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Note on Self-Homotopy - Equivalences of the
Twisted Principal Fibrations

Kouzou TSUKIYAMA*

Abstract : Let X be a connected CW-complex. The group Gu(X) of all based
homotopy classes of self-homotopy-equivalences of (X, *) inducing the identity automor-
phisms of all homotopy groups is studied, and we obtain the following exact sequence
concerning the twisted principal fibration p : P, —> B with fibre K(G, 7n)

HYB; G)—> G#(P)) —> Gx(B), ,
where H"(B; G) is the cohomology with the local coefficient induced by g9 : B—> L
= Ly(G, n+1) —> K = K(m(B), 1).

Introduction

Let X be a connected CW-complex with base point *. Then, we have considered the
group Gu(X) of all based homotopy classes of self-homotopy-equivalences of (X, *)
inducing the identity automorphisms of all homotopy groups (cf. [1}, [11]).

The purpose of this note is to establish the exact sequences of Gx(X) concerning the
twisted principal fibrations which generalize the exact sequences of M. Arkowitz-C. R.
Curjel [1] and Y. Nomura [6].

In §1, we review the twisted principal fibrations (of. [5, §§2-3]), and in §2, we study
the Postnikov-system by using the theorems of J. F. McClendon [4], and in §3, we
prove the above exact sequences of Gx(X).

The author wishes to express his thanks to professors M. Sugawara and T. Kobayashi
for his reading the manuscript and useful suggestions.

§1, Twisted principal fibrations

Let Z be a given based space. A Z-space A = (A, f) is a based space A together
with a based map f: A—> Z. For two Z-spaces A = (A, f) and B = (B, g), the pull
back

A ;B ={a, b) | fla) = gb)} — A B
of A and B is a Z-space with a map (f, g): A 2B—>Z, (f, g)a, b) = f(a) = g(b).
A based map h: (A, *)—> (B, *) is a Z-map if gh = f, and a homotopy h, : (A4, *)
—> (B, *) is a Z-homotopy if gh, = f for all ¢, and [A, B]z denotes the set of Z-
homotopy classes of Z-maps of A to B.

Now, let G be an abelian group, 7 be a group, and ¢ : 7 —> Aut G be a given
homomorphism. Then, there is an associated homomorphism ¢ ;: 7 —> Homeo (K(G,
n+1), *), where K(G, n+1) is an Eilenberg-MacLane CW-complex. And considering
the Eilenberg-MacLane CW-complex K =K(r, 1), the universal covering K —> K,
and the usual action of 7 on I?, we have the fibre bundle

(1.1) K(G, n+1) —> LyG, n+1) = K:.K(G, n+1)-Ls K = K(z, 1)
with structure group 7. Since K »* = K, we have the canonical cross section s : K —>
sz,,K(G, n+1) such that s(K) = K *.
Let 41 be the usual multiplication on K(G, n+1). Then, for the K-space L,(G, n+1)
of (1.1), we have the K-map
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(1.2) s : LG, n+ DX kLG, nF1)—> LG, n+1) by
wlk, x], [k, =) = [k, w(z, 2')]
and we have the following

LemMma 1.3. ([5, p.7]) Let X have the based homotopy type of a CW-complex and
X be a K-space with a map u : X —» K. Then, the K-homotopy set [X, Ly(G, n+1)lx is
an abelian group by the multiplication [f1+[g] = [us(f<g)d), where 4: X —> X< X is
the diagonal map and[X, LG, n+1)] k is isomorphic to H**Y(X ; G), where H**Y(X ; G)
is the cohomology with the local coefficient induced by u : X —> K.

Put L = L, (G, n+1). And consider the following path spaces
PL= {0 :1—>L | A0) € s(K), gA0) = gA(¢) for all t & I}
8L = {1 & PL | X0) = A1)}

Then, we have the following

Lemma 1. 4. The projection
r:PL—> L, r(A) = A1)
is a fibration with fibre QK(G, n+1) = K(G, n). Furthermore,
gr: PL—>K and gr: 2L —>K
are fibrations with fibre PR(G, n+1) and QK(G, n+1) = K(G, n), where PK(G, n+1)
and QK(G, n+1) are the ordinary path space and loop space of K(G, n+1).

On the other hand, the given homomorphism ¢ : 7 —> Homeo (K(G, n-+1), *) induces
the homomorphism
@' : m —> Homeo (QK(G, n+1), *), ¢'(g)A)t) = ¢(g)A)).
And we have the fibration
q : Ly/(G, n)—> K
with fibre QK (G, n+1) = K (G, n) admitting the canonical cross section s’ by (1. 1).
We have the natural K-homeomorphism
(1.5) ¢ : Ly (G, ) —> 8Ly (G, n+1), ¢ [k, AD (@) = [, A0)],
which satisfies g¢r¢ = ¢. And let
X: QL xQL—> QL
be given by the join of loops. Then, we have the following

LEMMA 1, 6. The natural K-homeomorphism  : Ly (G, n) —> QL, (G, n+1) induces
an isomorphism
ds 1 [X, Ly (G, mlx —> [X, QL (G, n+ D]k
for any K-space X, where the domain is an abelian group of Lemma 1.3, and the
multiplication in the range is induced by X mensioned as above.

Now, let B be a CW-complex, and 0 : B—> L, (G, n+1) be a given based map,
where the base point of L, (G, n+1) is taken to be * & s(K) C Ly (G, n+1). Then,
from the fibration r : PL —> L(L = L, (G, n+1)), 0 induces ‘a fibration

p: P =B, PL—>B
with fibre QK (G, n+1) = K (G, n), which is called the twisted principal fibration with
classifying map 0.

P— PL OL
P \1/ ' ‘[’ qr l/
0 q
B— L K

We say that the based topological space X is homotopy-well-pointed if the inclusion
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{*} C X is a homotopy-cofibration (cf. [3, p. 164 and §2]).

LEmMMA 1.7. P, is homotopy-well-pointed.

Proor. Since K (G, n+1) is a CW-complex, 2K (G, n+1) = K (G, n) has the based
homotopy type of a CW-complex, and every point of a CW-complex is homotopy-
well-pointed (cf. [8, p; 3800), {*} C K(G, n+1) is a homotopy-cofibration (cf. [3, p. 46,
Korollar (2. 7]), and by the theorem of A. Strgm ([10, p. 141, Theorem 12]), 7 (*) =
K (G, n+1) C P, is a cofibration, since {*} is closed in B. By the fact that the composition
of two homotopy-cofibrations is a homotopy-cofibration (cf. [3, p. 44, Satz (2. 4)], {¥} C
P, is a homotopy-cofibration, that is, P, is homotopy-well-pointed. gq. e. d.

We define the K-map » : QL < xP, —> P, by the relation v (m, (b, n)) = (b, m \/ n),
where m \/ n is the ordinary path addition in L, where the base point of &L is the
constant loop at * = L. Then, v defines the following action for any K-space X.

(1.8) w4:[X, LIk~ [X, Plx —> [X, P)lx.

Let py : [X, Pjlx —> [X, Blx, then we have the following

ProrosiTION 1. 9. (cf. [5, p. 6, Lemmal]) £+ (@) = p+ () (o, B E [X, Pilx) if and only
if there exists 0 © [X, QLx such that 140, §) = a.

§2, Postnikov-system

Let X be a connected CW-complex, and {X,} be the Postnikov-system of X (cf. [11,
pp. 218-219]). And let ¢ : 7y (X) —> Aut 7, (X) be the local coefficient system associated
with pn : X» —> Xu_1 (this becomes an usual action of 71 (X) on 7. (X)), and let the
associated homomorphism ¢ : 7, (X) —> Homeo (K (7. (X), n+1), *). Put L = Ly(r(X),
n+1) and K = K(7; (X), 1), then we have the following

PrOPOSITION 2. 1. For the fibration p.: Xy—> Xu_y there exist maps k : (Xu_1, *)—>
(L, *), and 7 : (Xn, *) —> (P, *) such that 7 is a based homotopy-equivalence.
Therefore, Gx(X,) = Gu(P).

ProoF. Let i, © H" (K(ru(X), n), 7 (X)) be the fundamental cohomology class of
K (7. (X), n). Then, by J. F. McClendon ([4, Theorem 4.1 and 8§2-3]), there exist
maps k: (Xu_y, ¥*)—> (L, *) such that [k] € [X._1, L]x = H**! (Xn_1, ma(X)) is the
transgression image of i,, where X,_; is considered as a K-space by p,o:++0 Dns pu_y :
Xooy—> Xy = K(1(X), 1) = K, and 7 : (Xa, *) —> (F’k, *) such that p7 = p, and 7|
K(zw(X), n) ~i, rel *, where p is the twisted principal fibration induced by k.

K(rn(X), n)—— X,

Tu J 7

K (1. (X), n) P, PL

S

Xpoy— L

Now, since ing : o (K(72(X), 7)) —> 72 (K(za (X), 7)) is an isomorphism, %+ T Xn)
—> 74 (P:) is an isomorphism for every i > 1. Since P, has the free homotopy type of
a CW-complex (cf. [9, Prop. (0) and [7, Theorem 2]), 7 is a free homotopy-equivalence
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by the theorem of J. H. C. Whitehead. Since P; is homotopy-well-pointed by lemma
1.7 and X, is homotopy-well-pointed (cf. [3, p. 46, Korollar (2. 7) and [8, p. 380]), 7
is a based homotopy-equivalence (cf. [3, p. 54, Satz (2. 18)]).

Therefore, Gx(X,) = Gu(P)). g. e d.

ProposiTiON 2. 2. Let Y be a topological space which has the free homotopy type of
a connected CW-complex, whose base point is homotopy-well-pointed, and let Y* be a
lopological space obtained by attaching (i+1)-cells (i > n)to Y, so that Y* kills the homotopy
groups wi(Y) for every i = n. Then, for any CW-complex Y' with 7:(Y') = 0 for every
i=n, and for any map g (Y, ¥*) —> (Y, *), there exists a

map h: (Y* *)—> (Y, *) such that hi ~ g rel * (i is the
inclusion of Y to Y*), Such two maps are homotopic rel *,
and h does not depend on the based homotopy class of g.
Furthermore, if gg:n:i (Y)—> 1:(Y') is an isomorphism

. . . Y ¥ —— Y
for every i <mn, then, h is a based homotopy-equivalence. Y

ProoF. Since (Y*, Y) is a relative CW-complex with dimension (Y*, Y)=>#n+1,
and 7;(Y’) = 0 for every i =>n, there is an extension h; of g to Y*, and such exten-
sions are homotopic rel Y by the elementary homotopy theory. Also, for any map & :
(Y*, *) —> (Y", *) such that hi = g rel *, there exists k' : (Y*, *)—> (Y’, *) such that
h = h' rel * and I’ i = g by the homotopy extension theorem.

Therefore, h' = hy rel Y, and consequently, A = hy rel *. It is trivial that &2 does not
depend on the based homotopy class of g. Furthermore, if g4 : 7:(Y) —> 7: (Y') is
an isomorphism for every i<(mn, then, hy : 7:(Y*)—> 7 (Y’) is an isomorphism for
every i =1, since 7; (Y*) = 7;(Y’) = 0 for every i =>n.

By assumption, Y* has the free homotopy type of a connected CW-complex.
Therefore, h is a free homotopy-equivaleuce by the theorem of J. H. C. Whitehead.
Since Y is homotopy-well-pointed and YCY * is a cofibration, Y* is homotopy-well-
pointed (cf. [3, p. 44, Satz (2. 4)]). Y’ is homotopy-well-pointed (cf. [8, p. 380])

Therefore, i is a based homotopy-equivalence (cf. [3, p. 54, Satz (2. 18)]). q. e. d.

ProrosiTION 2. 3. Let Y be as in Proposition 2. 2, Y' and Y? be connected CW-comp-
lexes such that 7;(Y') = 7:(Y2) =0 for every i =n, and g;

be a map of (Y, *) to (Y/, *) such that g : 7(Y)—> X
i (Y7) is an isomorphism for every i<mn(j=1, 2). Then, / \
there exists a based homotopy-equivalence h : (Y?, *)—> .
(Y2, *) such that hg, = g» rel *, and such two homotopy- h

i . Vi > 2
equivalences are homotopic rel *,

Proor. By Proposition 2, 2, there exists a based homotopy-equivalence A; : (Y*, *)—>
(Y7, *) such that hji ~ g; rel ¥ (j =1, 2), since g*: 7:(Y)—> 7:(Y7) is an isomor-
phism for every i<z (j =1, 2). Now, let h{ be the based homotopy-inverse of h;.
Then, hoh; : (Y!, ¥) —> (Y2, *) satisfies (hoh;) =~ g» rel *. Also, if A: (Y, ¥)—> (Y2, *)
satisfies hgy = g, rel * then, hh; : (Y*, *)—> (Y2, *) satisfies (hh,)i ~ g, rel *. Hence,
by Proposition 2. 2, hhy = h, rel *, that is, h =~ hsh{ rel *. Now, hohi is a based homo-
topy-equivalence, so is tha map A. g. e d.

Now, assuming 7:(B) = 0 for every i >, then, py : 7:(P;) —> 7:(B) is an isomor-
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phism for every i<n, 7.(P5) = 1.(K(G, n)) = G, and B, f 7,
7i (Py) = 0 for every i = n+1.

By Propositions 2.2 and 2. 3, given a based self-homo- » »
topy-equivalence f: (P, *) —> (Ps, ¥) there exists a unique ,
based self-homotopy-equivalence up to based homotopy f”: B— I~ .

(B, ¥)—> (B, *) such that pf =~ f’p rel * and f’ does not depeed on the based
homotopy class of f. Therefore, we can define the natural homomorphism J : Gx(P))
—> Gu(B).

§3. Proof of the theorems

Let ¢ : 7,(B)—> Aut G be the local coefficient system on B. Put L = L,(G, n+1)
and K = K (71(B), 1). By J. F. McClendon ([5, pp. 3-4, Theorem]), Lemma 1.3 and
Lemma 1.6, we have the following exact sequence of the local coefficient cohomology.

HY(F; G)«—t B, G) <«  H'(B; G —0 (F=K(G, n)
R o

[F, Fl«—Y [P, QLlx<—2" B, Llx <—0
We define a map 4 : Ker [i*: [P,, 2L]x —> [F, F]]—> G#(P,). By (1. 8), take X=
P, and let 4(a) = vyla, 15,}, that is, d(a): P, 2% s prv . P,— 2 3P,

Note that the restriction I = v | rxr is the ordinary multiplication on QK (G, n+1) =
K (G, n) =F. We have the following commutative diagram.

KG, m—2 Y kG, ) KG,n)— 2 SK(G, n)
i i ,
P, la, 1} 2L < P, L P,
3. 3) projectionJ,
b P, P
7
% id % id M

By the above commutative diagram, (vx{a, 1})s : 7d(Ps, *) —> 74Py, *) is the identity
automorphism for every i >1 if a & Ker [¢*; [P), 2L]x —> [F, F]]. Since P, is homo-
topy-well-pointed by Lemma 1.7, v {a, 1} is a based homotopy-equivalence (cf. [3,
p. 54, Satz (2, 18)]), so the map 4 is defined. Thus we have the following sequence
of groups and maps.

3.3) HB;G)—4 s 6:P) —L  6uB),

where the action of 7y(B) on G is induced by ¢6 : B—> L —> K.

THEOREM 3. 4. Im 4 = Ker ]J.

PROOF. Im A C Ker J is evident by the diagram (3. 2), and we will show that Im
42 Ker J. We assume that J(g) = 1, that is, pg =~ pl1F, rel *. By Proposition 1.9,
there exists 0 = [P;, 2L]x such that 4{0, 1P,} = g, that is, 4(0) = g.

Then, v{0i, i}y = v1{0, 1}i=~gi=>= il, =i rel ¥ and on 7.(F) = G, v4(a, b) = a+b (a,
b & G), so vy{0i, its(a) = (Oi)x(a)+ix(a) = ix(a). Hence (Di)y = 0, that is, O & Ker i* =

Im p* = H*B; G). q. e d.
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THEOREM 3. 5. 4 is a homomorphism of groups.

ProOF. Let pg : Lyr < xLyr —> Ly be the K-map as in (1. 2), and define d(w;) |
we = ws dlw)t E [Fa, 2Lk (wy, we E Ker i* C [P, 2L1%). Since
e ((dwr) | w)d(on), wr) = per (wed(w) ™ dwi), w1)
= #q&”(ﬂ)z, wr)
:wg+w1,

We have
MNw:+wi) = ve{we+ w1, 15,}
= vx{ps ((dwy) | w)dwy), wy), 1F,}
= vy ((dlwy) | wo)d(wy), reifwy, 15,}} (by Lemma 1. 6)
= vy {(d(w1) L w) dMw1), dlw)t
= veid(wy) | we, 15} A(wy)
= MM wy) | we)dwy).
Now, ws = wy'p for some wy & [B, 2L]x by (3. 1), we have
Adwy) 1 we = ws’ pdi(wy)™
= e’ J(dw) V)P
= (l)z/P
= Ws.
Therefore, d(ws+w;) = Mws)dw;). q. e d.

By (1. 8) take X = P, and let I(17,) be the isotropy group of 15, : P, —> P, under
the action of [P, @L]x on [P), Plx.

Trivially I(15,) is contained in Ker [i*:[P,, 2L]—>[F, F]], and we have the
following theorem.

THEOREM 3. 6. Assume that a connected CW-complex B satisfies 7(B) = 0 for every
izn, let ¢ w(B)—> Aut G be the local coefficient sysiem on B, and let p+ P,—> B
be the twisted principal fibration with fibre K(G, n). Then, the following sequence of
groups and homomorphism is exact.

1 115,)—=— H"B; G)—A4— Gu(P)—L— Gu(B),

where H'(B ; G) is the cohomology with the local coefficient induced by g6 : B—> L = L,
(G, n+1)—> K = K(z(B), 1).

By Propositions 2, 1, 2. 2 and 2. 3, the following is obtained.

COROLLARY 3, 7. Let X be a connected CW-complex and {X,} be a Postnikov-system
of X. Then, the following sequence of groups and homomorphisms is exact for every n>>1.

1 I1x)—S 5 HY Xy 5 7u(X) —24 Gar(X) —L—5 Gu(Xo),

where HXn_i; wu(X)) is the cohomolegy with the local coefficient {mx(X)}, where
T1(Xn-y) = m(X) acts on w.(X) as usual, and I(1x,) is the isotropy group of 1x_ : X, —>
X, under the action of [X., 2Lk on [X., X,]x which is defined in the following diagram.

[P, 2L1x ¢ (B, Pelx—2* [P, Bl

] ol ]

[Xn, 8L1x 3¢ [Xn, E]K% [Xn, Pelx

T

(X, QL1 % [ X, Xalk ——> [ X, Xalx,
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where & is the based homotopy-inverse of 7 : X,—> Px by Proposition 2, 1.
Furthermore, Im J = {[fo_1] € G(Xn_y) | [R] = fu_1*[R]}, where [k] & H"1(X,_,; Tn
(X)) by Proposiiion 2, 1.}

Proor. (cf. [4, p. 4]) By Proposition 2,1 [k] = 0 (ix), and the following diagram
commutes,

HYK(za(X), 7) 3 1a(X)) —2 5 H (X, 5 7a(X)
9 Srnoa®

HY(X,_y ; ma(X))
Hence, if [f=-i] is an image under J, it belongs to the right hand side. On the other
hand, Suppose that [f..;] belongs to the right hand side. Then, the following diagram
is based homotopy commutative,

Xn- 1 ﬁ’%lxn_ 1
lk lk
L—4d o]
and we may construct a based self-homotopy-equivalence f,: X, —> X, such that

DPnfn = fu_1pn rel ¥ which induces the identity automorphism of 7«(X,) for any i >1.
q. e d.

CoroLLARY 3. 8. (cf. [11, Theorem 1. 3]) Assume that the connected CW-complex X
satisfies wi(X) =0 (i > N)or dim X = N, for some integer N, and that the cohomology
groups of local coefficient are H* X,y ; mo(X)) =0 1 <7< N). Then, Gu(X)=1.

Proor. Note that Gu(Xy) = Gg(K(r(X), 1) =1. Then, we have Gu(X,) =1 for
every n >1 by induction using Corollary 3, 7. q. e d.

CoRrROLLARY 3. 9. Let {X, |n>1} be as in Corollary 3. 7. If HAX,_, : 1.(X)) 1 <n
< N) are finite (finitely generated) groups. Then, Gu(Xy) is a finite (finitely genera-
ted) group. ‘

CorOLLARY 3, 10. Let X be as in Corollary 3.8. If Aut w.X) Q< n<N), and
Hn(Xn_y; 7X)) A <<n< N) are finite (finitely generated) groups. Then, G(X)(=the
group of all based homotopy classes of sel f-homotopy-equivalences of (X, *)) is a finite
(finitely generated) group.

Proor. Consider the following exact sequence (cf. [1, p. 30, (¥)]).
1— G X) — GX)—> 1ZsAz;th'n(X)
=En=

and use Corollary 3. 9. q. e d.

Especially we obtain the following theorem.

Theorem 3. 11. (cf. [4, Theorem 3.1]) Let X be as in Corollary 3. 8. If wu(X)
(1L nZX N) are finite groups.
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Then, G(X) is a finite group.

Proof. By ([2. p. 44, 15, 6]) we see that H2(r(X) ; 75(X)) with the local coefficient is
finite. And by induction using the local coefficient Serre spectral sequence (cf. [5, §1]),
Hn(X,_;; m.(X)) (1<n<X N) are finite groups. Hence by the above corollary G(X) is
a finite group. g. e. d.
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