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ABSTRACT. This paper is based on the author’s thesis, “On duality theorems for
quasiconvex programming”’. In this paper, we investigate duality theorems for
quasiconvex programming as generalizations of results in convex programming,
and consists of three topics. The first topic is about quasiconjugates and polar
sets. The second is about three types of set containment characterizations. The
third is about constraint qualifications for Lagrange-type duality theorem in
quasiconvex programming.

1. INTRODUCTION

Mathematical programming is the use of mathematical models in order to assist
in taking decisions, and is one of the most powerful techniques for making optimal
decisions. In the research of mathematical programming, duality theorems have
been investigated by many researchers. Especially, in convex programming, du-
ality theorems are very useful and powerful tool to find a solution. The Fenchel
conjugate is one of the well known conjugate function for convex functions, and by
using this conjugate, some types of set containment characterizations have been
investigated. Recently, these set containment characterizations imply the weakest
constraint qualification for Lagrange-type duality theorems which play important
roles in convex programming problem.

Quasiconvex functions is well known as a generalized notion of convex func-
tions. Since the class of quasiconvex functions is wide, and include many func-
tions which arise in mathematical programming problem in practice, quasiconvex
programming can be applied to a lot of problems. In quasiconvex programming,
various important theorems and notions were investigated, for example, quasi-
conjugates [9, 16, 17, 30, 31|, duality theorems [9, 30, 31|, and optimality condi-
tions [15, 31]. However, these results are not generalizations of results in convex
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programming although quasiconvex programming is a generalization of convex pro-
gramming.

In this paper, we investigate duality theorems for quasiconvex programming as
generalizations of results in convex programming, by using quasiconjugates in [9,
16, 17, 30, 31] and Penot and Volle’s result in [15].

This paper consists of three topics. Section 2 deals with quasiconjugates and
polar sets. We introduce quasiconjugates in [9, 16, 17, 30, 31], and investigate
mainly H-quasiconjugate. Also, we introduce various types of polar sets which
play important roles in set containment characterizations.

Section 3 deals with three types of set containment characterizations. We in-
vestigate the characterization by using H and R-quasiconjugates, A-quasi and -
semiconjugates, and the generator of quasiconvex functions, respectively. Also,
we introduce the notion of generator for quasiconvex functions, and show that set
containment characterizations by using the generator is generalized results of set
containment characterizations in convex programming. In the last of Section 3, we
compare characterizations in this paper with the previous ones.

Section 4 deals with newly constraint qualifications for Lagrange-type duality
theorem in quasiconvex programming. These constraint qualifications is concerned
with the set containment characterization by using the notion of generator. In Sec-
tion 4.1, we investigated the closed cone constraint qualification for quasiconvex
programming. We show that this constraint qualification is a generalized notion of
constraint qualification in convex programming and the weakest constraint quali-
fication of Lagrange-type (strong) duality theorem for quasiconvex programming.
In Section 4.2, we introduce a new subdifferential for quasiconvex functions by
using generator. Also, we investigate optimality conditions as generalizations of
convex ones, and establish the weakest constraint qualification for these optimality
conditions.

2. QUASICONJUGATES AND POLAR SETS

It is well known that the Fenchel conjugate provides dual problems of convex pro-
gramming problems. In a similar way, different notions of conjugate for quasiconvex
functions have been introduced in order to obtain dual problems of quasiconvex
programming problems. For example, the A-quasiconjugate (A € R), defined by
Greenberg and Pierskalla [9], plays an important role in quasiconvex programming
and in the theory of surrogate duality, corresponding to that of the Fenchel conju-
gate in convex programming and Lagrangian duality. But A-quasiconjugate involves
an extra parameter that many authors have tried to eliminate. Thach [30, 31]
established two dualities without the extra parameter for a general quasiconvex
minimization (maximization) problem, by using the concepts of H-quasiconjugate
and R-quasiconjugate, which are similar to 1 and —1-quasiconjugate.

In this section, we investigate some quasiconjugates and polar sets. All results
of this section is based on [20, 29].
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2.1. H-quasiconjugate and R-quasiconjugate. First of all, we introduce the
H-quasiconjugate of functions. In [30], Thach defined the H-quasiconjugate in R™,
and in this section, we investigate the H-quasiconjugate also in R".

Definition 2.1. [30] Let f be a function from R to R. The H-quasiconjugate of
f is the function f¥ : R® — R such that

oo [ —if(f() | wa) 21} wO
! (u)_{—sup{f(w)\fceR"} i w0,

The H-quasiconjugate of f¥, denoted by f## is called the H-biquasiconjugate of

f.

Clearly, f7(0) < fH(u) for all u € R™\ {0}, f# < f on R™\ {0}, [ < g#
on R™\ {0} when f > g on R\ {0}, and f = ¢ on R"\ {0} when f = g on
R™\ {0}. Also we have the following inequalities.

Proposition 2.2. The following inequalities hold:

(i) sup f7(u) < — inf f(z),
ueR™ z€R™

i) — su r) < inf Hiy).
(i) —swp f@) < _inf 7

We can check that f is H-evenly quasiconvex in a similar way of [31]. We can
also see that the equality f7(0) = inf{f(x) | z € R*\ {0}} holds in Lemma 4.1 of
[30]. From this equality, we characterize the identity f = f## in the next theorem.

Theorem 2.3. The following properties are satisfied:

(i) f= fHE on R™\ {0} if f is H-evenly quasiconvexr,
(i) f = fHH if and only if f is H-evenly quasiconver and

f(0) = nf{f(z) | = € R"\ {0}}.
Proof. At first, we show that (i) holds. It is clear that f(z) > f#(z) for all

z € R\ {0}. Assume that there exists xg € R™ \ {0} such that f(z¢) > f#¥ (z).
We can choose o € R satisfying

flxo) > a > f(x),

and then xy &€ L(f,<,«a). Since L(f,<,a) is H-evenly convex, there exists v €
R™\ {0} such that (v,z0) > 1 > (v,y) for all y € L(f, <,a) by using separation
theorem. This shows that f(v) = —inf{f(z) | (v,z) > 1} < —a. Hence,

F (wo) = —inf{f* (u) | (u,m0) > 1} > —f"(v) > 0,

and this is a contradiction.

Next, we show that (ii) holds. By Lemma 4.1 of [30], f#7(0) = inf{f(x) | z €
R™\ {0}}. Hence, by using (i), we can prove that if f is H-evenly quasiconvex and
f(0) =inf{f(z) | z € R™\ {0}}, then f = fH#H. The converse is clear since f7¥ is
H-evenly quasiconvex and f##(0) = inf{f(z) | z € R\ {0}}. O



4 S. SUZUKI

A function f is said to achieve the maximum value at infinity if f(zy) —
sup{f(z) | = € R} for any sequence {z;} with ||zgx|| = +o0, and f is said to
achieve the minimum value at the origin if f(xy) — inf{f(x) | z € R"\ {0}} for
any sequence {z;} C R"\ {0} with 2 — 0. Let '™ and ~° be the set of all
functions that achieve the maximum value at infinity, and the set of all functions
that achieve the minimum value at the origin, respectively, that is,

I~ = {g:R"— R|g achieves the maximum value at infinity},

7% = {g:R" — R| g achieves the minimum value at the origin}.

We denote by S¢ the complement of S C R™ and by B(z,r) the open ball centered
at z € R" with radius r > 0.

Proposition 2.4. The following properties are satisfied,

(i) f € I if and only if for any M < sup{f(z) | z € R"} there exists § > 0
such that
B(0,0)° C L(f, =, M),
(ii) f € 7° if and only if for any m > inf{f(z) | x € R"\ {0}} there exists
0 > 0 such that

B(0,0) \ {0} C L(f,<,m).

Proof. We only show (ii), and we can show (i) in the similar way. Assume that
f achieves the minimum value at the origin and there exists mg > inf{f(x) |
x € R™\ {0}} such that for any § > 0, there exists x € B(0,0) \ {0} such that
f(z) > mg. Then we can choose a sequence {z;} C R™\ {0} which converges to
0 and f(zg) > mg for each k € N. This contradicts that f achieves the minimum
value at the origin. Conversely, assume that for any m > inf{f(z) | = € R"\ {0}},
there exists 0 > 0 such that B(0,0)\{0} C L(f,<,m). If {xx} C R"\{0} converges
to 0, then there exists K € N such that ||xx|| < ¢ for any & > K. This shows that
inf{f(z) | x € R"\ {0}} < f(zx) < m for any k > K. This shows that {f(x)}
converges to inf{f(z) | x € R™\ {0}}. O

According to [30], f is usc then f is Isc, and if a function f € T'™ is Isc, then
fH is usc. Also, we investigate the following theorem.

Theorem 2.5. The following properties are satisfied:
(i) If f € 9° then fH €T,
(ii) if f € ™ then fH € 0.

Proof. (i) Let f € 4% and {uz} C R™ be a sequence satisfying ||ug|| tends to +oo.
By using (ii) of Proposition 2.4, for any m > inf{ f(z) | x € R™\ {0}}, there exists
0 > 0 such that

B(0,0) \ {0} C L(f,<,m).
Since ||ug|| tends to 400, we can find an integer K such that for any & > K,
—%= € B(0,d) \ {0}. By using (i) of Proposition 2.2, we can show that

[

inf{f(2) | = € B\ {0}} < — sup /" (u) < — P (w) < f (—) <m

ueR™
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because <uk, T ”2> = 1. This shows that {f (uz)} converges to sup{f#(u) | u €
R"}, and then fH € ">,

(ii) Let f € '™ and {ux} C R™\ {0} be a sequence satisfying {u;} converges to 0.
For any M < sup{f(z) | x € R"}, there exists § > 0 such that

B(0,0)° € L(f,=, M),
by Proposition 2.4 (i). Since {uy} converges to 0, we can find an integer K such
that for any k& > K,
{z | (ug,z) > 1} C B(0,9)¢,
that is,
(up, ) =2 1= f(x) = M.

From this implication and by using (ii) of Proposition 2.2, we have

sup{f(z) |z € R"} > — inf  f(u) > —f"(u) > M,
ueR™\{0}
for any k > K. This shows that {f(uz)} converges to inf{f# (u) | u € R"\ {0}},
and then fH € 40, O

Next we show properties of level sets of H-biquasiconjugate. For this purpose,
we prove the following proposition.

Proposition 2.6. Let o, § € R, and v € R"\ {0}. If f € T is Isc, then the
following two conditions are equivalent:

() L(f, <, B) C {z | (v, ) < a},
(i) 3e > 0 s.t. L(f,<,f+¢) C{z ]| (v,z) < a}.

Proof. We show that condition (i) implies condition (ii). Assume that L(f, <,5) C
{z | (v,z) < a} and for all ¢ > 0 there exists z. € L(f,<,5 + &) such that
(v,z.) > «a, then we can choose a sequence {zx} C R” such that for all £ € N,
B < f(zx) < B+ 1 and (v, 1) > @, and we have

flar) = B8 < f(x1) <sup{f(z) |z € R"}.

If ||zx]| = +o0, then f(xr) — sup{f(z) | = € R"} since f € '™ and this is a
contradiction. If {x;} is bounded, then we can choose a subsequence {zy,} and
o € R" such that zy, — zo. Clearly (v,29) > «, but zy € L(f,<,5) since
f(zo) < liminf, . f(zg,) = . This is a contradiction. The converse implication
is obvious. O

Now we can give results on the level sets of the H-biquasiconjugate.

Theorem 2.7. The following properties are satisfied:

(1) L(f,<,0) \ {0} C L(f™ <, a),

(i) L(f. <,0)\ {0} C L(f™, <.a),

(iii) if a > inf{f(z) | 2 € R*\ {0}}, then HecL(f,<,a) C L(fHH < «),
(iv) L(fH¥ < a) C HecL(f, <, ),
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(v) if feT>islsc, and o > inf{f(x) | x € R"\ {0}}, then
HecL(f,<,a) = L(f™ < a) = ﬂ HecL(f,<,a+¢).

e>0
Proof. (i), (ii) and (iii) are obvious. At first, we show (iv). Assume that z(# 0) ¢

HecL(f,<,a). By using separation theorem, there exists a € R™ \ {0} such that
(a,z) > 1> (a,y) for all y € L(f, <,a). Then

[ (@) = —inf{f"(v) | (v,2) > 1} > = f"(a) = f{f(y) | {a.y) > 1} > 0
Therefore z ¢ L(fHH < «). If L(f <, «a) contains 0, then L(f,<,«) is not
empty since a > fAH(0) = inf{f(z) | z € R"\ {0}}. Hence HecL(f, <, ) contains
0.

Next we show (v). By using (iii) and (iv), we can check easily that

HecL(f,<,a) C L(f™ < a) C ﬂ HecL(f, <,a+¢).
e>0

We assume that x ¢ HecL(f,<,a). By using separation theorem, there exists
a € R™\ {0} such that (a,z) > 1 > (a,y) for all y € L(f,<,«), that is, L(f, <
,a) C{y | (a,y) < 1}. By using Proposition 2.6, there exists g9 > 0 such that
(a,z) > 1> (a,y) for all y € L(f, <,a + &¢). By using separation theorem again,
we have x ¢ (.., HecL(f, <,a +¢), and consequently

ﬂ HecL(f,<,a+¢) C HecL(f, <, a).

e>0

This completes the proof. O

By the definition of H-quasiconjugate and Theorem 2.3, we can see
(i) (infies fi)® = (supse; fF) on R™\ {0}, and
(ii) If f is H-evenly quasiconvex, then ff7 = f on R™\ {0}.
When every f; is H-evenly quasiconvex, by substituting f{ into (i) we have
(inf £ = (sup f1)" = (sup fi)"
i€l icl icl
on R™\ {0}. However, the H-evenly quasiconvexity assumption is too strong

because it assures f;(0) < fi(z) for all x € R™ and ¢« € [I. The assump-
tion of the next theorem is weaker than the previous one and guarantees that

(infiey fI1)H = (supie; fi)™ on R\ {0}.

Theorem 2.8. Let I be an arbitrary index set, and f; be an evenly quasiconvex
function from R™ to R for each i € I. If the condition

(A1)  sup fi(z) > sup f;(0) for all x € R™\ {0},
iel iel
18 satisfied, then
(sup )" (0) = (il 7)™ (0) for all v € B*\ {0},

i€l
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Proof. In general, the following equality about H-quasiconjugate of inf-function is

satisfied: for all v € R™\ {0},
(inf f)" (v) = sup f{" (v),
icl icl
see for example [30]. Then, for all z € R™\ {0}, we have
(inf f)" (x) = sup f{™ (z) < sup fi(x),
el i€l i€l
hence, for all v € R™ \ {0}, we have
(sup f:)" (v) < (inf f7)™ (v).
icl icl
If the equality does not hold in the above inequality, then there exists v € R™\ {0}
such that (sup f;) (v) < (mﬁ )" (v), and hence, there exists a € R and 2’ € R®
i€l €

such that (v,z') > 1 and

H ; e
i f ff: .
(sup fi)7(v) << inf inf f7(w)
From 2’ # 0 and the assumption, we have sup,c; fi(z') > sup,c; fi(0), and put
e’ = (sup,e; fi(2") — sup,e; f:(0))/2 > 0. For all € € (0,¢'), there exists ig € I such
that

fio(x") > sup fi(2") — e > sup f;(0) > f;,(0).

i€l i€l
Since L(fi,, <,sup;e; fi(z") — €) does not contain z’, contains 0, and it is evenly
convex, there exists a € R™ \ {0} such that for all x € L(f;,, <,sup,¢; fi(z") —¢),

(a, 2"y > 1> (a,x).

Therefore,

inf inf £ (w) < 7 (a) < —sup fi(z') +&.
a< jnof inff (w) < fi, (@) < S;lelyfz(w)ﬂ

Since € is arbitrary, we have
a < —sup fi(x') < — inf sup fi(z) = (sup f;)" (v).
i€l (vx)>1 e il

This is a contradiction. U
Next, we introduce the R-quasiconjugate.

Definition 2.9. [31] The R-quasiconjugate of f is the function f?: X — R such
that

fHu) = —inf{f(z) | (u,z) > —1},Vu € X.

Thach [31] investigated the R-quasiconjugate and introduced the following du-
ality theorem.

Let A be a nonempty convex subset of R”, and f is a quasiconvex function from
R” to R. Consider the following problem (P) and (D),

(P) { minimize f(z),

subject to x € A,
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subject to u € {v € R" |Vx € A, (v,z) < 1}.

Let v(P) = inf{f(x) | z € A} and v(D) = inf{fR(u) | Vo € A, {u,z) < 1},
then v(P) > —wv(D). Thach investigated necessary and sufficient conditions for
v(P) = —v(D).

Also, Thach introduced some optimality conditions by using R-quasiconjugate.

(D) { minimize f%(u),

2.2. A-quasiconjugate and A-semiconjugate. Next, we introduce two concepts
of quasiconjugate for quasiconvex functions. In [9], the following A-quasiconjugate
was investigated in R™. In this thesis, we define the A-quasiconjugates in a locally
convex topological vector space X.

Definition 2.10. [9] The A\-quasiconjugate of f is the function f! : X* — R such
that

fXu) =X —inf{f(x) | (u,z) > A}, Yu € X*.
Definition 2.11. [16] The A-semiconjugate of f is the function f¢ : X* — R such
that

flu) =X —inf{f(z) | (u,z) > A}, Vu € X*.

Singer [16] defined the A-semiconjugate in the following form,
fAu)y=A—1—inf{f(2) | (u,2) >\ -1}, Vu € X*.

But we redefine the A\-semiconjugate in this paper. Clearly, f¥ = f% + 1 and
fYy = f® —1. Also, we can check that f¥ is H-evenly quasiconvex and f? is lsc
H-evenly quasiconvex if A > 0 in the similar way of [16, 31]. Also, in [9, 16, 17, 31],
researchers investigated the condition which guarantees that a function is equal to
its biconjugate function and duality theorems by these quasiconjugates.

2.3. Polar sets. In this section, we introduce some types of polar sets in locally
convex topological vector spaces.

Definition 2.12. Let A be a nonempty subset of X and o € R. We define polar
sets as follows.

A = Ly e X* | Vz € A, (v, z) < a},
A*ED) = [y e X* | Vx € A, (v,z) < a}.

Also, S be a nonempty subset of X* and a € R, we define polar sets as follows.
S (<) ={r e X |VveS, (v,r) <a},and S*=% ={z € X |Vv € S, (v,7) <a}.
Clearly, if o > 0 then A*(<%) is H-evenly convex, (A*(<®))*(<a) is HecA, A*(S9) is
closed H-evenly convex, and (A*(S®))*(<a) ig c] HecA. Moreover, for all a € R,

(U Ai) - =N < A;<s7a>> and <U Ai> - =N ( A;«<<,a>) .

iel el il i€l

Also, we introduce following two propositions.
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Proposition 2.13. Let I be an arbitrary set, A; be a nonempty H-evenly convex
subset of X for each i € I, and o > 0.

Then,
(1) m )

el el
Furthermore, if A; is closed for each i € I, then

*(<,a)
(m A; ) = clHec U (A:(S’a)) .
el

iel
Proof. Let S; C X* for each ¢ € I, then it is clear that (Uiel Si)*(<’a) _
Nics <S;(<’a)>. Hence, for {A:K’a) | i€ I},

*(<a)
(U A;"(<,a)> — ﬂ ((A;"(<,a))*(<,a)> _ ﬂAz

iel el iel

by the assumption of A;. Therefore,

#(<) s(<ia)) (<2
0+) -{Us) ) omega)
iel iel iel
The proof of second equation is similar. 0

Proposition 2.14. Let A be a nonempty subset of X and o € R. Then, following
statements hold.

(i) (clcod) (@) = A gpd (ecA)*(<0) = Ax(<e),

(ii) if o > 0 then (clHecA)* (=) = A=) gnd (HecA)* (<o) = Ax(<o),

Proof. At first, we show the statement (i). By separation theorem, for all v € X*
and o € R, AC{z € X | (v,z) <a}if and only if clcoAd C {z € X | (v,z) < a}.
Also, by separation theorem, A C {z € X | (v,z) < a} if and only if ecA C {z €
X | (v,z) < a}, this completes the proof of (i). The proof of (ii) is similar by
separation theorem. O

3. SET CONTAINMENT CHARACTERIZATION

(Classification is one of the basic problems in data mining which addresses the
question of how best to use historical data to improve the process of making deci-
sions and to discover regularities. Motivated by general nonpolyhedral knowledge-
based data classification, the containment problem which consists of characterizing
the inclusion A C B, where

A={re X |Viel, fi(x) <0, Vje Jg(z) <0},

and

B={zre X |Vse S kyx) <0, Vwe W, h,(x) <0},
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was studied by many researchers [6, 8, 10, 14]. The first characterizations were
given by Mangasarian [14] for linear systems and for systems involving differentiable
convex functions, and keys to this approach were Farkas’ Lemma and the duality
theorems of convex programming, respectively. In [10], Jeyakumar proved the
following set containment characterizations.

Theorem 3.1. [10] Let I be an arbitrary set, and for each i € I, let f; be a convex
function from R™ to R. In addition, let {x € R" | Vi € I, fi(z) < 0} be a non-empty
set, u € R", a € R. Then, (i) and (ii) given below are equivalent:

() {z€R"|Vie I, fi(x) <0} C {x € R" | {u,z) < a},

(i) (u,a) € clconeco Uepifi*.
iel

Theorem 3.2. [10] Let I be an arbitrary set, and for each i € I, let f; be a convex
function from R™ to R, {x € R" | Vi € I, fi(x) < 0} be a non-empty set. In
addition, let h be a convex function from R™ to R. Then, (i) and (ii) given below
are equivalent:

(i) {x e R" | Vie I, fi(x) <0} C {x € R" | h(z) > 0},
(i) (0,0) € epih* + cl cone co Uepifi*.

iel

Jeyakumar investigated Theorem 3.1 and 3.2 in R". However, these results are
also valid in locally convex topological vector space because these results were
proved by separation theorem. Also, these characterizations are generalization of
Mangasarian’s characterization, and play important roles in convex programming
problems.

In this section, we investigate three types of set containment characterizations
for quasiconvex programming, by using H and R-quasiconjugates, A-quasi and
A-semiconjugates, and the generator of quasiconvex functions, respectively. This
section is based on [20, 29, 24].

3.1. By H-quasiconjugate and R-quasiconjugate. In this section, we establish
dual characterizations of the set containment in R"™, assuming the quasiconvexity
of g;, 7 € J, the linearity or quasiconcavity of ks, s € S, that A is defined by strict
inequalities and B by both types of inequalities, so that A is convex whereas B is
either convex or reverse convex. The dual characterizations are provided in terms
of level sets of H-quasiconjugate and R-quasiconjugate of quasiconvex functions.

We present a characterization of the containment of a convex set, defined by
quasiconvex constraints, in an open halfspace. We start with a result on the con-
tainment for the case |J| = 1.

Theorem 3.3. Let v € R"\ {0}, a € (0,00) and B € R. Then the following
conditions are equivalent:

(i) L(g, <, B) C{z | (v,z) <a},
(i) 2 € L(g", <, —B).
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Proof. Assume that L(g,<,5) C {z | (v,z) < a}, that is, g(z) < [ implies
(v, ) < a or, equivalently, <§, m> > 1 implies g(x) > (3. This shows that

7 (2) =t | {221} <.

Conversely, if g7 (%) < —p, then inf{g(z) | (,z) > 1} > B. Therefore the
inequality <§,x> > 1 implies g(z) > 3, that is, g(x) < 8 implies (v, z) < a. Thus
L(g,<,B) C{z | (v,z) < a}. [

The theorem is valid when the constraint function is unique. Substituting
Sup,ey g; into g, we have

v
L(Supgj7 <7B) C {ZL‘ | <’U,l’> < O[} — — € L((Supg])Ha S) _5)7
jeJd o jedJ

for v € R"\ {0}, @ € (0,00) and § € R. Combining Theorems 2.8 and 3.3, we get
the first characterization theorem.

Theorem 3.4. Let J be an arbitrary index set, and g; be an evenly quasiconvex
function from R™ to R for each j € J, and assume the condition (A1):

(A1) VzeR"\{0} supg;(z)>supg;(0).
jed jeJ

Then, for v € R"\ {0}, a € (0,00) and 5 € R, the following conditions (i) and (ii)
are equivalent:

() {z € R" | sup;c; g;(z) < B} C{z e R" | {v,2) <o},

v
i) — inf g < —p).
(if) - € L{(inf g;')™, <, —5)
From Theorem 2.7 (iii) and Theorem 2.8,
jeJ J€

which yields the following result.

Corollary 3.5. Let v € R"\ {0}, @ € (0,00) and § € R. If there exists m € N,
Viseooy U €R™ and Ay, ..., Ny, € [0,00) with Y " A, < 1 such that

v Z)\kvk and for all k € {1,--- ,m},gf(vk) < =0 for somei €I
a
k=1
then,
{r e R" |supg,(z) < f} C{z e R" | (v,z) < a}.
jeJ

Next, we show a result on the containment for the case J is arbitrary.

Theorem 3.6. Let J be an arbitrary index set, and g; be an evenly quasiconvex
function from R™ to R for each j € J. Assume that the following conditions (A1)
and (A2) are satisfied:

(Al) Vo € R"\ {0} supg;(z) > supg;(0),
jed jeJ
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(A2) infjc;(gf") is Ls.c and included in T>°.

Then for v € R"\ {0}, a € (0,00) and 5 € R, the following statements are
equivalent:
(1) L(sup gj, <, ) C {z e R" | (v,2) < a},

jed

.U . H
(i1) o € HecL(;Ielggj , <, —p).

Proof. Firstly, we show that (ii) implies (i). Assume that (ii) holds. Then, from
Theorem 2.7 (iii) and Theorem 2.8,

jedJ

Then we have £ € L((sup,c;g9;)",<,—8) and, by Theorem 3.3, (i) is derived.
Next, we show (i) implies (ii). By using Theorem 2.8 and Theorem 3.3, (i) implies

- € L((inf ()™, <, ~B).

From assumption (A2) and Theorem 2.7, we get

inf(g7))™ <, —p) = inf g/, <, —
L((inf(g;"))™, <, —B) = HecL(inf g5°, <, = ).

Then (ii) is satisfied. O

In the following Corollary 3.7, we show a set containment characterization when
all g; are usc quasiconvex, J is a finite set, all k; are affine, S is an arbitrary set.

Corollary 3.7. Let J be a finite set, S be an arbitrary set, g; be an usc quasiconvexr
function from R™ to R and included in ~° for each j € J, vy € R*\ {0} and
as € (0,00) for each s € S. If condition (A1) holds, then the following conditions
(i) and (ii) are equivalent:

(i) {:BG]R”|Vj€Jgj( )<5}C{$ER” | Vs €S, (vs,x) < ag},

(i) Vs € S, — EHeCUL g, <, —B).

jedJ
Proof. We can check that (. ; L(gj ,<,—p) = L(inf e, gf, <,—B), L(sup;c; g, <
B)={x e R"|Vje Jyg(x) < B} and (A2) by using assumptions. O

We present a characterization of the containment of a convex set, defined by
finitely many constraints, in a reverse convex set, defined by a quasiconvex con-
straint.

Theorem 3.8. Let v € R*\ {0}, 8 € R. Then the following conditions are
equivalent:

(i) L(g,<,B) C{x | (v,2) < —1},
()UEL(Q,_ —B).

The proof is similar to the one of Theorem 3.3, hence it is omitted.
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Theorem 3.9. Let g and h be usc quasiconvez functions from R™ to R. Assume
that L(h,<,a) # 0 and 0 € L(g,<, ) for some o, B € R. Then the following
conditions are equivalent:
(i) L(g,<,8) C L(h, >, ),
(i) 0 € L(g", <,=B) \ {0} + L(h", <, —a) \ {0},
(iii) there exists v € R™\ {0} such that g™ (v) < =8 and hf}(—v) <

-
Proof. 1t is clear that (ii) and (iii) are equivalent. Since L(g, <, () and L(h, <, a)
are nonempty open convex subsets and 0 € L(g, <, ), we have
i) < L(g,<,8)NL(h,<,a)=10
<— JveR"\ {0}, Iy eR st.
(v,2) >~ > (v,2") Vo € L(h,<,a),V2' € L(g,<, )
<— JveR"\ {0} st.
(v,2) > 1> (v,2") Vo € L(h,<,a),Vz' € L(g,<, )
<~ FweR"\ {0} st. ¢"(v) <—Band M (—v) < —a,

by separation theorem. 0
Substituting sup;¢; g; into g, we obtain the following theorem.

Theorem 3.10. Let J be a finite set, g; be an usc quasiconvex function from R™
to R for each j € J, and h be an usc quasiconvex function from R™ to R. Assume
that L(h,<,a) # 0 and sup,c; g;(0) < B for some o, B € R. Then the following
conditions are equivalent:
(i) {z e R"|Vj € J,g;(x) < B} C L(h,>,a),
(ii) 0 € L((Slé?gj)H, <, =B)\ {0} + L(h", <, —a) \ {0},
j

(i) there exists v € R\ {0} such that (sup g;)" (v) < =3 and hf(—v) < —a.
jeJ

Proof. Since J is a finite set, we have sup, ; g; is usc and L(sup,c; 95, <, 8) = {7 €
R"™ | Vj € J,gj(x) < B}. By using Theorem 3.9, we conclude the proof. O

The next corollary characterizes the set containment in the case that all g; are
usc quasiconvex, J is a finite set, all h,, are usc quasiconvex, W is an arbitrary set.

Corollary 3.11. Let J be a finite set, W be an arbitrary set, g; be an usc quasicon-
vex function from R™ to R included in 70 for each j € J, hy, be an usc quasiconvex
function from R™ to R and a,, € (0,00) for each w € W. Assume that

(A1) Vz € R™"\ {0} su? gj(x) > sup g;(0),

JE jed

and L(hy, <, ) # 0 for each j € J and sup,e; fi(0) < B for some B € R. Then
the following conditions are equivalent:

(i) {z eR"|Vj € J,gj(z) < B} C{x e R" |Vw € W, hy(z) > v},

(ii) for each w € W, 0 € Hec UjeJ L(gf, <, =)\ {0} + L(hE < —ay,) \ {0},
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(iii) for each w € W, there exists v € R™\ {0} such that
v € Hec U L(gJH7 <, —B) and hf(—v) < —a,.

jeJ

3.2. By A-quasiconjugate and A-semiconjugate. In this section, we show set
containment characterizations, by A-quasiconjugate and A-semiconjugate. These
dual characterizations are provided in terms of level sets of A-quasiconjugate and
A-semiconjugate, especially 1, —Il-quasiconjugate, l-semiconjugate. In [29], we
investigated characterizations in R". However, in this section we investigate char-
acterizations in a locally convex topological vector space.

At first, we introduce the following proposition in a locally convex topological
vector space X.

Proposition 3.12. Let A be a convex subset of X, x € clA and y € intA. Then,
for all a € (0,1), (1 — @)z + ay € intA.

Proof. Since y € intA, there exists a convex and symmetric neighborhood U of 0
such that y + U C A. Then, (1 — o)z + ay + o*U C A. Actually, since x € clA
and U is symmetric, there exists z € aU such that 2 +x € A and —z € aU. For
all a € a?U,
a+ (1 —a)(—2)
o

caU+(1—-a)U CU,

at+(1—a)(—

that is y + - 2 ¢ A. Since A is convex,

(1—a)x+ay+a:(1—a)(z+:(:)+a(y+a+(1;a)(_z)) €A

This completes the proof. O

The following proposition, which concerns the closure of the intersection of a
family of convex sets, plays an important role in set containment characterizations.

Proposition 3.13. Let I be an arbitrary set, and A; be a convex subset of X for
each v € I. If int N;er A; is nonempty, then cl Njer A; = NierclA;.

Proof. Let x € NycrclA;. Since int Nier A; # (), there exists z € int N;ey A;. Then
for each i € I, {(1 — @)z + az | @ € (0,1]} C intA;, because of Proposition 3.12.
Therefore {(1 — a)z + az | a € (0,1]} C NierA;, that is, € cl(),c; 4. The
converse is clear. O

We present characterizations of the containment of a convex set, defined by
infinite quasiconvex constraints, in an evenly convex set.
In the beginning, we show a result of the containment when |J| = |S| = 1.

Theorem 3.14. Let g be a function from X toR, v € X*\ {0}, « € R and 3 € R.
Then, following conditions (i), (ii) and (iii) are equivalent:
(i) L(g, <, ) C{z | (v,2) < a},
(ii) v € (L(g, <, B))*=),
(Hl) CAS L(gZa S,Oé - 5)
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Proof. Tt is clear that (i) and (ii) are equivalent. Assume that L(g, <,() C {z |
(v,x) < a}, then the implication ¢g(z) < § implies (v,z) < «, or equivalently,
(v,x) > a implies g(x) > S holds. This shows

ga(v) = a —inf{g(z) [ (v,2) > a} <a = p.
Conversely, if g% (v) < a — 3, then inf{g(x) | (v,z) > a} > . Hence, the implica-
tion (v, x) > «a implies g(z) > 3, or g(x) < § implies (v, x) < « holds. This derives
L(g,<,B) C{z | (v,x) < a}. O

Next, we show the set containment characterization, assuming that all g; (j € J)
are strictly evenly quasiconvex, J and S are possibly infinite.

Theorem 3.15. Let J, S be arbitrary sets, B € R, g; be a strictly evenly quasicon-
vex function from X to R for each j € J, and vs € X* and as € (0,00) for each
s € S. Assume that g;(0) < B for each j € J. Then, following conditions (i) and
(i) are equivalent:

i) {zeX|Vje gjlx)<p} C{reX|VseS (vs,2) <as},

.. Vs 5 B

(ii) Vs € S, o € Hec U L((g;)%,<,1—B).

jeJ

Proof. 1t is clear that (i) and

#(<,1)
Vs e S, Ee( L(gj, <, )
o Q] (95, <, )
are equivalent. By using the assumption, L(g;, <, 3) is a H-evenly convex set for
each j € J. Hence, by using Proposition 2.13, 2= € Hec U,es (L(g5, <, 8))*<D for
each s € S. Furthermore, by using Theorem 3.14, 2= € Hec|J,c; L((9;)7, <, 1 — B)
for each s € S. O

In the following theorem, we show the set containment characterization, assum-
ing that all f; (i € I) are evenly quasiconvex, I and S are possibly infinite.

Theorem 3.16. Let I and S be arbitrary sets, § € R, f; be an evenly quasiconvex
function from X to R for eachi € I, and vy € X* and as € (0,00) for each s € S.
Assume that f;(0) < B for each i € 1. Then, following conditions (i) and (ii) are
equivalent:

i) {reX|Viel, fi(x) <P} C{re X |VseS (vs,2) < as},
.. Vs , B
(ii) Vs € S, o € Hech((fz)l, <,1-2).

Proof. 1t is clear that (i) and

*(<,1)

Vs

Vse S, — ¢ <ﬂL(f,-,§,6))
5 iel

are equivalent. By using the assumption, L(f;, <,/) is a H-evenly convex set

for each ¢ € I. Therefore, by using Proposition 2.13, for each s € §, o= €

Hec U, (L(fi, <, B8)*<Y. Because L(f;,<,3) = Neso L(fi, <, + €), by using
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Proposition 2.13 again, for each s € S, 2= € HecJ,; Hec U . o(L(fi, <, Bte))*(<D),
Furthermore, |J_.o(L(f;, <, 8+¢))*<Y = _oo(L(fi, <, B+¢))* <D, Hence we can
prove that 2= € Hec{J;c; U.oo L((fi)7, <, 1 — 8 —¢) for each s € S by using Theo-
rem 3.14. Therefore, for each s € S, 2= € HecU;c; L((fi)7, <,1— ). The converse
is similar. U

Next, we show the set containment characterization, assuming that all f; (i € I)
are evenly quasiconvex, all g; (j € J) are strictly evenly quasiconvex, I, J and S
are arbitrary sets.

Theorem 3.17. Let I, J and S be arbitrary sets, 5 € R, f; be an evenly quasi-
convex function from X to R for each i € I, g; be a strictly evenly quasiconvex
function from X to R for each j € J, and vy € X* and o € (0,00) for each s € S.
Assume that f;(0) < B and g;(0) < 8 for each i € I and j € J. Then, following
conditions (i) and (ii) are equivalent:
(i) {z|Viel, filx) <B,Vje Jgjx) <p} C{x|Vsel (vs,x) <as},
(ii) Vs e S,

o € Hec[ (LJL ﬂ)) U (U L((g)f, <, 1 — ,6)) ] :

JjeJ

Proof. The proof is similar to Theorem 3.15 and 3.16. U

In the following theorem, we show the result of the characterizing set containment
when |J| = |[W| =1 by using A-semiconjugate.

Theorem 3.18. Let g be a function from X to R, u € X*, v € R and B € R.
Then, following conditions (i), (ii) and (iii) are equivalent:

(i) L(g, <, B) C{x € X | (u,z) <77},

(i) u € (L(g, <, )=V

(iii) u € L(g3, <, v — B).

Proof. It is clear that (i) and (ii) are equivalent. We may assume that L(g, <
,B) C {x € X | (u,z) < ~}, then the implication g(x) < 8 implies (u,x) < =, or
equivalently, (u,z) >~ implies g(z) > [ holds. This shows

g5(u) =y — inf{g(z) | (u,2) > 7} <7 - 5.
Conversely, if gg(u) < v — B, then inf{g(x) | (u,z) > v} > B. Therefore the
implication (u,x) > ~ implies g(x) > B, or g(x) < f implies (u,z) < holds. This
derives L(g, <,) C {z | (u,z) <~}. O

Next, we show the set containment characterization, assuming that g; (j € J)
are quasiconvex, J and W are arbitrary sets.

Theorem 3.19. Let J and W be arbitrary sets, B € R, g; be a quasiconvex function
from X to R for each j € J, and u, € X* and 7y, € (0,00) for each w € W.
Assume that g;(0) < B for each j € J and int{x € X | Vj € J,g;(z) < B} is
nonempty. Then, following conditions (i) and (ii) are equivalent:
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(i) {z € X[Vj € Jg;(z) < B} C{w € X |Vw € W, (uw, 2) < W},
(i) Vw € W, P)/—GClHeCUL 9,5, <,1—B).

jeJ

Proof. 1t is easy to show that (i) is equivalent to

(<)
Ywe W, = e (ﬂl)(gj,<,ﬁ)) .

Vw el

Since int{z € X |Vj € J,g;(z) < B} is nonempty, we can prove that

() Llgs <, 8) S = (A () Llg;, <, B) Y = () elLlgj, <, 8)"C

JjeJ jeJ jeJ
by using Proposition 3.13. From the assumption, clL(g;, <, 3) is closed H-evenly
convex for each j € J. Hence, by using Proposition 2.13, for each w € W, fj—z €
clHec UjEJ(ClL(gj,<,/B))*(S’1). Also, by using Theorem 3.18, for each w € W,
e € clHec UjEJL((gj)?, <,1— ). The converse is similar. O

In the following theorem, we show the set containment characterization, assum-
ing that all f; (i € I) are quasiconvex, I and W are arbitrary sets.

Theorem 3.20. Let I and W be arbitrary sets, 8 € R, f; be a quasiconvex function
from X toR foreachi € I, andu, € X* and, € (0,00) for eachw € W. Assume
that f;(0) < B for each i € I and int{x € X | Vi € I, fi(x) < B} is nonempty.
Then, following conditions (i) and (ii) are equivalent:

(i) {re X |Viel, fi(z )<ﬁ}C{x€X\Vw€VV,<uw,x>gfyw},

(i) Vw € W, = € clHee| JL((f), <, 1~ B).

Tw el

Proof. 1t is clear that (i) is equivalent to for each w € W, 2= € ((,; L(f;, <

,3))*=V_ By the similar way in Theorem 3.19, we can prove that for each w € W,
e € (Nicr LL(fi, <, 8))* Y. From the assumption, clL(f;, <, ) is a closed H-
evenly convex set for each j € J. Therefore, by using Proposition 2.13, :1“0’ €

clHec ;o (clL(f;, <, 8))"=Y for each w € W. Also, by using Proposition 3.13
again,

*(<,1) *(<,1)
clHch(clﬂL(fi,<,B+e)> —clHch(ﬂclL fi, <, 6—1—5)) :

el e>0 i€l Nex>0

By using the assumption, for each ¢ > 0, clL(f;, <, + ¢) is a closed H-evenly
convex set. Therefore by using Proposition 2.13, for each w € W,

e clHch U (clL(fi, <, B +5))
Tw el e>0
Furthermore,

ClHeCUU (cIL(f;, <, +¢))*=D —ClHeCUU (fi, <, B+e)) =D,

i€l >0 i€l e>0
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and by using Theorem 3.18, we can prove that for each w € W,

—GclHchUL (f)4,<,1—e—-p),

Tw i€l >0

that is, 2= € clHec ¢, L((f)},<, 1= 7). O

Next, we show the set containment characterization, assuming that f; and g; are
quasiconvex for each ¢ € [ and j € J, I, J and W are arbitrary sets.

Theorem 3.21. Let I, J and W be arbitrary sets, § € R, f; and g; be quasiconvex
functions from X to R for eachi € I and j € J, and u,, € X* and 7y, € (0,00) for
each w € W. Assume that f;(0) < 8 for eachi € I, g;(0) < 8 for each j € J, and
int{x € X | Vi € I, fi(z) < B,Vj € J,gj(x) < B} is nonempty. Then, following
conditions (i) and (ii) are equivalent:
(i) {z|Viel, fi(x) < B,Vj € J,gj(x) < B} C{z | Yw €W, (tw, ) < Y},
(ii) Vw e W,

% € clHec{ (U L((f)8, <,1— 5)) U (U L((g;)4,<,1 — 6)) } .

iel jeJ
Proof. The proof is similar to Theorem 3.19 and 3.20. O

In the following theorem, we show the set containment characterization, assum-
ing that all f; (i € I) are evenly quasiconvex, all g; (j € J) are strictly evenly
quasiconvex, and I, J, S and W are arbitrary sets.

Theorem 3.22. Let I, J, S and W be arbitrary sets, 5 € R, f; be an evenly
quasiconvez function from X to R for eachi € I, g; be a strictly evenly quasiconvex
function from X to R for each j € J, vy € X* and o, € (0,00) for each s € S,
and u, € X* and v, € (0,00) for each w € W. Assume that f;(0) < B for each
i€, gj(0) <p foreach je J andint{zx € X | fi(x) < p,i € 1,g9;(x) <p,je€ J}
is nonempty. Then, following conditions (i) and (ii) are equivalent:

(i) AC B,
(i) Vs € S,
_eHecKLEJIL (f)Y, <, )>U<!}L((gj)lf7§,1—5)>];
Yw e W,
% € clHec{ <1L€JIL((fi>?, <1- 6)) U (gmgﬁf, < 1- 5)) ]
where

A = {zeX|Viel, filx)<pB,Vje Jgix)< b},
B = {xe€ X |Vse S (vs,x) < as,Vw e W, (U, ) < Yt

Proof. The proof is similar to Theorem 3.15, 3.16, 3.19 and 3.20. 0
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We present characterizations of the containment of a convex set, defined by infi-
nite quasiconvex constraints, in a reverse convex set, defined by infinite quasiconvex
constraints.

In the beginning, we show the result of the containment when |J| = |W| = 1.

Theorem 3.23. Let g be a quasiconvex function from X to R, h be an usc qua-
siconvex function from X to R, v € R and B € R. Assume that L(g,<,[) and
L(h,<,7) are nonempty. Then, following conditions (i), (ii) and (iii) are equiva-
lent:

(1) L(g, <, B) € L(h, 2,7),
(i) L(g, <, B) (N L(h, <,7) = 0,
(ili) there exists o € R such that
0e L(gga S,O& - 5) \ {O} + L(hzom S? —x ’}/) \ {O}

Proof. Tt is clear that (i) and (ii) are equivalent. We may assume that the condition
(ii) holds. Then, there exists v € X*\{0} and o € R such that for all x € L(h, <,7)
and y € L(g, <, ),

(v,2) > a = (v,y),

since ¢ is quasiconvex and k is usc quasiconvex. Clearly, v € (L(g, <, ))<= and
—v € (L(h,<,7))"<~%). By using Theorem 3.14 and Theorem 3.18, v € (L(g?, <
,a—fB)and —v € L(h",,<,—a—7). Hence, 0 € L(¢?,<,a— )\ {0} + L(h*,,, <
,—a — )\ {0}. The converse is similar. O

Next, we show the set containment characterization, assuming that all g; (j € J)
are quasiconvex, all h,, (w € W) are usc quasiconvex, J and W are arbitrary sets.

Theorem 3.24. Let J and W be arbitrary sets, g; be a quasiconvex function from
X to R for each j € J, hy be an usc quasiconvex function from X to R and
Yo € R for each w € W, and € R. Assume that 0 € int Nje; L(g;, <, )
and Nyew L(hyw, <, Yw) s nonempty. Then, following conditions (i) and (i) are
equivalent:

() () Llg <.8) € () Ll >70),

(ii) jvezi e W, -
0e (clHec U L((g,)}, <, 1= B)\ {0}) + L((he)”y, <, =1 —70) \ {0}

Proof. Assume that the condition (i) is hold. Then, for each w € W, Njc;L(g;, <
. B) (N L(hyw, <,7w) = 0. Since all g; are quasiconvex, k,, are usc quasiconvex and
0 € int Njes L(gj, <, ), there exists v € X*\ {0} such that for all x € L(h,, <
w) and y € NjesL(g;, <,B8), (v,x) > 1 > (v,y). By using Theorem 3.14 and
Theorem 3.19, we can prove that v € clHec Uje; L((g;)},<,1 — ) and —v €
L((hw)”1, <, —1=7), that is, 0 € (clHeeUjes L((g;)7, <, 1=B)\{O}) +L((hw)" 1, <
,—1 — ) \ {0}. The converse implication is similar. O
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In the following theorem, we show the set containment characterization, assum-
ing that f; (i € I) are quasiconvex, h,, (w € W) are usc quasiconvex, I and W are
arbitrary sets.

Theorem 3.25. Let I and W be arbitrary sets, f; be a quasiconvex function from
X to R for each i € I, h, be an usc quasiconvex function from X to R and
Y € R for each w € W, and f € R. Assume that 0 € int Nie; L(fi, <, 5)
and Nyew L(hw, <, Yw) s nonempty. Then, following conditions (i) and (i) are
equivalent:

D) (L <8) € () Llhw, =, 70),

(i) Vo € W, v
0€ (clHch L), <,1=8)\ {0}) + L((hy)” 1, <, =1 — ) \ {0}.

Proof. Assume that the condition (i) is hold. Then, NerL(fi, <,5) () L(hw, <
,Yw) = O for each w € W. Since all f; are quasiconvex, h, are usc quasicon-
vex and 0 € int Nier L(fi, <, B), there exists v € X*\ {0} such that for all
x € L(hy, <,7) and y € NMierL(fi, <,B), (v,x) > 1 > (v,y). By using Theo-
rem 3.14 and Theorem 3.20, we can prove that v € clHec Uje; L((f:)], <, 1 — B)
and —v € L((hy)”1, <,—1 — 7). The converse is similar. O

We show the set containment characterization, assuming that f; and g; are qua-
siconvex for each i € [ and j € J, h,, are usc quasiconvex for each w € W, and I,
J and W are arbitrary sets.

Theorem 3.26. Let I, J and W be arbitrary sets, f; and g; be quasiconvexr func-
tions from X to R for each v € I and j € J, hy, be an usc quasiconver func-
tion from X to R and v, € R for each w € W, and § € R. Assume that

0 € int[(MierL(fi, <, B)) N(Njes L(g5, <, B))] and Nyew L(hw, <,7w) is nonempty.
Then, followz'ng conditions (i) and (ii) are equivalent:

D (VL < V() Lgs <, 8) € () Ll =, 7w),

i€l jedJ weW
(i) Yw € W,
(ClHeC{ UL fz 17 ) U UL gj 1a_7 ))}\{0})
el jeJ

+L((hw)”y, <, =1 = 7) \ {0}

Proof. The proof is similar to Theorem 3.24 and 3.25.
O

In this section, we show set containment characterizations in an evenly convex
set, assuming that the inequalities in A and B can be either weak or strict. However,
on set containment characterizations in a reverse convex set, we show only the
case where inequalities in B are weak. Hereinafter, we show that it is difficult to
characterize the set containment characterization in a reverse convex set, assuming
that the inequalities in B are strict.
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We consider the characterization of A C B, where I, J and S are arbitrary sets,
fi and g; are quasiconvex functions from X to R for each 7 € I and j € J, k, is a
quasiconvex function from X to R and a, € R for each s € S, f € R, and

A = {zeX|filz)<Bicl gj(x)<B,je},
B = {ze€X|kiz)>asseS}.

Assume that J is empty, f; is Isc quasiconvex for each i € I, k; is Isc quasiconvex
and L(ks, <, ay) is compact for each s € S, and 0 € int Ny L(fi, <,5). Then,
following conditions (i) and (ii) are equivalent:

(1) miEIL(fiagaﬁ) C msGSL<ks>>7as)>
(i) Vse S, Jve X*\ {0} s.t.
Vo € L<k87 S;Oés)uvy € miEIL<fi7 Svﬁ)7 <'U,$> > 1 > <U7y> :

Of course, we can rewrite the condition (ii) by using level sets of quasiconjugate
functions. Assume that [ is empty, |J| < 0o, g; is usc quasiconvex for each j € J,
ks is quasiconvex for each s € S, and 0 € int Nje; L(g;, <, B), then, following
conditions (i) and (ii) are equivalent:

(i) NjesL(gy, <, B) C NsesL(ks, >, ),
(i) Vse S, Fve X"\ {0} s.t.
Vo e L(ksv SaO‘S)?vy € ijJL<gjv <7ﬁ)7 <U7x> >1> <U=y>'

Hence, we can show the set containment characterization by using 1-quasiconjugate
and —1-semiconjugate.

However, if J is an arbitrary set, then N;ec;L(g;, <, B) is not always open even
if g; is usc quasiconvex for each j € J. Hence, if g; is usc quasiconvex for each
Jj € J, ks is 1Isc quasiconvex and L(k,, <, ay) is compact for each s € S, 0 €
int Njes L(gj, <,B) and NjesL(gj, <, ) C NsesL(ks, >, ), then, for each s € S,
there exists v € X*\ {0} such that for all z € N;e;L(g;, <,B) and y € L(ks, <, ),

(v,2) 21> (v,y).

Also, the above inequality does not imply that Nje;L(g5, <, 8) C NsesL(ks, >, as),
and these assumptions of functions are the strongest one in this problem. Therefore,
it is hard to characterize set containments by using quasiconjugate function.

3.3. Application. We show that set containment characterizations in this section
is useful to consider quasiconvex programming problem. Let I be an arbitrary set,
fi be a lsc quasiconvex function from X to R for each i € I, A = {x € X | Vi €
I, fi(x) < 0}, and h be an usc quasiconvex function. Assume that 0 € intA, and
consider the following problem (P),

minimize h(z),
(P) { subject to x € A.

Remember that all Isc quasiconvex functions are the supremum of some family of Isc
quasi-affine functions. Hence, without loss of generality, we can assume that f; is a
Isc quasi-affine function for each ¢ € I, that is, there exist {(l;,v;) | i € I} C Q@ x X*
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such that f; = l;ov; for each ¢« € I. By using Theorem 3.25, for each v € R, following
conditions (i), (ii) and (iii) are equivalent:
(1) lGIL(fM = ) C L(h7 Z? )
(ii) 0 € clHec Uies L((f:)Y, <, 1) + L(h*;, <, =1 —~) \ {0},
(iif) 0 € cleo({gytryvi | i € 1} U{0}) + L(h",, <, —1—7)\ {0}.
Actually, for each ¢ € I,
= {zeX|1—mf{l;ovi(x) | (z,2) > 1} < 1}
= {ze X |inf{l;ov;(z) | (z,2) > 1} > 0}.

If z ¢ Ry{v;}, it is clear that inf{l; o v;(z) | (z,2) > 1} = infierl;(t) < 0
because S is nonempty. And if z € R {v;} \ {0}, there exists A > 0 such
that z = Av;, hence inf{l; o vi(z) | (z,2) > 1} = [(5) because ; is non-
decreasing.  Also, it is clear that inf{l; o v;(x) | (0,2) > 1} = oo, hence
we can prove that L((l; o v)d,<,1) = [O,W){vi}. Furthermore clHec Ujer
L((l; o v3)§,<,1) = clHec Uies [0, BE 1 g){vit = clec(Uies[0, 1(0 ){vi} U {0})
because U;er[0, ar 1 ){vl} is nonempty Also clec(U;er|0, R 1 ){v,} u{0}) =
clco(Uier[0, gy=r; ){vz} U{0}) = cleo({ gy=ryvi | i € 13 U{0}). Hence the above
conditions (i), (11) and (i) are equ1va1ent

Clearly, inf,c4 h(x) = sup{y € R | NiesL(fi, <,0) C L(h,>,7)}. Hence, we can
prove that
inf h(x) = sup {'y ‘ 0 € clco({

T€EA

Ui . v
i | € DU + L0 < 1=\ (0},
that is, we get the following new duality problem of (P),

D maximize 7y,
(D) subject to 0 € clco({( oy vi |4 € 1Y UA{0}) + L(hYy, <, —1 =) \ {0}.
The value of the dual problem (D) is equal to —inf,cr(h”{(2) + 1), where T' =
clco({(ll) Vi | i € I} U{0}). Furthermore, A*(S1 = clco({mvi | i €
Iyu{o}) = —T and h” | + 1 = h®. Hence,
inf h(z) = — inf hf(2),

z€A 2e—A*(SD)
and we can get another duality problem of (P),
(D) minimize hf(z),
subject to z € —A* S,
This duality problem (D’) is a same problem of the duality problem by Thach [31].
3.4. By the generator of quasiconvex functions. In this section, we show two
set containment characterizations for quasiconvex constraints. First, we present a

characterization of a containment of a convex set, defined by a quasiconvex con-
straint, in a closed halfspace.



QUASICONVEX DUALITY THEOREMS WITH QUASICONJUGATES AND GENERATOR 23

First, we introduce a notion of a quasiaffine function which is a generalized
notion of an affine function. A function f is said to be quasiaffine if quasiconvex
and quasiconcave. In [15], Penot and Volle proved the following theorem.

Theorem 3.27. [15] The following conditions (i) and (ii) are equivalent:
(i) f is lsc quasiaffine,
(ii) there exists k € Q and w € X* such that f =k ow,
where Q = {h : R — R | h is lsc and non-decreasing}. Also, the following condi-
tions (iii) and (iv) are equivalent:
(iii) f is lsc quasiconver,
(iv) there exists {(k;,w;) | i € I} C Q x X* such that f = sup,¢; k; o w;.

Theorem 3.27 indicates that a lsc quasiconvex function f consists of a supremum
of some family of Isc quasiaffine functions. Based on this result, we define a notion of
generator for quasiconvex functions, that is, G = {(k;,w;) | i € [} C Q x X* is said
to be a generator of f if f = sup,c; k; o w;, and we can see that all Isc quasiconvex
functions have at least one generator by Theorem 3.27. Also, when f is a proper
Isc convex function, By = {(k,,v) | v € domf*, k,(t) = t— f*(v),Vt €e R} C Q@ x X*
is a generator of f. Actually, for all z € X,

fx) = [ (2) = sup{(v,z) = [*(v) [ v € dom [} = sup k,({v,z)).

vedom f*

We call the generator By “the basic generator” of convex function f. The basic gen-
erator is very important with respect to the comparison of convex and quasiconvex
programming.

Moreover, we introduce a generalized notion of inverse function of h € ). The
following function h~! is said to be the hypo-epi-inverse of h :

h™'a) =inf{b € R |a < h(b)} =sup{b € R | h(b) < a}.

If A has the inverse function, then the inverse function of his equal to the hypo-
epi-inverse of h. in detail see [15]. In this thesis, we denote the hypo-epi-inverse
of h by h=1. Also, we denote the lower left-hand Dini derivative of h € @ at t by
D_h(t), that is D_h(t) = liminf. ,o_ M A function h is said to be lower
left-hand Dini differentiable if D_h(t) is finite for all t € R.

By using the notion of generator, we investigate the following set containment
characterization.

Theorem 3.28. Let f be a lsc quasiconvex function from X to R with generator
{(ki,w;) | 1€} CQx X", ue X", and a, f € R. Assume that {x € X | f(z) <
B} # 0 and there exists ig € I such that k;,'(8) € R. Then (i) and (ii) given below
are equivalent:

(i) {z e X | f(z) < B} C{z € X | (u,z) < a},

(i) (u,a) € clconeco U {(w;,0) € X* xR | k;1(B) < d}.

iel

Proof. Let (u,a) € cleconeco [, {(wi,d) € X* x R | k;'(8) < 4}, then there ex-
ists {(ug, ax)} C coneco ;o {(w;,8) € X* xR | k;'(B) < 6} such that {(uy, ax)}
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converges to (u,a). For each k € N, there exist A\, > 0, my € N, iy, -+ iy, € I,
01,7, 0m,, € Ry and By, , By, > 0 such that X748, = 1, §; > k;(ﬁ), and
(ur, o) = A (372 Bjwg,, 352 8;6;). Then, for all x € X with f(x) < B and i € [,
k;({(w;, z)) < . Hence, for all k € N,

(un, ) = M Y B (i) < N B0 = e
Jj=1 j=1

Therefore, (u,z) < o. Conversely, let (u, ) ¢ clconeco |J;o; {(w;,d) € X* xR |
k7'(B) < &§}. By using separation theorem, there exists (vg,70) € (X x R)\{0}

)

such that for all (w,d) € U;e; {(wi,d) € X* xR | k;'(8) < 4},

<(u7 Oé), <U0>70)> >0=> <(w7 5)? (U0770>> :

(a) If 79 < 0, then we may assume that o = —1. Therefore, for each i € I with
kEN(B) € R, (u,vp) —a > 0 > (w;,ve) — k; *(B), and hence, (u,vy) > « and for
each i € I, k;Y(B) > (wy,vo). Then, k;({(w;,v0)) < 8, that is, f(vg) < B, which
contradicts (i).

(b) If 49 = 0, then for each i € I with k;*(3) € R, (u,ve) > 0 > (w;,v), and
since L(f,<,B) # 0, there exists xg € L(f,<,8). Then, for all t > 0, for each
i € I with k;'(8) € R, (wy, zo + tvg) < (w;, 7o), which implies k;((w;, zo + tvg)) <
k;({w;, xo)) < B. Therefore, xq+tvy € L(f, <, 5). However, since (u, vg) > 0, there
exists to > 0 such that (u, g + tove) > a. This is contradiction.

(c) If 49 > 0, we can assume that 7y = 1, then for each i € I with k;'(8) € R
and & > k;'(8), (u,vo) +a > 0> (w;, v) + 6. However, this is a contradiction for
sufficiently large 9. O

A generator of the quasiconvex function obtained in Theorem 3.27 is not unique,
and any lsc quasiconvex function has infinite generators. However, the set in condi-
tion (ii) of Theorem 3.28 does not depend on the generator of the function f. When
{(ki,w;) |1 € I} € Q@ x X* and {(l;,u;) | j € J} C Q x X* are generators of f, the
following three conditions can be proven to be equivalent by using Theorem 3.28:

() {ze X | f(z) < B} C{reX|(ux) <a},
(i) (u,a) € clconeco U {(ws,0) € X* xR | k;1(B) <6},
el
(iii) (u, @) € clconeco U {(u;,6) € X* xR | I;1(B) < 6}
jed

Moreover, the set in the above condition (ii) is equal to epid’, that is

epid’y = clcone co U {(w;,0) € X* xR | k;1(B) < 4},
iel
where A = L(f, <, 8). This equation is very important to define the newly proposed
CCCQ in the way described in [7].

Next, we present a characterization of the containment of a convex set, defined by
a quasiconvex constraint, in a reverse convex set, as defined by a convex constraint.
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Theorem 3.29. Let f be a lsc quasiconvex function from X to R with generator
{(ki,w;) |1 € I} C Q x X*, and let h be a proper lsc convex function from X to
R U {+o0}. In addition, let B € R. Assume that A = {x € X | f(z) < B} # 0,
domh N A # 0, epih* + epid’ is w*-closed and that there exists ig € I such that
-1 . . . . .

ki, (B) € R. Then, (i) and (i) given below are equivalent:

(i) {z € X | f(z) < B} C{z € X | h(x) = 0},

(ii) (0,0) € epih® + clconeco U {(w;,0) € X* xR | k7 1(B) < d}.

iel

Proof. Assume the condition (ii) holds. Based on the above assumption, subdiffer-
ential sum rule, and Theorem 3.28, we can show that

(0,0) € epih* + epidy = epi(h + d4)".

This shows inf,c4 hA(x) > 0, that is, condition (i) holds. The inverse implication is
similar. [l

3.5. Discussion. We compare the main results in this section with previous ones
in Refs. [6, 8, 10, 14]. Consider the sets

A={x e X | fi(x) <0,Vie I;gi(x) <0,Vj € J;l.(x) =0,Ve € £},

and
B={xe€ X | ks(zx) <0,Vs € S;hy(z) <0,YVwe W},

where I, J, E, S and W are arbitrary sets, TUJUE # 0, SUW # 0, and
{fi,i € I}, {g,5 € J}, {lc,e € E}, {ks,s € S} and {h,,w € W} are functions
from X to R. We summarize in Table 1 the results on set containments in the
similar way in [8]. No. from 1 to 7 are previous results, No. 8 to 13 are our results
in this section. The column 2 inform about reference or section. The columns
3,4, 5, 6 and 7 inform on the cardinality of the index sets, which can be empty,
finite or arbitrary (abbreviated as ”()”, "Fin” and ”Arb”, respectively), and the
columns 8, 9, 10, 11 and 12 inform about assumptions of functions, which can
be affine, quadratic concave, differentiable convex, differentiable concave, convex,
concave, quasiconvex and quasiconcave (abbreviated as ”Aff”, ”Quad”, "Dconv”,
"Dconc”, ”Conv”, ”Conc”, ”Qconv” and " Qconc” | respectively). ”***” means that

JUW £ 0.
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No. I J E S w {fz} {gj} {le} {ks} {hw}
1 [14 Fin 0 0 0 Fin Aff — — = Aff
2 [14 Fin 0 0 0 Fin Aff — — —  Quad
3 [14] Fin ¢ ©® 0  Fin Dconv — — —  Dconc
4  [10] Atb 0 0 0  Fin Conv - - — Aff
5 [10] Arb 0 0 0 Fin Conv — - - Conc
6 [8] Arb ¥ Arb Arb A A A A Aff
7 6] Arb Arb 0 0 Fin Conv Conv —  — Conc
8 31 0 Fin 0 Fin 0 — Qconv —  Aff -
9 31 0 Fin 0 1) Fin — Qconv —  — Qconc
10 3.2 Arb Arb 0 Arb Arb Qconv Qconv —  Aff Aff
11 32 Arb Arb 0 1) Arb Qconv Qconv —  — Qconc
12 34 Arb 0 0 0 Arb Qconv — - = Aff
13 34 Arb 0 0 0 Arb Qconv — - - Conc

Table 1. Literature on set containments
In the rest of the section, we compare No. 4 with No. 8 especially. Section 3.1
characterizes the containment in the form

L(f,<,B) c{x | (v,2) < a},

whereas, in Theorem 3.1, Jeyakumar considered inclusions of the form

L(f, <. 8) c{z [ {v,2) < a}.
We discuss conditions guaranteeing the equivalence of both inclusions. It is easy
to show that for any v € R" \ {0},
int{z | (v,z) <a}={z]| (v,z) <a}, c{z|{v,z)<a}={z](v,z)<a}l.
Moreover, if f is continuous, we have

L(f,<,B) CintL(f,<,B), clL(f,<,8) C L(f,<,8)

are satisfied, but the converse inclusions are not true in general. When the equalities
are fulfilled in these inclusions, we can show easily that our form and Jeyakumar’s
form are equivalent. For our purpose, we show the following lemmas:

Lemma 3.30. Let A, B C R". IfintA = 0 and int(clB) = intB, then we have
int(AU B) = intB.

Proof. Inclusion int(AU B) D intB is obvious. Conversely, for any = € int(AU B),
there exists r > 0 satisfying B(z,r) C AU B. If int(B(z,r) N B¢) # 0, then we
have a contradiction since intA = () and B(x,r) N B* C (AU B) N B¢ C A hold.
Therefore

0 = int(B(xz,r) N B) = B(z,r) Nint(B°) = B(z,r) N (clB)¢,
and then B(z,r) C clB. By using assumption int(clB) = int B, we obtain B(z,r) C
int(clB) = int B C B. This shows that x € intB. O

Lemma 3.31. Let A, B C R". IfintA =0 and B is a conver set with intB # (),
then we have
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(i) int(AU B) = intB,
(ii) int(A U B€) = intB°.
Proof. Since B is convex and intB # (), we have
int(clB) =intB  and cl(intB) = clB.
The second equation yields int(cl(B¢)) = int(B°). Therefore (i) and (ii) are proved
by using Lemma 3.30. U

Theorem 3.32. Let f be a continuous quasiconvex function from R™ to R, v €
R™\ {0} and o € R. If intL(f,=,0) = 0 and intL(f,<,5) # O for some B € R,
then we have

(i) L(f, <, ) = ntL(f, <, B),
(i) clL(f,<,B8) = L(f, <, B)

Moreover
L(f,<.B) C{z | {v,z) <a} <= L(f,<.8) C{z|{v,z) <a}.

Proof. (i). Put A = L(f,=,p) and B = L(f,<,). By using Lemma 3.31 (i),
intL(f, <,8) = intL(f,<,B) = L(f,<,0) because f is usc. Next we show (ii).
Put A = L(f,=,B) and B = L(f, <,). By using the Lemma 3.31 (ii), we have
intL(f,>,8) =intL(f, >, ), and equivalently clL(f, <, ) = clL(f, <, ). Since f
is Isc, clL(f, <, B) = L(f, <, ). The equivalence is straightforward consequence of
statements (i) and (ii). O

Remark 3.33. If every f; is convex, dom(sup,c; fi) = R™ and condition [Al] in
Theorem 2.8 holds, then the assumptions of Theorem 3.4 is satisfied. Also if

ian sup fi(xz) < 0, we can check that intL(sup,¢; fi,=,0) = 0 and intL(sup,¢; fi, <
Tz€R™ 4T

,0) # 0. For any o € (0,00) and any v € R™ \ {0}, we have the following
characterization concerned with the Fenchel conjugate and H-quasiconjugate:

(v, ) € cl (conecoUepiff) — Ye L((inf f7)HH < 0).
o

) i€l
el

4. CONSTRAINT QUALIFICATIONS

We consider the following mathematical programming problem:

minimize f(x),
subject to g;(x) < 0,Vi € I,

where [ is an arbitrary set, f and g; are extended real-valued functions from locally
convex Hausdorff topological vector space X.

In convex programming, a constraint qualification is an essential ingredient of
the elegant and powerful duality theory. The best-known constraint qualifications
are the Slater-type constraint qualifications. Often, however, such constraint quali-
fications are not satisfied for problems that arise in applications. The lack of a con-
straint qualification can cause theoretical and numerical difficulties in applications.
For convex programming, Jeyakumar, Dinh, and Lee [11] developed the closed cone
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constraint qualification involving epigraphs and extending the Slater-type condi-
tions. Constraint qualifications involving epigraphs have been used extensively in
various studies, see [1, 7, 13]. Such constraint qualifications concern Jeyakumar’s
set containment characterization (Theorem 3.1).

Recall I'g(X), the set of all proper Isc convex functions from X to R. In [7], the
condition of Farkas-Minkowski (FM) was investigated as the weakest constraint
qualification for Lagrange (strong) duality. Let I be an index set, for each i € I,
let g; € I'o(X). The convex system {g;(z) < 0 | i € I} is said to be FM if the
characteristic cone

cone co U epig;
i€l
is w*-closed.

The following theorem indicates that FM is the weakest constraint qualification

for Lagrange duality.

Theorem 4.1. [7] Let I be an index set, for each i € I, let g; € T'o(X). Assume
that A = {x € X | Vi € I,g;(x) < 0} # 0. Then, the following statements are
equivalent:
(i) {gi(x) <0|iel} is FM,
(ii) for allv € X*,
inf (v, ) = max inf {{v, z) + Z Xigi(x)},

(iii) for all f € To(X) with domf N A # 0, where epif* + epid’ is w*-closed,

inf f(x) = max inf {f(x) + Z )\igi(x)}7

T€EA (I zeX
AERY iel

where RY) = (A e R! | Vi e I,X\; > 0,{i € I | \; # 0} is finite}.

FM and Theorem 4.1 is closely related to Jeyakumar’s set containment charac-
terization (Theorem 3.1).

In [13], Li, Ng and Pong investigated the basic constraint qualification for convex
programming. Let {g; | i € I} C I'o(X), then the family {g; | i € I} is said to
satisfy the basic constraint qualification (the BCQ) at x € A if

N4(z) = coneco U 0gi(z),
i€l (x)
where A ={x € X |Vie I,g;(x) <0} and I(x) = {i € I'| g;(x) = 0}. Also, they
investigated the following theorem which indicates that the BCQ is the weakest
constraint qualification for a certain optimality condition.

Theorem 4.2. [13] {g; | i € I} C I'o(X). Assume that A = {zr € X | Vi €
I,9;(x) <0} # 0 and xg € A. Then, the following statements are equivalent:
(i) {gi(x) <0 |i€ I} satisfies the BCQ at xy,
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(ii) for all v € X*, x¢ is a minimizer of v in A if and only if there exists
A€ Rg(xo)) such that

—v € Z Xi0gi(zo),
1€l(zo)
(iii) for all f € To(X) with domfNA # ) and epif* + epidy is w*-closed, xq is
a minimizer of f in A if and only if there exists A € ]RSFI(%)) such that

0 € df(xo) + Z Ai0gi(wo).
iEI(z‘o)

In this section, we investigate two constraint qualifications for a Lagrange-type
duality and a newly optimality condition on quasiconvex programming. These
constraint qualifications is similar to FM and the BCQ. This section is based on [24,
23].

4.1. Closed cone constraint qualification. In this section, we show a duality
theorem for quasiconvex programming with the new constraint qualification which
deals with the set containment characterization by the generator (Theorem 3.28).
At first, we introduce a new closed cone constraint qualification for quasiconvex
programming.

Definition 4.3. Let g be a lsc quasiconvex function from X to R with a generator
{(kj,w;) | i e I} CQx X*, A={x € X | g(x) <0} # 0 and there exists iy € T
such that k;'(0) € R. Then, the quasiconvex system {g(z) < 0} satisfies the

closed cone constraint qualification for quasiconvex programming (the Q-CCCQ)
cone co U {(w;, ) € X* xR | k;1(0) <4}
icl
is w*-closed.

As a consequence of Theorem 3.28, {g(z) < 0} satisfies the Q-CCCQ w.r.t.
{(k;,w;) | i € I} if and only if the alternative form of the Q-CCCQ,

epidy C coneco U {(w;,8) € X* xR | k;1(0) <6}
i€l
holds.
In the remainder of the present paper, we fix a generator {(k;,w;) | i € I} C
@ x X* of g and assume that there exists iy € I such that w;, = 0 and

—oo ift <0,
"%(t)—{ 1 ife>0.

This assumption is trivial because {(k;,w;) | i € I \ {io}} is also generator of f.
However, the assumption is important because it ensures the following inclusion,
which is critical in the proof of Theorem 4.4:

(1) {0} x [0, 00) C coneco U {(w;,0) € X* xR | k;71(0) < 4§}

el
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Theorem 4.4. Let g be a Isc quasiconvex function from X to R with a generator
{(ki,w;) |1 € I} C Q x X*. Assume that A= {x € X | g(x) <0} # 0. Then, the
following statements are equivalent:

(i) {g(x) < 0} satisfies the Q-CCCQ w.r.t. {(k;,w;)|i€ I},

(ii) for allv e X*,

;relg (v,x) = )\rgsi]() {<"U,Zl?> + Z Ai(w; — k;l(()))} )

il

(iii) for all f € To(X) with domf N A # () and epif* + epid’ is w*-closed,

inf f(x) = max < f(z)+ Ni(w; — k7H0)) ¢

inf £(a) AER?{() A <>>}

Proof. First, we prove that (i) implies (iii). Let f be a Isc convex function with
inf,ca f(z) € R, where domf N A # () and epif* + epid’ is w*-closed. Then, as a
result of Fenchel duality,

inf f(z) = inf {(x) +64(2)} = max{—f"(v) - 53(~0)}.

Therefore, there exists vg € X* such that inf,eca f(z) = —f*(vg) — 6% (—2vp). Fur-
thermore, there exist \ € Rg) and 6 € RY such that —vg = S;er\jw;, for each i € T
with /\z 7é 0, kl_l(O) S 51‘, for each 7 € I with )\Z = O, 51 = O, and (52(—1}0) = EZE[)\Z(FZ
If there exists 7y such that A\;, # 0 and d;, > k;i_ol(O), then there exists v € R such
that v < 6% (—wvo) and (—vg,7) € epid’, which is a contradiction. Therefore, for
each i € I with \; # 0, 6; = k; *(0) and (iii) holds.

Next, we show that (iii) implies (ii). Let v € X* with inf,c4 (v,2) € R. Then,
because of condition (iii), there exists A € RELI) such that

irelfl (v, ) = —h(=Sierhiw;) — SierAik; (0),

where h is the Fenchel conjugate of v. Clearly, v = —X;c;\;w;. Therefore, (ii)
holds.

Finally, we show that (ii) implies (i). Let {(vg, )} C coneco (J,o; {(ws,0) €
X* xR | k7'(0) < 4} with (vg, ) converging to (vo,ap). Since (vo, ) €
cleconeco |J,o; {(w;,6) € X* x R | k;'(0) < &}, by Theorem 3.28, we have
(vo, i) € epid’. Hence,

. _ s > _ B
irelfl vo() 8% (vg) > —ap > —o0.

If vg = 0, then we can prove that ag > 0. From inclusion (1),
(vo, o) € cone co U {(w;,) € X* xR | k;1(0) <4}
iel

If vy # 0, then by (ii), we show that there exists A € RSFI) such that vy = X;er \w;
and infyeq —vo(z) = —ierAik; 1(0). Therefore ¥icr\ik; (0) < ap. Because vy # 0,
there exists ig € I such that \;, > 0. Then, we set &' € RY) as follows. For each
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i € I with \; # 0 and i # ig, 6, = k; *(0), and for each i € I with \; =0, §/ =0
and 8], = k;-1(0) 4+ 2ZeXh O Then o = 0,0, that s,
0

)

(vo, o) € coneco U {(w;,8) € X* xR | k;1(0) <4}

i€l
U

Next, we explain the usefulness of the Q-CCCQ. We give the following important
example.

Example 4.5. Let X = R", g : R" — R, g(z) = 323, and consider the system

{g(z) < 0}. Then, we can see that A = {z € R" | g(z) < 0} = {z € R" | ;1 = 0},
g R" = R, g*(v) = 20}, and

cone co epig” = (R" x (0,00)) U{x € R" | z; = 0},

that is, {g(z) < 0} is not FM. However, we can choose a generator which satisfies
the Q-CCCQ. Let B = {(1,0,---,0),(=1,0,--- ,0)} CR™, k € Q as follows:

12 t>0,
k(1) ‘:{5 t<0.

Then, g = sup,,cpkow, k~1(0) =0, and
cone co Uyep {(w,d) | K71(0) < 6} = R™ x [0, 00)

hold, that is, {g(x) < 0} satisfies the Q-CCCQ w.r.t. {(k,w) | w € B}. Also,
{{w,z) — k710) < 0| w € B} is FM, hence we can use Theorem 4.1 and Theo-
rem 4.4 to this example.

Finally, we give the following example for quasiconvex but not convex problem.

Example 4.6. Let X = R" a € R", g : R" = R, g(z) = /||Jxr —a|| — 2, and
consider the system {g(z) < 0}. Then, we can check that A = {x € R" | ||z —al| <
4}. Let B ={w € R" | |[w|| = 1}, ks € Q as follows:

Fu(t) = {0 t=(w,a) =2 iz EZZi

, Then, g = sup,,cp kw o w, k' (0) = (w,a), and epid% = coneco Uyep {(w,d) |
k1(0) < 6} hold, that is, {g(z) < 0} satisfies the Q-CCCQ w.r.t. {(ky,w) | w €
B}. Hence, we can use Theorem 4.4 to this example. Of course, {{w,z) —k;'(0) <
0| w € B} is also FM, hence we can use Theorem 4.1 to this examples.

In any case, it is very profitable and useful to be able to represent constraint
functions by using the notion of generator.
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4.2. Optimality conditions and the basic constraint qualification. The pur-
pose of this section is to generalize Theorem 4.2 for quasiconvex programming. By
the notion of generator, we introduce a new subdifferential for quasiconvex func-
tions, and by using this subdifferential, we investigate generalized results reported
in previous studies.

At first, we introduce the new subdifferential for quasiconvex functions.

Definition 4.7. Let f be a Isc quasiconvex function with a generator G =

{(ks,ws) | s € S} € Q x X*, and assume that kg is lower left-hand Dini dif-
ferentiable for each s € S. Then, we define the subdifferential of f at xy with
respect to G as follows:

Oc f(xo) = cleo{ D_ks({ws, zo))ws | s € S(x0)},
where S(z¢) = {s € S| f(xg) = ks o ws(xp)}.

This subdifferential is a generalized notion of the subdifferential for convex func-
tions. Actually, if f is a convex function with the basic generator By, then

O, f(wo) = cleo{D_ky({v,w0))v | v € domf*, f(z0) = ky({v, 70))}
= cleco{v | v € domf”, f(xo) = (v,z0) — f*(v)}
= 9f(xo).
Also, if f is Gateaux differentiable at x¢, ks are differentiable at (ws, o) for each

s € S(xg), and S(zg) # 0, then we can check g f(z9) = {f'(x¢)}. Actually, for
cach s € S(z9) and d € X,

Flag).d) = lim 20t = J(@o)

t—0 t
> lim ki o wg(xo + td) — ks o ws(xg)
t—0 t

= (k({ws, z0)), d) .

Similarly, we can prove that (f'(xo), —d) > (kL({ws, zo))ws, —d), that is, f'(zo) =
ki((ws, xo) Jws.

Next, we show a necessary condition for a minimizer of a certain quasiconvex
function in a closed convex set.

Theorem 4.8. Let A be a closed convex subset of X, f be a lsc quasiconvex function
with a generator G = {(ks,ws) | s € S} C Q x X*. Assume that ks is lower left-
hand Dini differentiable for each s € S and at least one of the following holds:
(i) S is finite and kg is continuous for each s € S,
(ii) X is a Banach space, S is a compact topological space, s — w; is continu-
ous on S to (X*,||-1]), (s,t) — ks(t) is usc on S X R, and (s,t) — D_k(t)
s continuous on S X R.

If xo 1s a local minimizer of f in A then,

0e 8gf(.%'0) + NA(-TO)-
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Proof. At first, we show that d¢ f () is w*-compact. It is clear when the condition
(i) holds. If the condition (ii) holds, then S(z) is compact because S(x¢) = {s €
S| f(xg) < ksows(xg)} and s — ksows(zg) is usc on S. Thus, {D_k,({ws, z¢))ws |
s € S(xg)} is bounded since s +— w; is continuous on S and (s,t) — D_k(t)
is continuous on S x R. Hence, Jgf(xy) is w*-compact by the Banach-Alaoglu
theorem.

Now we assume that 0 ¢ Ogf (o) +Na(xo). Since g f(x0) +Na(xo) is w*-closed,
we can find dy € X \ {0} satisfying

<y*7d0> <0 S <_J;*7d0> ’

for all y* € Ogf(xo) and z* € Ny(zp). If s € S(xg), then D_ky({ws, o)) > 0 and
(ws, dy) < 0since D_kg({(ws, xo))ws € Og f(xo) and k, is non-decreasing. From this,
we have supcg(zy) (Ws, do) < 0 and d = Sup,cg(,,) (Ws, d) is usc. Indeed, it is clear
when the condition (i) holds. If the condition (ii) holds, we can check them since
S(zo) is compact and s — w; is continuous on S.

Therefore, there exists Uy, a neighborhood of dy such that (ws,d) < 0 for each
s € S(xo) and d € U,,. Since ¢ is a local minimizer of f in A, there exists U,, a
neighborhood of zy such that for all z € U,, N A, f(zo) < f(z).

Also dy € Tu(zo) = clUyso 252 because (z*,dg) < 0 for all z* € Ny(zy).
Then there exist d; € Uy, Ao > 0 and x; € A such that d; = % Put z,, =
(1-— %)xo + %:L‘l = 29 + %dl, then z,, € ANU,, for large enough n, therefore
F(w0)'< f(),

If the condition (i) holds, since S is finite, we can find sy € S and a subsequence
{n,} of {x,} such that sy € S(x,,) for each ¢ € N, and we have sq € S(z() because
f and kg, o wg, are continuous. For large enough i € N, ko wy,(z,,) = f(xn,) >
f(zo) = ks, 0wy, (z0), and then,

k80(<w80? $U> + 2_0 <w50’ d1>) - k80(<w80? $0>)

i

% <w807 d1>

i

<0,

since dy € Uy,. Therefore D_kg,((ws,, zo)) < 0, it is contradiction.

If the condition (ii) holds, all S(z,) are not empty because S is compact and
s +— ks ows(x,) is usc on S. Let {s,} be a sequence satisfying s, € S(z,) for all
n € N. Then there exists a subsequence {s,,} of {s,} such that {s,,} converges to
some sg € S. Therefore

f(xo)

IN

lim inf /()
71— 00

IA

limsup ks, o ws, (5,)
1—00
kso © Wsy (x(])

f(xo)a
that is, so € S(wg). Then, for sufficiently large i € N, k;, o ws, (zn,) = f(2s,) 2

fzo) > ks, ows, (z0) and (w,, ,d1) <0, because sy € S(x0), di € Uy, and {w,, }
converges wy,. From this and k;, is non-decreasing, k;, is constant on interval

IAIA
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[(ws, ,z0) + 22 (ws, ,d1) , (ws, , )] and hence we have D_k,, ((ws, o)) = 0.
Finally we obtain D_kg, ((ws,, zo)) = 0, but this is a contradiction. O

On the other hand, in separable Banach space, a similar result was introduced
when S is compact, fs are locally Lipschitz, f = sup,cg fs, and certain assumptions
hold in [18]. If condition (ii) holds and k, are differentiable, then k, o w;, are locally
Lipschitz. However, in Theorem 4.8, we assume that X is a usual Banach space
and k, are only lower left-hand Dini differentiable, thus, Theorem 4.8 is not a
direct consequence of the result in [18]. Also, if f is a proper lIsc convex function
with basic generator By and dom f* is compact, then condition (ii) holds. For this
reason, it seems that condition (ii) is not so strong for quasiconvex programming.

We define a new constraint qualification and consider an optimality condition for
quasiconvex programming with inequality constraints, and we prove that the new
constraint qualification is the weakest constraint qualification for the optimality
condition. At first, we introduce the following new constraint qualification.

Definition 4.9. Let {g; | i € I} be a family of lsc quasiconvex functions from
X to R, for each i € I, {(k@jy,way ) | 7 € Ji} € Q x X* be a generator of g;,
T={t=(ij)|ielje i}, T(z)={teT|k((w,z)) =0,k '(0) = (w,x)},
and A={zxe X |Viel, g(x) <0}

The family {g; | i € I} is said to satisfy the basic constraint qualification for
quasiconvex programming (the Q-BCQ) with respect to {(ki,w;) |t € T} at z € A
if

N4(z) = coneco U {w,}.

teT(z)

We can check that one inclusion always holds. Indeed, for each ¢t € T'(z) and
y € A, (w,y) < (wy, ) because (wy, z) = k;*(0). Furthermore, N4(z) is a convex
cone, this shows that Na(z) D coneco J,cp,y{wi}. Therefore, the Q-BCQ is
equivalent to the following inclusion

Na(z) C coneco U {w}.
teT (x)

In the following theorem, we show an optimality condition for quasiconvex pro-
gramming and the Q-BCQ is the weakest constraint qualification for this optimality
condition. Let Qr(X) be the set of all quasiconvex functions which have a finite,
continuous and lower left-hand Dini differentiable generator, that is,

B {(hs,us) | s € S} C Q x X*, S : finite,
UrlX) = {ilells) £y 0 10, Vs € S, hs : continuous and lower left-hand Dini diff. [~

Theorem 4.10. Let {g; | i € I} be a family of lsc quasiconvex functions from
X to R, for eachi € I, {(kujway) | j € Ji} € Qx X* be a generator of g;,
T={t=(i,j)]icl,jeJ}, T(x)={tcT|k({w,z)) =0, k1 0) = (w,z)},
A={re X |Viel, g(x) <0} and xog € A. Then, the following statements (i),
(i), (iii) and (iv) are equivalent:

(i) {gi(x) <0 |i€ I} satisfies the Q-BCQ w.r.t. {(ky,wy) |t € T} at o,
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(i) for each v € X*, xg is a minimizer of v in A if and only if there exists
A€ ]R(f) such that Ay = 0 for each t € T \ T(xg), the complementarity

condition, and
—U = E >\twh

(iii) for each f € T'o(X) with domf N A # () and epif* + epidy is w*-closed,

o is a minimizer of f in A if and only if there exists \ € RSFT) such that

At =0 for each t € T\ T(xp), and
0e 8f(33()) + Z AWy,

teT
(iv) for all f € Qp(X) with a generator G, if x¢ is a local minimizer of f in
A, then, there exists \ € RSFT) such that Ay = 0 for each t € T\ T(xy), and

0 € def(zo) + > Ay,

teT

Proof. We now first prove (i) implies (iii). By the assumption of f, the subdiffer-
ential sum formula holds, that is,

O(f +9a)(x0) = Of (xg) + I a(xo).
Because 064 (z9) = Na(zo) and condition (i) holds,

xo minimizes f on A <= 0 € df(x) + coneco U {w,},
teT(af())

this shows that (iii) holds.

Next, it is clear that (iii) implies (ii) and (iv) implies (ii).

We now prove that (ii) implies (i). We want to show that if 2* € Na(zo) then
z* € coneco Uyepp{wet. Let % € Na(zo). Because 2* € Na(zo), 04(2z%) =
(x*,x0). Therefore, £y minimizes —x* on A. Then by using condition (ii), there
exists A € RSFT) such that 2* = 7, Mw; € coneco [, cp(yyy {we}-

Finally, by using Theorem 4.8, we can prove (i) implies (iv). This completes the
proof. O

In Theorem 4.10, Qr(X) corresponds to the condition (i) of Theorem 4.8. In
the following theorem, we define Q¢ (X) which corresponds to the condition (ii) of
Theorem 4.8 as follows,

{(hs,us) | s € S} CQx X* S: compact,
Qc(X) = supksows | s+ us : continuous, (s, ) — hg(t) : usc,
s€s D_hy(t) € R and (s,t) — D_h,(t) : continuous.

Theorem 4.11. Let {g; | i € I} be a family of Isc quasiconvex functions from
X to R, for each i € I, {(kij),wujy) | j € Ji} CQx X* be a generator of g,
T= {t = (Zaj) ‘ S ]7j S Jz}; T<$) = {t €T | kt<<wt7x>) = 07 kt_l(o) = <wt7I>}7
A={z e X |Viel, g(r) <0} and zg € A. Assume that X is a Banach space,
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then, the following statements (v) is equivalent to the statements (i), (ii), (iii) and
(iv) in Theorem 4.10.
(v) forall f € Qc(X) with a generator G = {(ks,ws) | s € S} C Q x X*, if xg

is a local minimizer of f in A, then, there exists A € RSFT) such that \y =0

for each t € T\ T(zy), and
0 € def(zo) + > Ay,

teT

Proof. By using Theorem 4.8, we can prove (i) implies (v). Also, it is clear that
(v) implies (ii). O

Next, we investigate a relation between the Q-BCQ and the BCQ. Let {g; | i € I}
be a family of proper lsc convex function with the basic generator, T = {(i,v) | i €
I,v € domg;}, then, for all z € A, we can check

(i,v)eT(x) €l(z)
that is, the BCQ and the Q-BCQ w.r.t. the basic generator are equivalent. Fur-
thermore, we can prove Theorem 4.2, by using Theorem 4.10.

Also, we can prove that the conditions (i), (ii) and (iii) in Theorem 4.10 are
equivalent by using Theorem 4.2. Let {g; | i € I} be a family of Isc quasiconvex
functions from X to R, for each i € I, {(kuj, wuy) | j € Ji} € Q x X* be
a generator of g;, and T' = {t = (i,j) | ¢ € I,j € J;}. Then, A = {z € X |
vt € T,wi(x) — k1 (0) < 0} and O(w; — k;'(0)) = {w;} for each t € T. Since
w; — k;1(0) is a continuous linear function, we can prove an equivalence relation
of the conditions (i), (ii) and (iii) in Theorem 4.10 by using Theorem 4.2. Hence,
we can see that (i), (ii) and (iii) of Theorem 4.10 and Theorem 4.2 are equivalent.
However, (iv) of Theorem 4.10 and (v) of Theorem 4.11 are new results which
concern quasiconvex programming and we can consider problems whose objective
function is quasiconvex by using Theorem 4.10 and 4.11.

In the last of this section, we emphasize the usefulness of optimality conditions
and Q-BCQ by some examples. At first, we show the following quasiconvex pro-
gramming problem that Theorem 4.10 is used effectively.

Example 4.12. Let X =R?* T ={1,2}, g1(z) = —(z1 — 2)3, g2(z) = — (22 — 1)°
and f(z) = \/Jo1 — 1| + |22 — 1], then, f, g; and go are continuous quasiconvex,
and A = {x € R? | z; > 2,39 > 1}. Also, G; = {(k1,(—1,0)) | k(a) = (a + 2)3}
is a generator of gy, Go = {(ko, (0, —1)) | ka(a) = (a + 1)°} is a generator of go
and Gy = {(h1,(1,1)), (he, (=1,1)), (hs, (=1,—1)), (h4, (1,—1))} is a generator of
f, where h; be a function from R to R as follows:

hi(a) = {\/a—Q a> 2,

0 otherwise.

and ho(a) = hy(a) = hi(a + 2), hs(a) = hi(a +4) for all a € R. We can check
easily that the Q-BCQ w.r.t. G; U G, is satisfied at each point of A. We observe
whether there exist © € A and A € R% satisfying 0 € dg, f(x) + Ai(—1,0) +
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A2(0, —1) and the complementarity condition or not. If x € intA, then, dg, f(z) =
{Nﬁ(l’ 1)} and g;(x) # 0 (i € I), this implies A = 0 if the complementarity
condition holds. Hence, the optimality condition is not satisfied. If x € {y |
y1 = 2,y2 > 1}, then, Ay = 0 if the complementarity condition holds. Also,
O, f(x) = {Nﬁ(l, 1)}, that is, the optimality condition is not satisfied. If

x €{y | y1 > 2,y2 = 1}, then, dg,f(z) = CICO{2\/x141rac2—2(1 1), 2\/@,1 — (1,—1)}
and A\; = 0 if the complementarity condition holds, that is, the optimality condition
is not satisfied. If x = (2, 1), then,

da, f(x) = cleo{D hl((( 1), 20)) (L, 1), D-ha({(1, =1), 20)) (1, =1)}

1
= clco{ (1, 1 —1)
2

: {UGRQ welpal}

Put A = (3,3), then, 0 € dg, f(z) +Ai(—1,0)+A2(0, —1). Therefore, (2, 1) satisfies
the necessary condition for a local minimizer. In this case, the other x € A does
not satisfy the optimality condition, hence (2, 1) is the global minimizer of f in A.

l\DI»—t

As stated above, Q-BCQ is used effectively for quasiconvex programming. At the
same time, Q-BCQ is useful for convex programming. Now we show the following
example that the Q-BCQ is satisfied and the BCQ is not satisfied. This example
indicates that the range of functions which satisfies some of constraint qualifica-
tions is extended. This extension is very important because the lack of constraint
qualifications can cause theoretical and numerical difficulties in applications.

Example 4.13. Let X = R? [ = {1}, g(x) = (x1 —x2)% Then, A = {y | y1 = 12},
forally € A, Na(y) = {v | vi+ve =0}, I(y) = I. Also, the BCQ is not satisfied at
any point y € A because Vg(y) = 0. However, we can choose a suitable generator
for satisfying the Q-BCQ. Let k£ be a function from R to R as follows:

2 t>0,
k(t) = {O otherwise,

let J = {(k,(1,-1)),(k,(—1,1))}. Then, J is a generator of g. Furthermore, for
all y € A, k({(1,~1), (32,42))) = k({(~1, 1), (42,92)}) = 0, amd

Na(y) = {v | v1 +v2 = 0} = coneco | J{(1,-1),(~1,1)}.

Therefore the Q-BCQ w.r.t. J at y is satisfied.

Let f(z) = (x1 — 5)* + (x5 — 3)?, then, f is a continuous convex function. Since
Q-BCQ is satisfied, we can find a minimizer by using an optimality condition
in this paper. We observe whether there exist + € A and )\ € Ri satisfying
0€ df(x) + A(1,—1) + Xy(—1,1) and the complementarity condition or not. We
can check easily that 0f(x) = {Vf(z)} = {(2(x1 — 5),2(z2 — 3))}. If there exists
A satisfying the optimality condition, then, we can calculate x = (4,4). Put A =
(0,2), then 0 € Of(z) + A (1,—1) + Ao(—1,1). By using Theorem 4.10, (4,4)
is the global minimizer. Also, let g; = ((1,—1),z) and go = ((—1,1),z), then
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A={r eR?|gi(z) <0(:=1,2)} and {g;(z) < 0| = 1,2} satisfies BCQ. Hence,
we can use Theorem 4.2 to this example.
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