:; and b7, for d = 600.

The description of each panel is the same as in Figure G4l
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d=1200, t-distribution, MA, angle(hat{b}1,b1)
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Figure 6.7: Kernel density estimates of angles in degrees between BZ and b}, for d = 1200.

The description of each panel is the same as in Figure G4l
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upper bounds are actually upper bounds of the error rates even for the moderate sample
sizes used in the example. The left panel refers to the case d = o(nCy), and the right
panel covers the case d = O(nCy). Note that the difference between the upper bound and
Wi(g,0) is smaller for the regime d = O(nCy) than the case d = o(nCy) as sample size
increases. In both cases, the estimated misclassification rate increases with n, whereas the

upper bounds tend to flatten as n approaches 500.
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Figure 6.8: Mean upper bound for the misclassification rates over 100 simulations shown
together with intervals of one standard deviation. Left panel: d = o(nCy); right panel:

d = O(nCy).
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6.4 Simulation IV — Feature Selection
6.4.1 Simulation IV-I

Simulation IV-I focuses on the performance of g,; of (633). The FAIR approach of [Fan and
Fan (2008) and the NACC approach share the vector /151 for discrimination, but base their
feature selection on different ranking vectors: FAIR essentially chooses features based on
(2@), while NACC selects features based on b.

For Simulation IV-I the parameters g, and ¥y are

/4 j €{10,20,30},

,uQ:OG]Rd, “1:[M11,,,,,M1d]TeRd, Hij = :
0 otherwise,

So = AV25AY2 A = diag(ay;), aj; =j

and ¥ is an AR structure with p = —0.6. The mean parameters p; and py show that
only the 10th, 20th and 30th features are large, so we expect to select these features
from the simulated data. Further we note that the diagonal elements of the covariance
matrix Yy are monotonically increasing. The observations about the large features and the
behaviour of ¥y allow us to compare the performance of the FAIR and NACC approaches
under a non-homogeneous variance structure of the features.

For each pair (d,n) and for both FAIR and NACC, we calculate estimates of the mis-
classification rate as described in Simulation I. However, in this simulation, we use 100
iterations.

The estimates of the misclassification rates are tabulated in Table 63, with standard
deviation in parentheses. The column d = 200 of Table B3 shows that the error prob-
abilities of NACC are smaller than the corresponding values for FAIR except for n = 10,
where FAIR wins. For d = 1000, the superiority of NACC over FAIR is apparent, especially
for n = 50, 100, 150, 200. The results show the merit of feature selection with Bl over that
with the vector p; of FAIR.

So far we have compared the misclassification rates of the two approaches. We now

look at the specific features that are selected in the simulations for (d,n) pairs. Figure
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Table 6.5: Estimated value of the misclassification rate.

n==~0
n =10
n =30
n =50
n = 100
n = 150
n = 200

d = 200 d = 1000
NACC FAIR NACC FAIR

0.53167  0.53500 0.55167  0.56167
(0.26025 ) (0.25436)  (0.23414) (0.25031)

0.51100  0.50300 0.57300  0.62500
(0.20395) (0.21670)  (0.24240 ) ( 0.22847)
0.33933  0.35700 0.42233  0.44433
(0.13848 ) (0.15500)  (0.17240 ) ( 0.14688)
0.23360  0.25940 0.35580  0.40420
(0.08989 ) (0.10830)  (0.13536) (0.11691)
0.17510  0.19280 0.21360  0.30550
(0.04237) (0.04854)  (0.08423) (0.09312)
0.17993  0.18640 0.17667  0.24360
(0.03349 ) (0.03718)  (0.04020 ) ( 0.08258)
0.17035  0.17295 0.16815  0.19155
(0.02616 ) (0.02658)  (0.02708) ( 0.04728)

B9 shows the frequency of the selected features over 100 simulations. The top panels
show the results for (d,n) = (200,180), and the bottom panels show similar results for
(d,n) = (1000,180). The left panels relate to NACC, and the right panels to FAIR. The
figures show clearly that NACC correctly picks the large variables 10, 20 and 30 most of the
time, while FAIR selects many other features, typically features with a large variance. The
feature selection of NACC is based on by and thus on (fi1j — fr25)/655. Our results suggest

that feature selection with /l;l captures the data structure better than FAIR, in particular

for larger values of d.

The results of Simulation IV-I illustrate the superiority of NACC over FAIR in two ways:

the misclassification rates are mostly smaller, and feature selection is more pertinent,

especially for higher values of d.
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Figure 6.9: Frequency of obtained features.
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6.4.2 Simulation IV-I1

Simulation IV-II focuses on the performance of the proposed discriminant function with

feature selection. We consider data X ; i Ng(pp, X0) from K = 10 classes with:

11—-¢ j={¢,
MKy = [Hfh s 7,Ufgd]T € Rd7 Hes = . and Z0 = A1/22A1/27
0 otherwise,
where A = diag(a;;) with aj; = j and ¥ has an AR covariance structure with p = —0.6.

The mean parameters p,s show that only the first 10 features differ, and we therefore,
expect to select these features in the simulated data. Furthermore, we note that the
diagonal elements of the covariance matrix Yy are monotonically increasing.

We compare M-NACC with MRMR, and use the same m for both methods, which we
calculate for M-NACC as described in (68). A similar comparison is given for M-FAIR and
MRMR. For d = 1000 and n;, = 50 (with ¢ = 1,...,10), we obtained estimates for the
misclassification rate based on 100 iterations.

In this simulation study we introduce another measure for comparing feature selection
methods. We can see from definition of the p, that the set of features {1,...,10} should
be picked with a suitable feature selection. We now want to determine how successful the
features selection (B8) is in choosing the correct features. Let { jgt), R jﬁﬁ)( t)} be a set of
selected features based on the tth simulated data set, where 7(t) is the number of selected
features determined by the tth data set. For ¢ € {1,...,10}, let CSR(¢) be the correct

selection rate for feature 7 and put
e (®) ®)
N . (t (t
CSR(i) = 100 ;1 I (z c{n ,...,jm(t)}> .

The CSR counts how often the set of selected features contains the features which should
be selected. A CSR(i) close to 1 means that feature 7 is frequently selected by the feature
selection method which is good. We calculated CSR(i) for M-NACC, M-FAIR and MRMR
in this study. For the MRMR-based discriminant function with feature selection we did
not calculate estimates of the misclassification rate, since MRMR is just a competitor for

variable ranking.
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Table 6.6: Results for Simulation II. CSR() and estimates for the misclassification rate

1

of each method. ': MRMR with 7 determined by M-FAIR. 2: MRMR with 77 determined

by M-NACC.

Feature(q) 1 2 3 4 5 6 7 8 9 10
M-FAIR 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.93 0.47 0.03
MRMR! 1.00 1.00 1.00 1.00 1.00 1.00 0.98 0.68 0.20 0.02

M-NACCc 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 0.84 0.14
MRMRZ 1.00 1.00 1.00 1.00 1.00 1.00 0.93 0.42 0.08 0.00

M-FAIR M-NACC
No. of selected features 24.31 9.22
Training error (%) 27.46 30.94
Test error (%) 31.84 28.21

The results of the simulations are given in Table B8, which shows the correct selection
rate as well as the estimated misclassification rate for each method. The estimate for the
error based on (B3), and called training error here, was obtained as the sample mean
over 100 iterations, while the estimate for the test error was calculated as the average of
the leave-one out cross-validation over 100 iterations. Table 6@ shows that the CSR(%)-
values of M-NACC are typically higher than those of MRMR, and a similar tendency can
be verified for M-FAIR. M-NACC recorded CSR(7) < 1 for ¢ = 9,10, while M-FAIR resulted
in CSR(7) < 1 for i = 8,9,10. Further CSR(9) and CSR(10) of M-FAIR are smaller than
those of M-NACC. As far as the mean number of selected features m is concerned, we note
that M-FAIR has a tendency to select more (and indeed by far too many) features than
M-NACC, and M-NACC selects the correct features more frequently than M-FAIR.

In view of training error, M-FAIR is slightly superior to M-NACC, which can be under-
stood by its number of selected features. However it is worth noting that M-NACC recorded

a smaller test error than M-FAIR and used fewer features.
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7 Application to Real Data

7.1 Lung Cancer data

In this section, we consider the lung cancer data that were analysed in Gordon ef all (2002).
These data are available at http://levis.tongiji.edu.cn/gzli/data/mirror-kentri
dge.html. The data have two classes: malignant pleural mesothelioma (MPM) and ade-
nocarcinoma (ADCA). There are 12553 genes, the variables, and 181 samples (31 MPM
and 150 ADCA). Gordon_ef all (2002) considered a training set of 16 MPM and 16 ADCA
samples, and used the remaining 149 samples for testing. We use the same training and
testing subsets.

For the lung cancer data, we compare FAIR with NAcC. Table [ shows the classifi-
cation results of the two approaches. FAIR selected 14 genes, and resulted in 0 training
errors and 8 test errors, while NACC selected only 7 genes which yielded 0 training errors
and 8 test errors. Both approaches select features 2039 and 11368. These features may be
of interest to medical experts, but we are not concerned with this aspect in the present
analysis. The results show that both classification approaches have the same number of er-
rors, so perform equally well, but NACC finds a more parsimonious set of features. Indeed,
NACC requires only half the number of features in order to achieve the misclassification

that FAIR achieved.

7.2 SRBCT data

We apply our method to the small round blue-cell tumors (SRBCT) data that were ana-
lyzed in Khan et all (2001), and are available at http://statweb.stanford.edu/~tibs/
ElemStatLearn/ (see Hasfie ef all (2001)). The data have four classes: neuroblastoma
(NB), rhabdomyosarcoma (RMS), non-Hodgkin lymphoma (NHL) and the Ewing family
of tumors (EWS). There are 2308 genes and a total of 83 samples: 63 training samples
(12 NB, 20 RMS, 8 NHL and 23 EWS) and 20 test samples (6 NB, 5 RMS, 3 NHL and 6
EWS).
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Table 7.1: Results for the Lung Cancer data. Numbers in bold show common selected

genes in each approach.

NACC FAIR
1955 2039 2928 34 1136 2039
4345 8928 11238 3250 3844 4336
selected genes 11368 7249 7765 8537

9474 11015 11368
11841 12248

No. of selected genes 7 14
training error 0/32 0/32
test error 8/149 8/149

We applied M-NACC, M-FAIR and MRMR with feature selection to the SRBCT data,
and also applied M-DLDA (without feature selection) to the same data. The results for
approaches with feature selection, including selected gene numbers, training error and test
error are summarized in Table 2. We observe from Table [ that M-FAIR selected 13
genes which resulted in a training error of 0 and a test error of 2, while M-NACC selected
12 genes which yielded a training error of 0 and a slightly higher test error of 3. 20 genes
were selected by MRMR, which yielded a 0 training error and a test error of 2. Although
M-FAIR and MRMR resulted in the same test error, it should be noted that M-FAIR achieved
this accuracy with a smaller number of features. M-DLDA recorded 1 training error and 5
test errors, both of these are worse than the error rates obtained with M-NACC, M-FAIR
and MRMR. This reveals that feature selection works well for this data set, and is superior

to similar methods without feature selection.

7.3 Isolet data

The last example deals with the Isolet data studied in Weinberger et all (2006), which
are available at http://archive.ics.uci.edu/ml/datasets/ISOLET. The data have 26

classes corresponding to the letters of the alphabet. There are 617 genes and and a total
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Table 7.2:  Results for the SRBCT data. Numbers in bold show common selected genes

in each approach.

M-FAIR 1955 2050 1954 1194 1158 174 1003
1389 246 107 1645 951 1980
M-NACC 1955 481 1158 1954 1194 1888 951
selected genes 879 1003 174 1389 246
509 107 867 879 1708 1955 2050
MRMR 1194 246 742 1003 1389 819 851

338 368 1706 1319 2 545
M-FAIR M-NACC MRMR M-DLDA
No. of selected genes 13 12 20 2308
Training error ~ 0/63 0/63 0/63 1/63
Test error  2/20 3/20 2/20 5/20

of 7797 samples: 6238 training samples (238 samples from class 6, and 240 samples from
each of the other classes), and 1559 test samples (59 samples from class 13, and 60 samples
from each of the other classes).

As our setting is that of HDLSS, we randomly picked 20 samples form each class of the
training data. We applied each of the four methods considered in Subsection 2 to the
520 samples of the new training data, and evaluated their performances on the full test
data consisting of 1559 samples. We repeated the above procedure 100 times. Boxplots of
the test errors and the number of selected features are shown in Figure [1. The left panel
of Figure [ shows the number of selected features. Figure [0 exhibits that the number
of selected features of M-FAIR is smaller than that of the other approaches. However,
there seems to be an unstable trend in the misclassification rate arising from the M-FAIR
calculations, as can be observed in the right panel. This could be a consequence of the
small number of selected features. On the other hand, the number of selected features
of M-NACC and MRMR result in about the same number, however, the test error of M-
NACC is smaller than that for MRMR and M-FAIR. The detailed values of the boxplots

are summarized in Table [Z3. From these values we can see that the average test error of
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M-NACC is almost equal to that of M-DLDA, but M-NACC obtains the same accuracy with

only one-third of the number of features.
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Figure 7.1: Isolet data. The left panel shows boxplots of the number of selected features
for M-NACC, M-FAIR and MRMR over 100 iterations. M-FAIR is smallest, and the number
of its outliers (open circles) is zero. The number of outliers for M-NACC is two, and that
of MRMR is six. The right panel shows boxplots of test errors of M-NACC, M-FAIR, MRMR
and M-DLDA using the simulated data of the left panel. M-FAIR is not as stable as the
other approaches because there are many outliers and large errors. M-NACC and M-DLDA

are superior to other approaches.
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Table 7.3: Results for the Isolet data. Descriptive statistics of the number of selected

features and test error for each method over 100 iterations.

No. of selected features
M-FAIR M-NACC MRMR M-DLDA
SD 43.69 33.38 52.31 0.00
min 25.00 139.00 25.00 617.00
1st quartile 74.00 166.80  171.80 617.00
median  102.00 181.50  189.50 617.00
average 99.33 185.60  205.10 617.00
3rd quartile  130.50 198.00  227.20 617.00
max  197.00 420.00  368.00 617.00

Test error

M-FAIR M-NACC  MRMR M-DLDA

SD 0.13361 0.01483 0.04152 0.01242

min 0.12190 0.11030 0.13410 0.10780

1st quartile 0.15190 0.13710 0.16340 0.14110
median 0.16900 0.14820 0.17670 0.14820
average 0.22500 0.14770 0.18200 0.14850

3rd quartile 0.20510 0.15590 0.19500 0.15520
max 0.61390 0.18410 0.52020 0.18220

8 Proofs

Proof of LEMMA BTl

By CoNDITION A, for fixed ¢ < K we have

K
~ ~ - = Ty
Be—p = (ue—u)+(€z—€)+z<;—w)w,
=1

where 8 = (1/ny) 3.1, e and € = (1/n) S0, 32| 4. Thus,
MoNY? — MoITY? = My(NY? —T1Y2) + M(N — 1515 NY? + E,NY/2,

where M = [ p, - py |and Eg=[& —% --- €x — € |.
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Therefore, CTC can be written as

crc

_ <N1/2 _ H1/2> MoTﬁflMo <N1/2 _ H1/2>
v <N1/2 - H1/2> MID™ M (N — ) 115 NY/?
i <N1/2 _ H1/2) Mgﬁ_lEoNl/Q i <N1/2 _ H1/2> Mg“ﬁ—lMHI/Q
FNY21 1T (N — ) MT DM, <N1/2 - H1/2)
N2 1B (N —T)MT D M(N — 115 N'/?
+NV21 1T (N =) M D EgNY2 4+ NV21,1%(N — )M T D~ MI1'/?
+NV2ES D My (NVAIV2) + NV2ET DTUM(N — )11 N2
+NYV2EI D EGNY? 4 NV2EL D112
Y2 T D1 <N1/2 — H1/2> FIY2MD M (N — D115 N2
+IIY2 MY D™ EgNY? + 1TV Mo D~ MTT' 2, (8.1)

From CONDITION B, it follows that D = D(1 + op(1)) (see Fan and Fanl (200R)), and this

leads to the following expressions
Mg D™ My = (1 — 1) D™ (g = 1)) g e (14 0p(1)) = 1 150(Cp),
My DM = (= )" D7 1) oy g e (14 0p(1)) = 1x15O(Cy),
MTD™'M = (HgDﬂM)lgk,gSK (1+0p(1)) = 1x150(CY) + IxO(Cy)

by CoNDITION E. From the evaluation of the term I3 on p.2626 of Fan_and Fan (200R),

we have

ngﬁilEo = 1[(1%013(001), MTﬁilEo = 1K1§0P(Cd)-
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Consider the matrix EE;F B*1E0 of CTC. We have
EI'D'E, = EI'D 'Ey(1+ op(1))

= (Ex-8)'D ' - ?))KHSK (1+op(1)).

In particular, we need to evaluate the variance term V [(g, — €)D"' (g, — &)].
If £ = ¢, this variance can be obtained as

Ve —&)''D (e —¢)]
(8.2)

—tr{(D'@ D VE (& —¢)(er— &) ® (e, — )& —&)"]} — {tr(D7'=")}?
by using Theorem 9.18 of Schoffl (996), where ® is Kronecker product, that is, for A €

R™*™ and B € RP*4,

annB  asB -+ a,B
aep | @ 2B B g,
amB ameB - amnB

and ¥* =V [g, — €] = (1/ny — 1/n) 3. Thus, we have {tlr(D*12>“)}2 = d*(1/ny — 1/n)>.

Since D~! ® D! is a diagonal matrix, (82) can be written as
Vi[E —g) "D (e —¥)]

-1 -1 : — = =T o = == =T 5 (1 1\?
=tr {(D"'® D" ")E [diag {(e, —€)(er— €)' @ (e, —&)(Ec—€)" }]} —d <W_n> ,

by the property of the trace of the relevant matrix. The diagonal elements can be written

as

D '®@ D'E [diag { (g, — &)(e, — &)" ® (8, — €)(5r —&)" }] = diag (v1,...,vs2), (8.3)
where
forj=(s—1)d+s, se{l,...,d},

E |(es - %) (Fu — &)

Oss0tt

, for all other values of j < d?, and s # t,
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and g5 and g, are sth element of €y and g respectively.

Next, we expand &p; — €. This difference can be written as

1 Ny 1 K nyg
Eps —Es = T“T § Elis — E E § Ekis
i3 k=1 i=1

1 1\ & 1 Lk
= <W—n>25h‘s—nzz5kis‘

i=1 k£l i=1

Using the properties E [g4s&ks] = E [s] E [Exs] and FE [Egs] = 0, we have

1 1\* X o o '
elee-a] = (-1 5| (L) [+ 22| (T 3a
¢ i=1 kAL i=1
5 2
6 (1 1)\ . s
S0 | () | 2| (S 2w
¢ i=1 kAL i=1
In particular, we find that
Ny 4 9
E <Z 6&-8) = nE [e};] + 3ne(ne — 1) {E [e};,] }
i=1
= négss + 3”8(”@ - 1)0-357
4
ne 9
E Z Z Ekis = anE [5@8] +3 Z ng(ni, — 1) {E [5%25] }
k£l i=1 k£l Py,
= (n—ng)éss +3 Z ng(ng — 1)0337
k£l
ng 2] [ ne
E <Z 551’5) =V Zgéis] = TNyOss,
i=1 | Li=1
2_ -
Nk Nk
EU Y] | = VY] = e
k£l i=1 | | kA i=1

where & = E [e3,,63;,]. Therefore, the ((s—1)d+ s)th diagonal element of (83) becomes

- n —ng)(3n2 — 3nny + n? 3
E |:(€€5 - 58)4] = ( £)< Z3 3 ‘ )553 + - an(nk - 1)0-55
n3n; nt

43 (1 _ 1>2 (n —ne)(ne(ne +1) + n(ng —1))

nge n ngn? 58
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From tedious but direct calculations we have

[/ ng ng
FE (Z Efis) <Z 5Eit> ] = NyOst,
L \i=1 i=1

[ Ny 2 ngk 2
B (z) ) DA I [
| \i=1 kAl i=1

ng Ny Nk ne
2 [T3 (z) 3 e (z) i~ o,
i=1 1=1

k£ i=1 k£l i=1

2
E < § 6@15) < E Eeit> = nglst + ny(ng — 1)osson + 7005,
=1 =1

r 2 2

Nk Nk
E (DD e Y eri | | = —np)éa+ (n—ne)(n—ng — 1)oson + 705,
KAl =1 Kl =1

where 7, and 7_, are the numbers of combinations that arose throughout the calculations,

and whose orders are O(n?). The different expressions above lead to

E [(@s —2)° (Eu — @)2}
11\ ne e 2
= (W - n> E (; 5&3) (; 5€it>

1 1\*1 . ’ .
+<W_n> ?E (;wis) Zzemt

kAl i=1

2_

1 1\2 1 Nk g Tk e
+4 ( — ) —E Z Z €kis (Z 6&'3) Z Z Elkit (Z 6@z‘t>
e njon kAL i=1 i=1 kA0 i=1 i=1

1 1\’ 1 o Al ’
(1) | (Sew)
ng n) n ; ;
kAl i=1 i=1

2

1 n 2 nk
tak D enis D e

k#0 i=1 k£l i=1

(n —ng)(3ng — 3ngn + n2)5 (n —ng)(nin + 3n? — nyn? — 3nyn + n?)
— 3 st —

2
3 OssOtt + TO g,
n ’I’Le

3
n,n
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where 7 = (1/ng — 1/n)47 + (1/n)*7_y + 4 (1/ng — 1/n)* ng(n — ng)/n?. Combining the

above calculations results in
e Tl d? 1 )
ViE—g)' D e —5)] = O 3 +0 3 Zpst,
s,t
where pg; is the (s,t) component of the correlation matrix R. The sum is evaluated as

> 0% =151(RO R)1g < Anax(R) { max pss} 171, < bod

1<s<d
st

by the definition of the parameter space O in (E=3), where ® is the Hadamard product;

that is, if A and B are m X n matrices, then

a11b11 s alnbln
A®B=
amlbml s (lmnbmn
Therefore, (82) can be evaluated as
T -1 d?
V]E —g)' D' —-¢)] = O <n3> .

Using Chebyshev’s inequality, for any € > 0, we have
P (

Hence, (8, — )T D71(g;, — €) can be evaluated as

(& —-e)'D (e —¢)—-E[(&—&)"D (e —¢)]
Cyq

& —8)D (e —¢8) = <7; - i) d+op(Ca)-

Next, we evaluate V [(g; — €)T D' (g; — €)] for £ # k. Using Theorems 7.7 and 7.14—
7.16 of Schotf ([996), we get
V[E -&8)"D (e —7)]
=tr {(D'® D" Y)E [diag{(e, — &) (ex — )" @ &, — &)(&r — )" }]}
— {tr(D'E [diag(e, — €)(gx — )" ] }2 .

64



We first calculate the jth diagonal element of (€, — €)(&; — €)”. By noting that

1 Ny 1 K ng
S Ol TR SO DL
ti= k=1 i=1
1 1)\ 1 & 1 3
S CRE) DILVEE) SLVEED B 3E
€ =1 i=1 h£Ck i=1
we have E (8¢ — €;)(Ex; — €j)] = —0j;/n. Consequently, we obtain
-1 . — N\ — _\T112 d2
{tr(D"'E |diag(e, —€)(Er — )" |} = ol

Next, we consider the diagonal matrix
(D~' @ DE [diag{(g; —€)(ex — )" @ (€1 — &) (& —©)"}] = diag (u, ..., uq2),

where

E |:(§Es - 55)2 (gks - g5)2

2
Oss

7 j=(s—1)d+sforse{l,..., d},

E[(Eps — &) (Es — Es) (Ber — &) (Bt — &1)]

. for all other values of j < d2,

and s # t.

If j = (s —1)d + s, then we have

(ne 4 ng) — 3neny,
ngnEnd

E [(gés - 53)2(@% - g8)2] = z §SS + 5(67 k)o‘?s,

where (£, k) is the coefficient of o2,. Note that the order of x(¢, k) is O(1/n?) which we

state here without giving a detailed proof. On the other hand, we have

E [(gﬂs - gs) (gks - gs) (gﬂt - gt) (gkt - gt)}

n(ng + ng) — 3ngn 3 /1 1 1
_ ( l k) - 4 k58t+{3_2<—|—>+2}Ussatt+7_azt
nenEm n n2 \ny ng n

when ¢ = k, where 7 = O(1/n?). From the above calculations, we have

Ve -e)'Dler-2)] = O (f;) +0 <:2> > P

off)
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Chebyshev’s inequality now implies that (€, — )T D7 1(gx — €) = —d/n + op(Cy), and

consequently,

N'2EI D' E,N'/?

= N'Y? (& =)' D&k = 8)) oy e N7 (1 + 0p(1))

— N1/2 <d (1 _ 1> Sk — é(l — O k) + OP(Cd)> NY2(1 4 0p(1))
ne n n 1<6k<K

d
= —(Ix ~ NY211ENY2) 4 115 0p(Cy).

The previous calculations can now be summarized and lead to the desired expansion of
CTC/Cy, namely

. .
CC L O (1 NPLARNY2) 4 115 0p(1)

Cy Cy nCy
= CCT,dC + (I — M2 118 10Y2) 4 1515 0p(1).
O
Proof of LEMMA
From Weyl’s inequality (see e.g. Bhafia ([997)), A\, can be evaluated as
max{)\aﬂ £, } < (Ajd < 211 + &, (8.4)

fora=1,...,K—1and 0 < A\g/Cy < X}, /Cq+& = £ In particular, it follows from (B2)

that
Arit Ao )\
< _ -
¢ e et
by CONDITION D. Therefore, A\, /Cy should be simple. O

Proof of THEOREM H

Put T = [v4,...,7k], Where 7, is eigenvector of CTC/Cy + £(Ix — TT/21 1L T1Y/2)
belonging to the fth largest eigenvalue. By LEMMA B, we obtain

+ CTC Mo Ak

Ik cy c, Oy

'k = diag < ) (1+o0p(1)).
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Let H = | hi - hg ], where hy is eigenvector of rt (aTé’/Cd) I' belonging to the ¢th
largest eigenvalue. Since all eigenvalues \, (for a =1,..., K — 1) are simple by LEMMA
B2, it follows that o L Ix. From the equation I'L <6T6/C’d) FKfALg = (Xg/Cd)fALg we

can see that

7 CTC .~ N~

I'y.—7T = —
K=o Khy the
— CC (0hy) = 2 (i)
o, \lhe o, \lihe
aaT 6’7[ /)\\g a"}’g
~ (1+0p(1))}: Y (1 40p(1)y. (85)
Ca {HCWII Ca | [|ICy,ll

On the other hand,
cet e
follows from the definition in Subsection B. Now, from (83), (8@) and LEMMA B2, we

(8.6)

conclude that the linear span of the p,, is asymptotically equal to that of the Cy,,/||Cy||-
Since eigenvectors have unit length, ||p,|| = 1 and sgn (pa1) = sgn ((67a/||6"ya]|)1) ,

where (-); denotes the first component of the vector. Therefore, we have

67 ~T a’)/
w=—=—"—1+o0p(l)) = p,—=——=1+o0p(1).
1CYall 1CYll
[l
Proof of THEOREM
From THEOREM BT and (E72), the inner product of p, and pg is given by
57p 7£6TC”75(1 +op(1))
alp ——
YECTCr o\ [AECT Cg
B ATV ME D= MITY 2~ (1 + 0p(1)) 57)

VAECTCryay[V5CTCg

The numerator of (877) can be evaluated as
VA2 MG DT MO 2y = A T2 M D M 2 5(1 + 0p(1))
= ATCTCys(1 + 0p(1))
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by Chebyshev’s inequality. By LEMMA B, ’ygéTa’ya of (BZ) becomes 7§6T6~ya =

Aa(1+0p(1)) . Notice that ’ngTC”yB of the denominator of (87) can be written as
v5CTCry
— ) {(CTC Oy (I — TIMY21 1 011Y2)) — Oyt (I — H1/21K1};H1/2)} Vs
= Ag — Ca€(1 — y5II 21 13T 2y ).

Therefore, we obtain

k5008 — &(8ap — Nanp)

7
PoPg =
’ VEay/kg —&E(1—n3)

(1+ op(1)). (8.8)

Proof of COROLLARY B

From (B3R) in the proof of THEOREM B2, and the assumptions of COROLLARY BT, it

follows that

K00

VHa\/F3
_ {1+0P(1) if o = B,

Plps = (1+0p(1)

OP(l) lfOé#B,

since £ — 0. g

Proof of THEOREM

The inner product of BZ and bj becomes
ﬁgﬁfl/QDflﬂpﬁ
\PaD P\ /PED Py

TAT H—1/2 1y)—1/2
v5,C* D D Cv
- g (1+o0p(1)). (8.9)

\VAVECTD1Cy o [AECT D=1 Cyy
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b, by =




using THEOREM B, (B27) and (E1). The numerator of (89) can be evaluated as

NECTD 2D 120y, = yTCT D7 Cv4(1 + 0p(1)).
Using (&), CTD~1C of (83) is given by
CTD'C=C"D'C+ N'V2ETD2EN'Y? 4 151%0(Cy).
Therefore, we have
v4C'D ™0,
<~rcTD 0y, + LyaTNl/?ETf)—lENl/%a(l +0p(1)) + o(Cy)

Omin

= ’YgCTDilc’)/oa

11—~ Y211 L1124, Cy
X <1+Cd§ (1+0P(1)>+0 W

Omin ’Yg:CTD_ ! C’Ya

<7, CTDIC,

Omax 1 — 7TH1/21K1§H1/27 Cq
« (07 1 1 S
’ (1 O YECTCy, (tror)+o{Jreres,
= 7£CTD71070¢
Omax 1-— 772 Cd
14+C o 1 1
. ( O o he— Catt gy LT or) H o (Aa — (=)

5(1 - 7724) (1 - Gmax/anlin)

T AT y—1 KRa —
=~.C" D™ C

(1+op(1)),

where oyax = maxi<j<q0jj and oy = minj<j<q0j;. Hence it follows that

T Ra — 5(1 - 772)
by by > bib; a (1+ op(1)).
’ * Ve — €0~ 12) (1~ Crmee/ Tanin)
Similarly, we obtain
T ko —E(1—n3)
b, by < blb; a (1+o0p(1)).
’ * Vo — € —12) (L - Owmin/ Tmar)
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Proof of COROLLARY

From the assumption d = o(nCy) that (810) and (BI1) can be evaluated as

s — (1 — 12
bt = b Vo — f(lﬁi 775((11 —Ziax/amin) or)
= b b5(1+ 0p(1))
and
- — (1 =12
6y < b1 o)
= b b5(1+ op(1))
respectively. Therefore, we have BZTb}; = bZTbE(l +op(1)). O

Evaluation of the Misclassification Rate W (g, 0)

Suppose that the random vector X belongs to Cr. The correct classification rate of g for

class Cj, is defined as
Wi(@G,0) = P(g(X)=k | Xpy, L=1,....K;i=1,...,np)
= P(gX)=k|X).

We have

Wk(g,e) = P ﬂ {w €N
a#k

- P ﬂ{weQ’gka(X(w))>O} x|,
atk

where @y, = BT (BDBT) (i, — fi,). We can easily sec that

- 1 A\ R R
Oka(X) ~ N ((Nk - Q(HkJrHa)) Wi, w:kpazwka> , aFk.

Therefore, W (g, 0) can be written as

Wi(G.0) = P ﬂ{weQ’Zka(w)>—CZka} x |,
a#k
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where Zyg = (S,m(X) _E [Ska(x)]) / v [E,m(X)} ~ N(0,1) and

~ E [Ska(X)}
dka - —
V |:5k:oz(X):|
_ Gm (At 3)/2)" BT(BDBY) By — ) .12
V(i — fin)" BT (BDBT)-\BSBT (BDBT) ' B(fy, — i,
Next, we evaluate the (i, 7)th element of the covariance matrix of (2k1, ey ZkK)T, where

ij € {1,...,K} — {k} and i # j. From opa(X) — E [Ska(X)] = (X — pp) W,
Cov(Zki, 2kj) can be written as
TN TIN

T~ T o~ ’
\/wkiZwki\/wkjEwkj

COU(Z]“‘, ij)

Therefore, the covariance matrix of Zj, = (Zgys--- Zk(K_l))T is

Se = WIS, (8.13)

where Z,m =I(a< k)Z/w +1I(a> k)Zk(a+1),

~

o Wiy Wi(Kk-1)

Wy, = = =
\ Wy Xy, \/Mk(K_l)EQk(K—l)

and Wy, = I(a < k)Wyo + I( > k)Wy(aq1)- Now consider the region

9. = {z e RE-T

2 < dys ae{l,...,K—l}},

where d,,, = I(a < k)dga+I(a > k)dk(aﬂ). Since — Zy, is also distributed as N _1(0, S),
the correct probability can be obtained as

We(G.0) = P( Kﬂl{wen ‘ —Zka(w)qjka} ‘ X)

a=1

1 n
zTE;1z> dz

[

_ ————exp —3
D |27T2k|

= Py 4 (-@kS Oaik)'
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Therefore, the misclassification rate of g for class Ci becomes

Wi(3.0) = 1= W(3.0) = 1 = Prc1 (T 0,5%).

O
Proof of THEOREM E4
By THEOREM BT, B is given by
B=D"'2P =D 'MyN'*TL (1 + op(1)),
where L = diag <||571||, e \|67K,1||) Using D = D(140p(1)), (8I2) can be evaluated
as
oLl (B2 BDB) B G — )
0 =

V(B — A)TB(BTDB) - BTSB(BTDB) " B (. — fi,)
1 LNY2D(TTNY2 [ NY2T) AT T N2 1T
VAmax(R) | [I,NV2D(DT N1/2 [ NV2D)-ITT N V21T

(1+op(1)),

where Iy = (py — (fiy, + fig)/2)T D~ My, I, = MT DMy and Is = (fiy, — fi, )" D~ M.

We first calculate I3. Note that I3 can be decomposed as
I = (f—fi,)" DMy
= [(dy, — f)" D7 (g — 1), - -, (B, — Bio) "D (e — )] -
From CONDITION A, a typical component of (8I4) can be expressed as
(B, — Bo)" D~ (1, — 1)
K n
h _ . _\TA_
=> [(Nk — o) D7 (e — ) + &k — &) D7 (g — 1)
(e — pa) D7 (e — ) + (Er —€a) D (E — &) -
Then we have
(& —€a) "D (e — 1) = 0 (10 — 1) " D™ (g — 111))
(b — 1o) D™ (& — &) = op (1 — 1) D7 g — 14))
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by p.2625 of Fan_and Fan (2008). Next we examine Zthl(nh/n)(Ek —8,)'D71(g, — &),

which can be written as

nh 1, _ _ 11— _ 1 11— _ 11—
(€r — €)'DY —5)) = st 1sg—s£D 1s—€£D 15g+s£D g,

M=

n
h=1

By an argument similar to that given on p.2627 of Fan_and Fanl (2008), we obtain

d+0P(\/E) if ¢ =k,
ng n
—i—f—OP (\/E> if £ =q,
Na n
op —
n

We also need to evaluate the asymptotic order of (g, — )T D=1 My, which can be written

K n

h e =
Z;sk—ea DY, —7,) =
h=1

otherwise.

as
(b, — 1) DMy
K K
ZW(!% — o) D7 (e — 1), - 727760% — o) D (g — 1)
=1 =1
=1L1F,
where F=[f; - fx = (g —p)" D (p; — 1;))1<ij<ri- Using CONDITION E and

CoNDITION F, fth component of (u;, — p, ) D' My has the following form

L ALf,
( TD-
oyl - Z ruk l‘l’k N \/7”’01 l"’a + Z C,Bk if 0=k,
htk Ca ,B;Ak
D™ o
_ Cd \/F/J/k +Zrua oa_i_ZCL iffza,
Ca Ca
h#a B#a
D~ D~
Caq|Vm u — /T “a “a Z Cﬁ ¢ otherwise.
Cq Ca
B#
= 0(Cy),
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where cgy = O(Cgﬁe) and Cge € (0,1) for all 3, ¢. Therefore, we have
(b1, — 1) " D™ My = 1 TIF = O(Cy) 1.
Using the above calculations, we have
(A — o) D™ (B — 1)

_ n 11— _
= (g — o) "D My — )L+ 0p(1) + > (8 —&a) "D (80 — &)

or <he?11f}§<} {(1e — )" D™ 1y — ), (11, — 126) " D™ (1 — ua)}>

{ =D = )+ S o) it o=t

nd} (I14+o0p(1)) ifl=aq,

«

- {(uk — )" D (g — ) —

[ (b = 12)" D™ (g — ) (1 + 0p (1)) otherwise,
by CONDITION D. Thus, it follows that

I3 = ((p‘k - ll‘oz)DilMO + IBka) (1 + OP(l))v

where 8, = (0,...,0,d/ng,0,...,0,—d/n.,0,...,0). Next, we consider I;. We find that

1, N\ = 1 - s
L = (u —2(uk+ua)> D™'\My = —&[ D'\ My + 5 (i, — o) ' D' Mo, (8.15)

Similarly, (8T1H) becomes

A = U 1
—&, D™ Mo + 5 (g, — o) D™ Mo

( % <1 - TZC) - % {(l"k — o) D7 (e — ) + Ti} (14o0p(1)) if £=F,
= g { 0 m D - = b op) it=a,
G 1) D (g~ (1 4 0p(1) otherwise,
( [;(M D (g — ) Z (1 _ 2”W>] (1+0p(1) if£=k,a,
! 50m— 1a)"D e )+ 2 (1 0p(1) otherwise.
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Therefore, we have

where

n n
=(1....,,,1 ——,1,...,1,,1——,1,...,1 ).
(87576 <7 s Ly ana ) s Ly 27%0{’ ) )

Finally, we consider I3. It can be written as
-[2 = MOD_1M0 = ((ﬁa - I/]’)T‘D_l(ﬁﬁ - ﬁ))lga,BSK . (816)
Each component of (818) can be decomposed as
(i — )7 D Mg — 1) = { (o — )7 D" Mpag — ) + Jy + Ja} (1+ 0p(1)) + Js, (8.17)

where Jy = (Ea—8)" D™ (ng—p), J2 = (o —p)" D71 (€5—F) and J3 = (Ea—8)" D~ (55—

€). From calculations similar to those carried out in the derivation of I; and I3, we get

Ji = op((ng— H)TD_l(liﬁ —w), Jo = op((He — )" D™ (g, — w) .
Z(:1> +op (@) if o =3,
J3 = (Ea—8)T'D'Es—2) = ] -
—n+0P< n> 1f047é/8

Consequently, (8&I1) results in
(o — B)"'D™ N5 — 1)
T -1 d(n .
(o = p) D™ (g =)+ — | == 1) 0 (1+0p(1)) ifa=5,

{(ua —w)'D N pg —p) - Z} (1+op(1)) if a # 3.

Therefore, we have

L = {M{D—lMo + g (N7t - 1K1};)} (1+o0p(1)).
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In summary, the components of gka can be evaluated as
/2 _ 1 _ T -1 ﬂ 1/2
LN - 2(“% ua) D™ My + naka N (1+OP(1))

1 d
= |:Mka + SkaH1/2:| (1 + Op(l))
2 n
= Ska(l+o0p(1)),
NY2LNY2 = N1/2 [MOTD_lMO + 4 (N~ - 1K1£)} NY2(1 4 0p(1))
n

_ [CTC+Z (IK_H1/21K17I}H1/2)] (1+o0p(1)),
LNY? = (g — o) D™ Mo + Bra] NY2(1+ 0p(1))

_ [M,w i quan‘lﬂ] (1+40p(1))

= Qra(1+o0p(1))

since N =1II(1 4 op(1)). Therefore, we have

C/l\ka
Spal [PT {CTC + (d/n) (IK _ H1/21K1¥;H1/2)} F] -1 FTan(l +op(1)) (8.18)
VB Qual [I7 {CTC + (d/n) (Ix — /21 15T2) } T] 7 T7QT,
This completes the proof of THEOREM E4. O
Proof of COROLLARY
Using My, = 15,0(Cy) and CTC = 1x11.0(Cy), Ska of (BIN) becomes
Mia d —-1/2
= — 1I
Ska 5 tCd <n0d> Ska
M
= 2k: + 17;(0(00{)
Mya
= (1 +op(1).
Similarly, we can obtain Qo = Mpa(1+ 0p(1)) and U = CTC(1 + op(1)). O
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Proof of THEOREM HH

The right side of (E14) can be written as
- ( niny/(dn)a D~La(1+ op(1)) + (1 — ng) d/(nn1n2)>

24/ Amax(R)v/1 + nineaT D-1a(1 + op(1))/(dn)

s ( ning/(dn)a” D a [(1 4 0p(1)) + {d/(na” D~ a)}{(n1 —n2)/n1}] )
24/ Amax(R)v/ninea D-1a/(dn)\/(n/n1){d/(nesaTD~1a)} + (1 + op(1))

=1-@

( ning/(dn)of D ra[(1 + op(1)) + o(1)O(1)] )
24/ Amax(R)v/nina/(dn)Val D=1a\/O(1)o(1) + (1 + op(1))

a’D
=1—-9 (2 (B (1+ 0p(1))>

by the assumption d = o(nCy). Therefore, we have

WN@=ﬂ%gﬂﬁ®ﬁ)=1—@<é%%ﬂ+0MDO.

Proof of COROLLARY B4

We derive (E18) as follows:
1—& ( ninz/(dn)a’ D™la(1 + op(1)) + (n1 — n2) d/(nn1n2)>

27/ Amax(R) /1 + nin2aT D-1a(1 + op(1))/(dn)

—1- <m[( +op(1)) + {d/(n2Ca)} (Ca/a" D ) (1 — nz/nl)]>
21/ Amax(R)/ (n/n1){d/(n2aTD=1e)} + (1 + op(1))

<¢aTD—1a[< +op(1) + {d/(n2C)}(Ca/a" D~ ) {1 — (co + o<1>>}1>
2/ Amax(R) v/ (n/n){d/(n20TD-Te)} + (1 + 0p(1))

e <\/aTD—1a[(1 +op(1)) + {d/(n20d)}(C’d/aTD1o¢)0(1)])

- 2/ Amax(R)v/(n/n){d/(n26T D~ 1)} + (1 + 0p(1))

24/ Amax(R)/O(1)O(1)O(1) + (1 + op(1))

val D la )

VaTDTa {(1 + op(1)) + 01)0 <><1>}>

l—|—o
2 Amax(m Pl
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9 Conclusion

In this paper, we discussed the asymptotic theories of the multi-class linear discriminant
function in a HDLSS context. In Section B, we constructed the linear discriminant function
based on naive canonical correlation in the context of multi-class problem. In Section B, we
derived the asymptotic behavior of eigenvectors of the naive canonical correlation matrix
corresponding to positive eigenvalues. In the asymptotic theory, both the dimension d
and the sample size n grow, and provided d does not grow too fast, we showed that all
eigenvectors and discriminant directions are HDLSS consistent. Under suitable conditions,
we were able to derive an upper bound for the worst case misclassification rate in the
multi-class setting. In Section B, we proposed a feature selection method for HDLSS data,
called NACC approach, using a discriminant direction. Further, for the general multi-class
setting, we proposed and discussed two methods for feature selection, called M-NACC and
M-FAIR, which extend their respective two-class analogues. If the variance is large relative
to the difference between the means, we illustrate in Subsection B4 that NACC and M-
NAcCC performed better than FAIR and M-FAIR respectively. Applications to real data sets
demonstrate that NACC and M-NACC performed well.

In recent years, other discriminant method for HDLSS data has been studied by many
authors: Marron ef all (2007) proposed Distance-Weighted Discrimination (DWD) which
improves the performance of Support Vector Machine (SVM) in the HDLSS setting, Fan
ef_all (2012) proposed Regularized Optimal Affine Discriminant (ROAD) which uses the
Li-constraint in the Fisher’s criterion (P23), Ahn_ef all (2017) proposed a hierarchical
clustering algorithm based on the MDP distance by referring to Ahn and Marronl (2010).
Other possible research directions include extensions of our theoretical results to the “ker-
nel method” in linear discrimination described in Mika ef all (T999).

Our approach exploits the naive Bayes rule and replaces 51 by the diagonal matrix
D=1, On the other hand, replacing D1 by a certain type of band matrices could also

yield efficient linear discriminant functions in a HDLSS setting. Such discriminant functions
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are of interest in practice, especially when relevant correlation information between the
observations is lost in the replacement of 51 by the diagonal matrix D1, Theoretical
research of kp-banded matrix has been considered in Bickelland Levina (2008), and their
results are expected to apply to linear discriminant function in HDLSS settings. Further-
more, we can explore issues of discriminant function based on invertible ky-banded matrix:
asymptotic behavior of misclassification rate, the selection criteria of kg, the algorithm for

preprocessing correlation of HDLSS data before discrimination.
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