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ABSTRACT. We study a system of size-structured population models having non-
linear vital rates such as growth, mortality and fertility rates, each of which has a
nonlocal term different from each other. Our aim is to show how can be applied
Banach’s fixed point theorem to obtain the existence of a unique solution.

1. INTRODUCTION

We are concerned with size structured population models with growth rate de-
pending on the individual’s size and the weighted total population. Suppose that
there are N species and let p(s, t) represent the density of population with respect
to size s € (0,s}) at time t € [0, 7] for the i-th species, where si € (0,00] is the
maximum size. It is natural to think that each population interacts in some sense
each other. We employ three weighted total populations P:(t), P! (t) and Pi(t)
with weight functions w'(s), m’(s) and b'(s), respectively, and we assume that vital
rates such as growth rate, mortality rate and fertility rate depend on the differently
weighted total populations.

Our model describing the dynamics of N-populations is formulated as the fol-
lowing system of initial boundary value problems with different nonlocal terms in
vital rates:

0" + 0s(g' (s, Pu(t))p") = =1 (s, Pu(t))P'(5,1), s € [0,8}), t €[0,T],

(P) g"(0, Py(t))p'(0,1) /ﬂst p'(s,t)ds, tel0,T],

p'(s,0) =pi(s), s€]0, st),
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where
1) Pu(t) = (PA(t), - . PN(8)), Pit) = / ()i (s, 1) ds,
2) Po(t) = (PL(8), - P(1)), Pi(t) = mi(s)p! (s, 1) ds,

Sl

(3) Py(t) = (P, (t), -+, B (1), Py(t) = / () (s, 1) ds,

0
respectively. Calsina and Saldana [2] studied a single species model and the usual
total population or biomass are considered as the weighted total populations. Their
technique is based on reducing to a system of Volterra integral equations as devel-
oped for age-structured Gurtin-MacCamy models [3]. Ackleh, Banks, and Deng [1]
considered a system of subpopulation model where the birth process is replaced by

(@ 0 PEW0.0 =C0) + 3 [ 8%, PO 5.0 ds

where P(t) is the usual total population, i.e., P(t) = P,(t) with w =1 in (1) and
C'(t) represents the inflow of zero-size individuals (i.e. newborns) from outside.
They showed existence of a unique weak solution by finite difference approximation
technique. It is possible to replace the birth process in (P) to (4) in our analysis
but we do not treat such a birth process for simplicity. Kato [4] studied a similar
system as (P) but the growth rates are assumed to be common for each species
and the methods are based on a system with time-dependent linear growth rate
and Schauder’s fixed point theorem. Our methods are based on the argument of
[4], but in this paper, we show that Banach’s fixed point theorem works and obtain
the existence of a unique solution.

The paper is organized as follows. In Section 2, we state our assumptions,
preliminary facts and the main result. We give some lemmas in Section 3 and
prove the main theorem in Section 4.

2. PRELIMINARIES AND RESULTS

In this section, we first state our assumptions and preliminary facts including
definition of solutions. Then we state our main results on the existence of a unique
solution of (P). Let s; = max{s{,---, s} and L' := L'(0, s;; R") be the Banach
space of Lebesgue integrable functions from (0,s;) to RY with norm |1 =

Sg(s) v ds = SN [3T[6M(s)| ds for ¢ € L', where | - |y denotes the norm of
RY. Then define Lj := {¢ = (¢',--- ,¢") € L' | ¢/(s) =0 a.e. s € (s},s;)}. For
T > 0, we set Ly := C([0,T]; L)), the Banach space of L'-valued continuous
functions on [0, 7] with supremum norm ||p||z, = supg<,<r ||p(t)||z1 for p € L.
Note that each element of Ly can be viewed as an element of L'((0, s;) x (0, 7); RY)
by relation [p*(t)](s) = p'(s,t) for a.e. (t,s) € (0,T) x (0,s;). See [6, Lemma 2.1].
Furthermore, let RY be the usual positive cone in RV, L§ , := {¢ € Lg | ¢(s) €
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RY for a.e. s € (0,s1)}, and Ly := C([0,T]; Lj ;). Finally, let W">(0, s;) be the

usual Sobolev space. Fori =1,--- | N, we assume the following basic assumptions:
(H1) p* : [0,81) x RN — Ry is bounded by fi > 0 and there is an increasing
functlon ¢, :[0,00) = [0, 00) such that

|1 (51, Pr) = 1 (s2, P2)| < cu(r) (Is1 = 82| + [Py = Palw)
for s, s9 € [O,sé) and |Py|n, | P2y < 7.
(H2) £ : [0,s}) x RN — R, is bounded by 3 > 0 and there is an increasing
function ¢z : [0,00) — [0, 00) such that

|8°(s, Pr) — B'(s, P)| < cs(r) (|s1 — so| + |[P1 — Palw)

for s1, 55 € [0,8%) and |Py|y, [Py|n < 7.

(H3) ¢' : [0,00) x RY — R, is a bounded continuous function. ¢‘(s, P) > 0 for
(s, P) € [0,5%) and in case of s} < 00, g'(s, P) = 0 for (s, P) € [s}, 00) x RY.
For each P € RY, ¢'(s, P) is differentiable with respect to s € [0, s}) and
the partial derivative d,g*(s, P) is continuous on [0, st) x RY. There exists
an increasing function ¢, : [0,00) — [0, 00) such that

19'(s1, P1) = g'(s2, Po)| < ¢g(r) (Is1 — 2| + [Py = Palw)
for s1, 55 € [0,8%) and |Py|y, |Paln <7
(H4) w', m?, b € Wh>(0, s4) and 0 < wi(s) <w, 0 <mi(s) <m, 0 <bi(s)<b
for some constants w, m, b > 0.
We may extend the function gi(s, P) on (—o00,00) x RY keeping the Lipschitz
property in (H3) by putting ¢'(s, P) := ¢%(0, P) for s € (—00,0). In what follows,
g'(s, P) is supposed to be extended on (—oo,00) x RY as above.

Let P € C([0,T];RY) be given arbitrarily. Before considering problem (P), we
consider the following nonautonomous problem:

0"+ 0(g'(s, P(t))D') = —p'(s, Pu()P'(5,1), s €[0,5}), t €[0,T],

(P) g'(0, P(t))7'(0, ) = / Bi(s, By(t)pi(s,t)ds, t€0,T],
7'(5,0) =pi(s), s€]0, ST)
where P,,(t) and Pb(t) are defined similarly to P, (t) and Py(¢) as in (2) and (3).

For given P € C([0,T]);RY), we define the characteristic curve ¢%(¢;o, So)
through (so, %) € (—00,00) x [0, T] by the solution s'(t) of the differential equation
d

s'(t) = g'(s'(t), P(t), t€[0,T]

dt
s'(ty) = so € (—00,00).

For P € C([0,T]; RY), set

cblt) = e(0.0.0) = - | (0, P(w) du (< 0),
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which is considered as an imaginary initial size of those who are born at time t.
Let 25(t) := ¢’%(t;0,0) denote the characteristic curve through (0,0) in the (s,?)-
plane. For (so,t0) € [¢p(T), s%) x [0, T] such that sy < 2(to), define 75 := 7h(to, s0)
implicitly by the relation

(5) ¢p(Thito, s0) = 0, or equivalently, ¢p(to; 7p, 0) = so.

For ¢ € [cp(T), s}), set

i {T;;(o,c) if ¢ < 0,

¢ 0 if ¢ > 0.
We define
t
Wh(t,us ) — exp [— / D15 ({00, ), P(0)) do—} |
t
©) Ub(t,us ¢, p) = exp {— [ 130,01, Palo) da}

Up(t, use,p) = Wh(t,u; e)Up(t, u; ¢, p)

for tt <u <t <T and p € Ly, where P,,(t) is defined by (2) and depends on p.
Let

(7) F'(¢) = /OST B'(s, Pyo)¢'(s) ds

for ¢ € L}, where Pyp = (Plo,--- , PN¢) with Pi¢ = fosi bi(s)g'(s) ds.

Suppose that p'(s,t) satisfies (P) in a strict way. Put v(t) := p'(¢}h(t;0,¢),1)
for t € [t,,T] and ¢ € [¢p(T), s}). Then we have
Di(1) = 0 (2p(1:0,0).1) + 0 (@10, 6).1) S gn(1:0.0)
(8) = 0P (¢p(t:0,0), 1) + 0 (¢p(£; 0, 0), )9 (0p (£ 0, ), P(1))
— = [H (b (8:0,0), Pu(t)) + 0L (¢t 0,0), P(1))] (o).
The differential equation (8) admits a solution written by
ve(t) = Up(t,te; e, p)ve(te).
For a.e. s € (0,25(t)), letting ¢ := ¢b(7h) = ¢%(0;¢,5) < 0, we have
Qi i Qo (i i ~i i Fi(p(, 7p))
ve(te) = P'(@p(te; 0,¢),t.) = p'(0,7p(t, 5)) = 700 P
where ), = 7h(t, s) is defined by (5) and F" is defined by (7). Hence we have

~j _ i P4 Fi(ﬁ('ﬁzg)) Fi(ﬁ('aﬁ?))
p'(s,t) =Up(t, Tp; CP<TP)7P>M 700, (1))

for a.e. s € (0,25(t)). For a.e. s € (25(t), s1), letting ¢ = ¢%(0;t,8) > 0,
ve(te) = P'(2p(0;0,¢),0) = pj(p(0; 1, 5)).

= Up(t, 7p; ©p(0; 1, 5), )
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Then we have
P'(s.t) = Up(t,0;95(0;t,5), p)po(9p(0; 1, 5))

for a.e. s € (zp(t),s}). From above observation, we define a solution of (P) by
putting pp = p as follows.

Definition 2.1. For P € C([0, T]; RY), a function pp € Ly is said to be a solution

of (P) if pp satisfies

Up(t, Th; CHT@W)%’

UL(t,0; 0%(05 ¢, 8), pp)ph (0s(05t, 8)), ae. s € (z};(t),s@
where 7, = 75(t, s) is defined by (5) and F* is defined by (7).
If we can find P € C([0,T]; RY) satisfying

Po(s.1) = a.e. s € (0,25(t))

(3

. St .
9) Pt = [ wl(eppls.t) ds
0
pp € Lr is certainly a solution of (P) and hence we define a solution of (P) as

follows:

Definition 2.2. A function p € Lt is said to be a solution of (P) if p = pp is a

solution of (P) for P € C([0,T]; RY) satisfying (9).
Proposition 2.3. Let p € Ly be a solution of (P). Then we have
t

Pt = [ 0t u.0)Up(tus (). o) (o w)) du

(10) .
St . ,
+ [0 0. )M 06 P e
0

Proof. By change of variables u = 75(t, s) and £ = % (0; ¢, s), we have
Fi(p(-75)
g9'(0, P(7p))

T / W (U (1,03 o (051, ), P (2 (0: £, 5)) dis

0

. Zp(t) . o
Pi(t) = / W (U (2, 7 (1), )
0

- / W (@t 10, 0)) U (8, 5 o (), p) ¥ (p(- 1))

+/0Twi(soip(t;O,f))U};(t,0;§,p)p6(€)dS-
Thus (10) holds. =

Our main result is stated as follows:



6 K. KAMIZAKI AND N. KATO

Theorem 2.4. Let (H1)~(H4) hold. Then for any initial value py € L, there
exists a unique solution p € C([0, 00); L}H) of (P) satisfying the following estimate:

(11) Ip(, )l < e [|pollrr, ¢ € [0,00).
3. LEMMAS

In this section, we prepare some lemmas to prove Theorems 2.4. Throughout this
section, we assume (H1)—(H4). First, we recall the following Gronwall’s lemma:

Lemma 3.1 (Gronwall’s Lemma). Let ¢ € C[0,T], ¢(t) > 0 and f € C*[0,T]. Let
a € [0,T] be fized.
(i) If v € C[0,T] satisfies

(12) v(t) < f(t) +/ c(s)v(s)ds, tela,T).

Then we have

o(t) < F(t) + / exp < / () dT) o(5)f(s) ds

~ exp (/t o(7) dT> f(a)+/atexp (/t o(7) dT) f(s)ds, telaT).

(ii) If v € C[0,T] satisfies
(14) v(t) < f(t) + /ta c(s)v(s)ds te]0,al.

Then we have

w0 <10+ [Ceo ([ i) s i

~exp (/t o(7) dT) fla) - /taexp (/tsc(f) dT> F(s)ds, tel0.al.

Proof. That (12) implies (13) follows from usual Gronwall’s lemma and the inte-
gration by parts. To show that (14) implies (15), put

q(t) = /t(z c(s)v(s)ds, te0,al.

Then q is of class C' and satisfies ¢/(t) = —c(t)v(t) for t € (0,a). By (14) and the
positivity of ¢(t), we have

¢(t) = —c(t)f(t) — c(t)q(t), t€(0,a)

{awen (- [ cwrar) b =i + connen (- [ erar)

—e(t) F(#) exp <— /t ") dT), te(0,a).

(13)

(15)

Then

SN

v



SIZE-STRUCTURED POPULATION 7

Integrating the above inequality over [¢, a], we obtain

g(a) — g(t) exp (- /t " () dT) > /t " e(5)£(s) exp (- / " () dT) ds.

Since ¢(a) =0,

q(t) < /t " e(5)f(s) exp ( /t () dT> ds, te0,al.

Then by (14) and the integration by parts, we conclude that (15) holds. O
Lemma 3.2. Let P, P € C([0,T];RY) and 1P|l cqo,mimmy. HpHC([O,T};RN) <r. Then

we have
t A
T / P(n) — P(n)| dn|.
to

Proof. By definition of characteristic curves and (H3),

(16)  |¢b(tsto, s0) — wp(tito. 50)| < co(r)e™”

where cy4(r) appears in (H3).

|0 (t; to, s0) — @5 (5 0, 50)]

/ 16 (@b (0 0, 50), P(0)) — 6/ (0 o, 50), P(0))] do

/cg( )(|sop(cr to, s0) — s (03 t0, 50)| + | P(0) — (cr)|N) do| .

to

For t > t3, we have

| £p(t; to, 50) — @ (5 o, 50))|
t

< [ aleihior o)~ ehosto soldo + [ r)1PI0) — Plo)l o

to to

For t < ty, we have
|0 (5 0, 50) — @i (t; o, S0)]
to . . to A
< [ amlebaites) - phloitosolldo+ [ e n)|Plo) - Plo)ly do
t t
Then Lemma 3.1 implies (16). O

Lemma 3.3. Let P, P € C([0,T);RY) and let pp, pp € L1+ be the corresponding
solutions to (P) with initial values py, po € Lo satisfying ||ppllis, [Pplles < 7.
Then for0 <n<u<t<T, ¢ e|0, sfr), we have the following estimate:

Up(t, u; (051, €), pp) — Up(t,u; 0'5(0;0,€),pp)|
17 t R R
" <Ty(r,T) / (1Pn() = Balo)ly + |P(0) = Plo)]w) do

where U'y(r,T) is a constant depending on v and T.
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Proof. It follows from (6) and the mean value theorem that

Up(t,u; 05(0;1,€),pp) — Up(t,u; ©%(0;0, ), pp)]
< [ Wbl €) Pao)) = (5. €). P o
By (H1) and Lemma 3.2,
11 (£ (0,7, €), Pon(0)) = 1 (¢(0,1,€), Bru(0))]
< ¢, (mr) (|soip<a,n,s) - 9035(0777,§)| +Pn(0) = Pu(0)l )

< cutmn) (o)t /|P Dl do -+ Pu(o) = Pl )

Then, we have (17) with I'y(r, T) := ¢, (mr) (cg(r)e<™T +1). O
Lemma 3.4. Let P, P € C([0,T];RY). Let pp, pp € L1 be the solutions of (f’)

with initial values po, po € Lo+ and suppose that ||pp||L,, |[pplley, < 7. Then we
have

P (pp () — Fi(pp (1)
< Ty(r.T) (|Pb<> Bu(t)l + / By(r) — By(r)| dr

+/Ot|Pm(r) |Ndr+/ |P(T |Nd7)

+ FB(T7 T)Hpo - pOHL17

(18)

where Uy (r, T) and T's(r,T) are some constants depending on r, T

Proof. Note first that by (H2), if ||pp||L, <7, the following estimate holds:

i

(19) Fi(pp(- )] < / 1B (s 1, Po(t))po(s, 1) ds <

Similarly to Proposition 2.3, we have

Fi(pp(., / B (ot 10, 0), By(t)) U (t, o), pp) F (pp(- ) d
(20)

+ / B (10,€), () Ub(t, 0; €, pp)pi(€) dE.



SIZE-STRUCTURED POPULATION

It follows from (20) that

Fipp( 1)) — F(pp(- 1)
< [ 15 ehtt0.0) PRt bl ) F )
— Bt .00, PO, ). ) )
[ 18 btt:0.6). B0 pemi©

= B(@}(£:0,6), P()UR(E, 0:€,pp)py(€)| dé =: Ky + K.

By (H2) and (19),

Ko < Breain) [ (16blt.0) = Gplts00) + 1B ~ B0l do
# 80 [ 103605l pr) = Ut ). pp) s
+8 [ 1 e u) = Foptl o
K < o) [ " (160(60.6) — 00,91+ IR0 — A0l ) rb(e)l e

5 / NUL(E,0: €, pp) — Ub(t,0:€,pp) 95 (€)] dE + 7 / V() — 6] de.

By Lemmas 3.2 and 3.3, we have

Ky < Breg(br) /( Jecs T /IP )| dn + | Po(t) — (t)|N) du
w8 [ (0 [ (1Pnto - <>|N+|P<a>—ﬁ<o>|N) o
+10.) [ 1P() _pmw) w3 [ 1 or ) = Fpt) o

e < cstr) ()" [ 1P = Pl + 120~ ol ) Il
w(rl(r T) / (1Pn(@) = Pulo >|N+|P<a>—ﬁ<a>|N) da) Ipoll

+ BHPO — Pollrr-
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Hence we have

[F(pp(-,t)) = F'(pp(- 1)l

<3 / Fi(pp(-,w)) — Fi(pp(-,u))] du

#0110 = B0l + [ (1Ba(o) = Pulol +P(o) — Po)]) do)

=+ BHPO — Poll L1,

where C(r,T) is a constant depending on r and 7. Then by Gronwall’s lemma,
the desired estimate (18) holds. O

4. PROOF OF THEOREM 2.4
Define a closed subset E of C([0,T];RY) by

E = {P € C([O,T];Rf)

Pi(0) = /0 i ()i (s) ds} |

Step 1. Given P € E, put §i(s,t) := g'(s, P(t)). Problem (P) can be written
in the following form:

ap' + 0s(Gp(s,t)p") = G'(B(-,1))(s) s €[0,s}), t €[0,T],
(21) gp(0,6)p'(0,t) = F'(p(-,t)) t€[0,T1,
P(s.0) = pils), s € 0,50,
where F" is defined by (7) and G* is defined by
G'(d)(s) = —p'(s, Pug)d'(s), a.e. s € (0,s})

for ¢ € L}, where P,,¢ is defined similarly to P,¢ appearing in (7). Let F(¢) =
(F'(@), - () and G(6)(s) = (G 6)(s),-,GN(6)(s)). Tt is shown that
F: L)y —RY G:L)— L}, and there exist increasing functions cp, cg : [0,00) —
[0, 00) such that

[F(¢1) = F(d2)|lv < cr(r)lgr = @2l 1G(d1) = Gl@2)llir < ca(r)l[dr — oo 1

for ¢1, ¢ € Lj. It is obvious that F(¢) € RY for ¢ € Ly, and G(¢) + i € Lg |
for ¢ € Lj . Furthermore,

N
=1

for ¢ € Lj . Then we can apply the results of [5] and problem (21), and hence (P)
admits a unique global solution pp € Ly 4 such that

o Fipplr)
UL(t. T8 (11 : i
P( 7TP7CP(TP)7pP) E]}J(O,T]’L:;)

Up(t,0;05(05t,5), pp)po (0 (0: 8, 5)),  ae. s € (2p(t), s})

Fi(ezﬁ)ﬂL/DsT G'(9)(s) dS] < Bligll

Po(s.1) , a.e. s € (0,z5(t))
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where 75 = 7h(t, s), and pp satisfies

(22) pe (- )l < €™ llpol| o
Step 2. Let [K,P|(t) = ([K,P*(t), -, [K,P]™(t)) with
(23) [K,P)'(t) := /OsT w'(s)pl(s,t)ds, t €[0,T].

It is obvious that K,, maps E into itself. Our aim is to find a fixed point P e FEof

K, by using Banach’s fixed point theorem. Then since P*(t f i s)pb(s,t) ds,
it is evident that pp corresponding to the fixed point P becomes the solution of
(P). In order to treat different nonlocal terms, we introduce auxiliary mappings
K, and K, on E similarly to K, as follows:

K PY(1) = / T (s)pp(s. ) ds, € [0,7),
(K, P)"( / m'(s)ph(s,t)ds, t € [0,T)]

for P € E. Recall that [K, P]* defined by (23) is represented by the right hand of
(10), that is,

[KwP]i(t)Z/ w'(@p(t;u, 0))Up(t, u; cp(u), pp) F' (pp (-, u)) du
(24) "o

+ / L (i (10, €) U (t, 0; €, pp)pb (€) de.

Letting r := eT||po|| 1, we have |[pp(-,t)||.2 < r by (22) and then |Fi(pp(-,u))| <
Br. Let P, P € E. It follows from (24) that

)[Kwpwt) - [me"(t)\ <w / F'(pp(-w) = Fi(pp(- u))| du
/ lw' (o' (t;u,0)) —w (goP(t u,0))| du

—HDBT/O |Ub(t, u; ¢ (u), pp) — U}D(t,u; C;(U),pp)‘ du
" / (10, €)) — w (g (1 0,€) 1P (€) | de

St . 4
o [ U 0:6 pr) - Ut 056 pp) 190 dE
0
Using Lemmas 3.2-3.4, we have
t
KuP(t) = KuPlt)ly < o0 T) [ (1P) = Py
0

(25)
K, P(u) — Ky P(u)|y + | Ko P(u) — Kmﬁ(u)|N) du
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for some constant I'(r,T') > 0 depending on r and 7. Similarly, we have

(26)
K P(u) = KoP )y + [ K P () = K Pl ) du
KnP(O) = KnP(Olx <mD0T) [ (1P)~ Plu)ly
(27) 0
HEWP W) = KoPW)ly + K Pw) = K P(w)] ) du
Put

U(t) = |K,P(t) — KyP(t)|y + | K P(t) — K P(t)|x
and w := W + b+ m. Then it follows from (25)-(27) that
|K,P(t) — K, P(t)|y + U(2)

28) < wl(r,T) /O tll’(u)du—l—wf(r, T) /0 t |P(u) — P(u)|y du

It is easily seen that
W(t) < Wi, T) /Ot U (u)du + T (r, T) /Ot P(u) — P(u)|y du.
By Gronwall’s lemma, we have
(29) U(t) < wl'(r, T)e T ) / t |P(c) — P(0)|x do.
0
It follows from (28) and (29) that
(30) KuPl6) = KuP(Ol < C0.) [ 1)~ PGl

for some constant C(r,T) > 0. We introduce a norm on C([0,T]; RY), which is
equivalent to the usual norm by

|P|[x ;= sup e M|P(t)|y for P e C([0,T];RY),
te[0,7

where A > 0 is determined later. Then it follows from (30) that
cr,T)
A

|KoP — K, P < sup e MC(r,T) / |P(u u) |y du < |P — P||x

te[0,7]

for P, P € E. Therefore, choosing \ > C(r,T), K, becomes a contraction on F.
Finally, note that (11) holds from (22). This completes the proof.
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