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Note on Self - Homotopy - Equivalences of the 

Twisted Principal Fibrations 

Kouzou TSUKIYAMA 

Abstract : Let X be a connected CW-complex. The group G#(X) of all based 
homotopy classes of self-homotopy-equivalences of (X, *) inducmg the identity automor-

phisms of all homotopy groups rs studied, and we obtam the following exact sequence 

concerning the twisted principal fibration p : Pa => L; with fibre K(G, n.) 

H'*(B ; G) L> G#(Po) -~> G#(B), 

where H',,(~: ; G) is the cohomology with the local coefficient induced by qe': ~: --> L 

= Lip(G, n+1) -~ K = K(7t (1~:) 1) 

Introductioll 

Let X be a connected CW-complex with base point *. Then, we have considered the 

group G#(X) of all based homotopy classes of self-homotopy-equivalences of (X, *) 

inducing the identity automorphisms of all homotopy groups (cf. [1], [1l]) 

The purpose of this note is to establish the exact sequences of G#(X) concerning the 

twisted principal fibrations which generalize the exact sequences of M. Arkowitz-C. R 

Curjel [1] and Y. Nomura [6]. 

In ~1, we review the twisted principal fibrations (of. [5, *~.bq2-3]), and in S 2, we study 

the Postnikov-system by using the theorems of J. F. McClendon [4L and in S 3, we 

prove the above exact sequences of G#(X) 

The author wishes to express his thanks to professors M. Sugawara and T. Kobayashi 

for his reading the manuscript and useful suggestions. 

S1 . Twisted prineipal fibrations 

Let Z be a given based space. A Z-space A = (A, f) is a based space A together 

with a based map f : A --> Z. For two Z-spaces A = (A, f) and B = (~, *a), the pull 

back 
A ;." Z~ = {a, b) I f(a) = g(b)} [_ A :.( B 

of A and B is a Z-space with a map (f, g) : A :'.･(: zl~ --> Z, (f, g)(a, b) = f(a) = g(b) 

A based map h : (A, *) -~ (B, *) is a Z-map if gh = f, and a homotopy ht : (A, *) 

-~ (E:, *) is a Z-homotopy if ght = f for all t, and [A, ~:];~ denotes the set of Z-

homotopy classes of Z-maps of A to B 

Now, Iet G be an abelian group, ~ be a group, and ip : 7r --> Aut G be a given 

homomorphism. Then, there is an associated homomorphism c : 7r -~> 1-Iomco (K~(G, 

n+1), *), where K(G, nHrl) is an Eilenberg-MacLane CW-complex. And considering 
the Eilenberg-MacLane CT~/:-complex K =K(7r, l), the universal covering ~ K -> K, 
and the usual action of 7T on K, we have the fibre bundle 

(1. l) K(G, n+1) -> Lc(G, n+1) = ~:,(.K(G, n+1)~ K = K(7T, l) 

with structure group 7r. Since K>'( .* = K, we have the canonical cross section s : K -> 

K x .K(G, n + 1) such that s(K) K)' .* 

Let /1; be the usual multrplication on K(G n+1) Then fo the K-space Lc(G, n+1) 

of (1 . 1), we have the K-map 

* Department of Mathematics, Faculty of Education, Shimane University, Matsue, Japan 

sokyu



2 Se1f－Homotopy－Equ1va1ences

　（1　2）μφ・ムψ（G，勿十1）×KLφ（G，〃十1）一一ケムφ（G，〃十1）by

　　　　　　　　μφ（［冶、工］，［是，工’］）＝［尾，μ（”，”！）］

and　we　have　the　fo11owing

　LEMMA1．3．（［5，P．7］）L功Xん〃θ伽肋5θ∂ゐo刎oカo〃な〃θoゾαCW－60刎クZωand－

XみθαK－3μ6θω肋α刎砂〃：X一→lK．珊θ〃，伽K一んo榊oカo〃∫功工X，Lφ（G，〃十1）］K兆

α吻αろ81zα〃　9r02ψろツ妨θ　物〃なψ1κακo〃［∫］十［9］＝［μφ（∫×9）∠］，ω加肥∠　X一＞X×Xτ3

伽励αg’o舳Z刎砂伽6［X，ムφ（G，〃十1）］K1s工somorph1c　to　Hη十1（X，G），ωん㈹Hη十1（X，G）

・・伽・・ん・榊・1・gツω肋カ加1・・α1…がα肋刎∂〃・θれ〃X一→K

　　Put　L＝ムφ（G，〃十1）　And　cons1der　the　fouowmg　Path　spaces

　　PL：｛λ　∫一→・L　lλ（O）∈3（K）、qλ（0）＝qλ（玄）for　au彦∈1｝

　　9L；：｛λ∈PL　lλ（O）＝λ（1）｝

Then，we　have　the　fouowmg

　Lemma14　丁加グoワθ肋oπ
　　r：PL一→1二，γ（λ）＝λ（1）

ゐα！伽励o〃ω肋抄ブ・9K（G，〃十1）：K（G，η）．肋肋召舳・陀，

　　qブ肌一→Kandgブ．9ムー一＞K
舳！伽励・郷洲肋〃ブθPK（G，〃十1）伽69K（G，苑十1）＝K（G，〃），励㈹PK（G，〃十1）

αη∂9K（G，刀十1）鮒伽oブ伽α・ツクα肋3ク脇伽〃ooハ卿θザK（G，〃十1）．

　On　the　other　hand，the　g1ven　homomorph1smφ・π＿＿＞肋倣o（K（G，〃十1），＊）1nduces

the　homomorph1sm
　　φ1　π一一一〉1カ榊θo（9K（G事〃十1），＊），φ1（9一）（λ）（カ）＝φ（9）（λ（¢））

And．we　have　the　fibration

　　q’：ムφ・（G，〃）一→K

w1th　f1bre　gK（G，〃十1）＝K（G，〃）adm1tt1ng　the　canomca1cross　sectlon31by（11）

　We　have　the　natura1K－homeomorph1sm
　（15）ψムφ。（G，〃）一＞9五。φ（G，〃十1），ψ（映，λ］）（ヵ）二［尾，λ（ヵ）］，

wh1ch　sat1sf1es　qブψ＝ql　And．1et

　　γ　9L，K9ムー＞9ム

be　g1ven　by　the　jom　of1oops．Then，we　have　the　fo11owmg

　LEMMA1　6　丁加ηα肋閉1K一んo刎θo榊oゆ肋3閉ψ・五φ・（G，〃）→9Lφ（G事η十1）閉∂2κθ3

伽づ50刎0ゆ肱刎

　　ψぺ［X，Lφ・（G，〃）］K一→［X，9五φ（G，〃十1）］K

∫or伽ツK一功α6θX，ω加陀油θ∂o刎α加差3伽励θZ｛伽groψげLθ榊刎α1．3，伽∂油θ
舳肋μ肋づo〃加妨θ閉ηgパ∫加あoθ∂的■㈱η3づo肋3αMろoηθ．

　Now，1et　B　be　a　CW㌧comp1ex，and。θ：B一一＞Lψ（G，〃十1）be　a　g1ven　based　map，

where　the　base　point　ofムφ（G，η十1）is　taken　to　be＊∈3（K）⊂ムφ（G，〃十1）．Then，

from　the　f1brat1on　r．PL一≒＞ム（L＝Lφ（G，π十1）），θmd．uces　a　f1brat1on

　　クpρ；遍×τPL一→B
with　fibre　gK（G，η十1）＝K（G，〃），which　is　ca11ed　the　twisted．Principa1fibration　with

c1assifying　mapθ．

　　　　　　　　　　P．r今PL　　　　　9ム
　　　　　　　　l／θ・／、一／

　　　　　　　　　3一一一＞ムー一一＞K
We　say　that　the　based　topo1og1ca1space　X1s　ho㎜otopy－we11－pointed1f　tbe卿1us卿
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{*} C X is a homotopy-cofibratron (cf [3 p 164 and S 2]) 

LEMMA 1 7 P ~s homotopy-well-pointed. 

PRooF. Since K (G, n+1) is a CW-complex, 9K (G, n+1) = K (G, n) has the based 

homotopy type of a CW-complex, and every point of a CW-complex is homotopy-
well-pointed (cf. [8, p. 380]), {*} C K (G, n+1) is a homotopy-cofibration (cf. [3, p. 46, 

Korollar (2. 7]), and by the theorem of A. Stripm ([10, p. 141. Theorem 12]), p~1(*) = 

K (G, n+1) C ~~ is a cofibration, since {*} is closed in ~. By the fact that the composition 

of two homotopy-cofibrations is a homotopy-cofibration (cf. [3, p. 44. Satz (2. 4)], {*} C 

Po is a homotopy-cofibration, that is, P~o is homotopy-well-pointed. q. e. d 

We define the K-map ~) : ~~L ),< A-P~a ~> ~~ by the relation ~) (m, (b, n)) = (b, m V n), 

where m V n is the ordinary path addition in L, where the base point of ~L is the 

constant loop at * E L. Then, 2) defines the following action for any K-space X. 
(1. 8) ~/* : [X, ~~L]A.-x[X, P~alK -~ [X, P~a]A'~ 

Let p* : [X, Po]K ~~ [X, E:]l'~' then we have the following 

PROPOSITION I . 9. (cf. [5, p. 6, Lemma]) p* (a) = p* (~) (a, p E [X. P~o]r.~) if and only 

if there exists ~ E [X, ~2~L]r" such that ~'* (~, ~) = ct. 

S 2 . Postnikov-system 

Let .¥" be a connected CT,V-complex and {X:,,} be the Postmkov system of X (cf [11 

pp. 218-219]). And let ip : ~l (X) -~> Aut ~,, (.X) be the local coefficient system associated 

with p~ : X., --> X,,,_1 (this becomes an usual action of 7tl (X) on 7r~ (X)), and let the 

associated homomorphism ip : 7rl (X) -> Homeo (K (~~ (X), n~- 1), *). Put L = L~(7r,,(X), 

n+1) and K K(7r (~), 1), then we have the following 

PROPOSITION 2 1 For the fibratwn p~ : X,,-> X,,,_1 t,here exlst maps k (X~ I *)-> 

(L, *), and ~ : (X~, *) -> (pk, *) sueh that ~ is a based homotopy-equivalence 

Therefore, G#(X~) = G#(P~k). 

PROOF Let i,,, E H" (K(7r~(X), n), 7r,,, (X)) be the fundamental cohon:i^ology class of 

K (7r,, (.Y) n) Then by J F McClendon ([4 Theorem 4. I and .~~'S2-3]), there exist 

maps k (X,,_1, *)-~ (1_, *) such that [k] F_ [Xn-1' LII'~ = H"+1(X~_1, 7r~(X)) is the 

transgression image of i,,, where X,,,_1 is considered as a A'~-space by p2 ""' p~_~p,,_l 

X~ I -> X K (7r (X) 1) = K, and ~ : (X,,, *) -> (p~A. *) such that p~ = p~ and ~ l 

K(7t,,(X), n) L~i,, rel * where p is the twisted principal fibration induced by k 

K (7r~ (X), n) -~> X~ 

l"' ~ 
K (7r,,, (X), n) -->' Ph. PL 

p
 

k
 

X~ 1---~L 
Now, since i~* : 7T~ (K(~~(X), n)) -~> ~~, (K(7r~ (X), n)) is an isomorphism, ~* : 7ri(X~) 

~~ 7ri (P~k) is an isomorphism for every i ~ 1. Since P~h. has the free homotopy type of 

a CW-complex (cf. [9, Prop. (O) and [7, Theorem 2]), ~ is a free homotopy-equivalence 



4 Self-Homotopy-Equivalences 
by the theorem of J. H. C. Whitehead. Since P~k. is homotopy-well-pointed by lemma 

1 . 7 and X,, is homotopy-well-pointed (cf. [3, p. 46, Korollar (2. 7) and [8, p. 380]), ~ 

is a based homotopy-equivalence (cf. [3, p. 54, Satz (2. 18)]) 

Therefore, G#(X~,,) = G#(P~h.), q. e. d. 

PROPOSITION 2 . 2. Let Y be a topological .'pace which has the free homotopy type of 

a connected C W-complex, whose base point is homotopy-zvell-pointed, and let Y* be a 

topolo_crical space obtained by attaching (i+ 1)-cells (i > n) to Y, so that Y* kills the homotopy 

groups 7ri ( Y) for every i > n. Then, for any CW-complex Y/ with 7ri ( Y/) = O for' every 

i > n, and for any Inap g : ( Y, *) -> ( Y/ *) there exists a 

map h : ( Y* *) -~ ( Y', *) sueh that hi ~~ g rel * (i is the 

inclusion of Y to Y*). Dauch tI~VO maps are homotopic rel * 

and h does not depend on the based homotopy class of g. 
~
 

Furthermore, if g* : 7ri ( Y) -~ 7ri(Y/) is an isomorphism h
 

Yl Y* for every i < n, then, h is a based homotop_v-equivalence. 

PROoF. Since ( Y*, Y) is a relative CW-complex with dimension ( Y*, Y)~n+1, 
and 7ri ( Y/) = O for every i > n, there is an extension ho of g to Y*, and such exten-

sions are homotopic rel Y by the elementary homotopy theory. Also, for any map h : 

(Y* *) -> ( Y', *) such that hi '-_- g rel *, there exists h/ : (Y* *) -~ (Y', *) such that 

h '-_~ h' rel * and h' i = g by the homotopy extension theorem 

Therefore, h' o~ ho rel Y, and consequently, h ::i ho rel *. It is trivial that h does not 

depend on the based homotopy class of g. Furthermore, if g* : ~i(Y) -> 7ri (Y') is 

an isomorphism for every i < n, then, h* : 7ri (Y*) -> ~i ( Y') is an isomorphism for 

every i ~ 1, since 7ri ( Y*) = ~i ( Y') = O for every i > n. 

By assumption, Y* has the free homotopy type of a connected CW-complex 
Therefore, h is a free homotopy-equivaleuce by the theorem of J. H. C. Whitehead. 

Since Y is homotopy-well-pointed and YCY* is a cofibration, Y* is homotopy-well-
pointed (cf. [3, p. 44, Satz (2 . 4)]). Y is hornotopy-well-pointed (cf. [8, p. 380]) 

Therefore, h is a based homotopy-equivalence (cf. [3, p. 54, Satz (2. 18)D. q. e. d 

PROPOSITION 2 . 3. Let Y be as in Proposition 2. 2, Yl and Y2 be connected CW-comp-

lexes such that 7Ti ( Y1) = 7Ti ( Y2) = O for every i > n, and gj Y 

be a Inap of (Y, *) to (Yj *) such that gj* : 7t,i(Y) -> 

7ri ( Y.i) is an isomorphism for every i < n (j = l, 2). Then, gl 

there exists a based ho'notopy-equivalence h : ( Y1 *) _> 

( Y2, *) such that hgl '~~: g2 rel * and such two homotopy- h Y2 
Y1 

equivalences are hom,otopic rel * . 

PROOF. By Proposition 2 . 2, there exists a based homotopy-equivalence hj : ( Y* *)-> 

(Y,i *) such that h.ji ~: gj rel * (j = l, 2), since gj* : 7Ti(Y) -> 7ri(Yj) is an isomor-

phism for every i < n (j = 1, 2). Now, Iet hi be the based homotopy-inverse of hl 

Then, h2hj : (YI *) -> (Y2 *) satisfies (h2h;) ~: g2 rel *. Also, if h : (YI *) -~> (Y2, *) 

satisfies hgl ::: g2 rel *, then, hhl : (Y* *) -> ( Y2 *) satisfies (hhl) i ~ g2 rel *. Hence, 

by Proposition 2. 2, hhl c~ h2 rel *, that is, h ~: h2h{ rel *. Now, h2hi rs a based homo-

topy-equivalence, so is tha map h. q. e. d. 

Now, assuming ~i(B) = O for every t > n then, p* : 7ri (Pe) ~> 7ri (B) is an isomor-
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phi・mf・・・…yを＜・ヲπ・（P1）一πη（K（G1勉））一G…d　亘　　　　耳

51烹㌻蝋ざ1乱1㍗lll∴、／
based　se1f－homotopy－equ1va1ence　up　to　based．homotopy∫1　　　B　　　　　　　　　β

（β、＊）一→（君，＊）・u・hth・t〆ニル・・1＊，and∫1d…　n・td・p・・donth・b…d

homotopy　c1ass　of∫　Therefore，we　can　defme　the　natura1homomorph1smハθ＃（P〃）

一今θ＃（β）

　　§認、駄⑪⑪f⑪f幽㊧砒㊥⑪鵬鰯

　Letφ　π1（B）一→1ん砿G　be　the1oca1coeff1c1ent　system　on　B　Putム＝ムφ（G，〃十1）

and　K：K（π1（月），1）　By　J　F　McC1endon（［5，PP3－4，Theorem］），Le㎜ma13and

Lemma16，we　have　the　fo11owmg　exact　sequence　of　the1oca1coeff1clent　cohomo1ogy

　　　　　　H・（F，G）←1＿＿H・（亙，G）←五＿則B，G）←O（F－K（G，、））

（3・1）　1l　　　ll　　　ll
　　　　　　　［F多珂←一竺二一亘，則、←」L［β，砿］、←0

　We　defme　a　map」K卯［1＊［Pl，鮎1K一→［F，F11一→傷＃（Pθ）By（18），take　X＝
耳。。d1．tル）一。＊／α，1戸、1，th。・。。，∠（α）耳上ユ→軌。。瓦一⊥→E

　Note　that　the　restrictionフ＝レl　F，F　is　the　ordinary　mu1tip1ication　on　gK（G，〃十1）二

K（G，η）＝F　We　ha∀e　the　fo11ow1ng　co岨mutat1ve　d1agram

　　　　　　K（G，η）」主ユ→K（G，η）八K（G，勉）　フ　。K（G撃、）

・／

耳　　｛α・1／

・／　　　τ／

帆×五亙二頁。
③∵　　淋才　　ク／
　　　　　　　B」＿＿＿→週　　　　　”　　　B

Byth・・b・・…mm・t・・i・・di・g・・m，（レ＊／α，1／）、二πご（亘，・）→π、（亘，・）i6th．id。。tity

automorph1s血for　e▽ery　z≧11fα∈K卯［τ＊　［亘，豆L］1、一一一＞［F茅F］］　Smce亙1s　homo－

topy－we11－pomted　by　Lemma17，レ＊｛α茅1｝1s　a　based　homotopy－equ1va1ence（cf［3，

p54夢Satz（218）］），so　the　map」1s　dlefmed　Thus　we　have　the　fo11owmg　sequence

of　groups　and　maps．

　　　　　　　　　　　　　　　　　∠　　　　　　一　　　　　J
（3．3）　　Hπ（届；G）　　　　　θ＃（片，）　　　　θ＃（β），

　where　the　act1on　ofπ1（君）on　G1s　mduced　by　qθ　B＿→L＿＿＞K

　THE0REM3．4。　ル〃∠：KぴJ．

　PR00F　肋」⊂KぴJ1s　ev1dent　by　the　d1agram（32），and　we　w111show　that肋

∠⊃Kκ工We　assume　that　J（9）＝1，that　is，旭皇ク1戸”re1＊．By　Propositi㎝1．9，

th・…x・・t・δ∈［Pl，蛆1・…hth・t・。／δ，1戸。｝：9，th・t・・，」（δ）＝9

　The叫レ｛δら砂＝パδ事1｝｛～φ皇伽＝｛re1＊，and　onフτ肌（F）＝G，ン＊（α，み）＝α十み（α，

ろ∈G），・・ン。／δ1，1／。（α）；（δ｛）。（α）十1。（α）＝1。（α）．H・…（δ1）。＝O，th・ti・，δ∈Kθり・＝

加ク＊＝Hη（遍；G）・　　　　　　　　　　　　　　　　　　　　　　　　　　　　　9，8．五



6 Se1f一亘omotopy＿Equiva1ences

　THE0REM3，5．　」ゐαんo〃zo柳oψ肋5〃z　o！9チーoψ3．

　PR00F　Letμφ・ムφ・×ムムφ・一→工φ・be　the　K－map　as　m（12），and．d－efme」（ω1）⊥

ω2＝ω2」（ω1）1∈［Pθ，9L］亙（ω1，ω2∈Kぴτ＊⊂［Pθ、9ム］K）　Smce

　　μφ・（（∠（ω1）⊥ω2）」（ω1），ω1）；μφ・（ω2∠（ω1）・1∠（ω1），ω1）

　　　　　　　　　　　　　　　　　＝μφ・（ω2，ω1）

　　　　　　　　　　　　　　　　　＝ω2＋ω1ヲ

We　have
　　」（ω。十ω1）＝レ＊｛ω。十（り1，1戸。｝

　　　　　　　　＝〃＊｛μφ・（（∠（ω1）⊥ω2）∠（ω1），ω1）ラ1亘θ｝

　　　　　　　　＝レ＊モ（」（ω1）一Lω2）∠（ω1），レ＊｛ω工，1戸ol｝　（by　Lemma16）

　　　　　　　　：ツ＊｛（一（ω1）⊥ω。）」（ω工）夕∠（ωユ）｝

　　　　　　　　＝〃＊｛」（（o1）⊥ω。，1亘θ｝∠（ω1）

　　　　　　　　＝∠（∠（ω1）⊥ω。）」（ω1）．

　　Now，ω2＝ω21クfor　someω2！∈［B婁9L］K　by（3．1），we　haye

　　∠（（01）⊥ω。：ω。1μ1（ω1）・1

　　　　　　　　　＝ω。1J（∠（ω1）一1）ク

　　　　　　　　　＝ω21ク

　　　　　　　　　ニω2．

　　Therefore，∠（ω2＋ω1）＝∠（ω2）」（ωエ）。　　　　　　　　　　　　　　　　　　　　　　　　q．～．∂．

　By（18）takeX＝Pθand1et1（1尻）be　the1sotropy　groupof1戸θ戸。一今戸、mder
theactionof［Pθ，9L］K㎝［Pθ，Pθ1K．

　Tr1v1a11y　∫（1昂）1s　conta1ned　m　Kぴ　［z＊　［片，9ム］一一＞［F，F］］，and　we　haye　the

fo11owing　theorem．

　丁台E0REM3．6．A5醐〃κ洗励α60肋κoカθ∂Cτγイo〃ψ1ωB3α眺ガθ3π、（B）＝0！orωぴツ

¢≧；〃，Z功φ　π1（B）一一今Az〃G6θ挽6　ZooαZ　60θプアπκ〃玄　3ツ3陀伽o〃　一8，〃z41砿ク　戸；ザー一＞B

6・伽肋肋6加・・1〃∫伽α伽川肋カみ陀K（G，κ）．肋・，伽〃1・ω加g岬κ・…ザ
grOlψ3α〃ん0榊0榊0グ助づ舳北ω励．

1一→晦”）」二今則遍，G）＿⊥→θ。（昆）一らθ。（B）、

ω1舳H”（B；G）1・伽・・ん・榊・1・gツ醐脇伽1・・α1・・θガ肋・1加∂1κθ6妙9θ：B一→ムニLφ

（G，〃十1）一→K＝K（π1（β），1）

　By　Propos1t1ons21，22and－23，the　fo11owmg1s　obtam．ed

　C0R0LLARY3　7　ムθ玄Xろθα601肋θ6加3　CW㌧oo肋ク1θ”α〃6｛X、乙｝6θα　肋5肋泌oηづツ5加肋

・∫X．珊θ〃ぎ伽〃Z・肋加9・θq1κ舳・グ9…ψ・舳∂ん・肋oη・・ブク桃伽づ・θ伽・げ・㍑鮒ツ〃≧1．

1＿＿→∫（1x）」；→則X、．、，π、乙（X））＿4→θ。（X、）＿ユ→θ。（兄、．、），

ω1z㈹H”（Xη．1；π。（X））ゐ伽　ooんo榊oZogツω肋伽ZooαZ60θノア北づ肋｛π犯（X）｝，ωん舳

π1（Xれ一1）：π1（X）〃30κπ肌（X）α3雌伽1，伽∂∫（1x肌）τ3伽z30炉o〃9ブo妙o！1x犯X肌一→

Xη〃zゐr加α肋o〃o∫［X肌，9工］K　o刈X、，X、。］Kω肋6い3ゐ∫加θ6加肋θ∫oZloω加g・必αg閉刎．

　　　　　　田う豆L］K　×　田多亘］κ＿」生〉［頁，互］、

が／　が／　1t
［X犯，軸五。［X、茅瑚、」㌧［X肌、刷、

　　　　　　　　　イ　　イ

［X肌，9五］x×［X例，X、］K一一一÷［X、乙，X山茅



Kouzou TSUKlYAMA 7
 

where ~ is the based hoinotopy-inverse of ~ : Xn~> p/~c by P1'oposition 2 . 1 

Furthermore, Im J = {[f~_1] E G#(X~_1) I [k] = f~_1* [k]}, where [k] (~_ H"+1(X~_1 ; ~ 

(.Y)) by Proposition 2. 1. } 

PRooF (cL [4 p 4]) By Proposrtron 2 1 [k] ~ (i~), and the following diagram 

commutes. 

II"(K(~~(X), fl) ; 7r~(X)) -=->0^ H"'1(X^ I , 7r (X)) 

Jf n - 1* 

H"+1(X~_1 ; ~~(X)) 

Hence, if [f~_1] is an image under J, it belongs to the ri,ght hand side. On the other 

hand, Suppose that [f~_1] belongs to the right hand side. Then, the following diagram 

is based homotopy commutative, 

X7?'_1 f~ I Xn 1 

L id L 
and we may construct a based self-homotopy-equivalence f~ : X^ -~ X such that 

p~f~ = f~_1p~ rel * which induces the identity automorphism of 7ri(X~) for any i > 1 

q. e. d. 

COROLLARY 3. 8. (cf. [11, Theorem I . 3]) Assulne that the connected CW-complex X 

sati.'fies ~i(X) = O (i > N) or dim X = N, for so/ne inte~er N, ard that the coholnology 

groups of local coefficient are H~(X:,,_1 ; 7T~(X)) = O (1 < n < N). Then, G#(X) = 1. 

PROoF. Note that G#(.X:1) = Gf#(K(7rl(X), 1) = l. Then, we have G#(X~) = I for 

every n > I by induction using Corollary 3. 7. q. e. d. 

COROLLARY 3. 9. Let {X~ I n > 1} be as in Corollary 3. 7. If Hn(X~_1 : 7r~(X)) (1 < n 

< N) are finite (finitely generated) groups. Then, G#(X,v) is a fillite (finitely gener~-

COROLLARY 3 10 Let X be as m Corollary 3 8 If Aut ~ (X) (1 < 7z < N), ard 
Hn(X~_1 ; 7r~(X)) (1 < n < N) are finite (finitely *~enerated) groups. Then, G(X) ( =the 

group of all based homotopy classes of self-h017rotopy-equivalences of (X, *)) is a finite 

(finitely generated) group. 

PRooF. Consider the following exact sequence (cf. [1, p. 30 (*)]) 

l -> G#(X) -> G(X) -~ ~Aut 7T~(X) 
l ~; n ~ N 

and use Corollary 3. 9. q. e. d. 

Especially we obtain the following theorem. 

Theorem 3. Il. (cf. [4, Theorem 3. I]) Let X be as in Corollary 3.8. If ~~(X) 

(1 < n < N) are jinite ~roups. 
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Then, G(X) is a finite group 

Proof. By ([2. p. 44, 15. 6]) we see that H2(7T1(X) ; 7r2(X)) with the local coefficient is 

finite. And by induction using the local coeLficient Serre spectral sequence (cL. [5, ~ I]), 

Hn(.¥~,,_1 ; 7r,,.(X)) (1 < n <( N) are finite groups. Hence by the above corollary G(r) is 

a finite group. q. e. d. 
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