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Higgs cubic coupling plays a crucial role in probing an origin of electroweak symmetry breaking. It is
expected that the cubic coupling is measured by Higgs pair production at the LHC and ILC, and the
deviations from the standard model can be extracted from the Higgs pair production process, and those can
give us a hint of new physics beyond the standard model. We consider a general potential that achieves the
suitable electroweak symmetry breaking. As one of the interesting models, we suggest a nonperturbative
Higgs model in which a runaway type of potential is used. In the model, the cross sections of pair
production at the LHC are enlarged compared to the standard model. We also study the Higgs pair
production induced by a noncanonical kinetic term of Higgs fields which will be important for searching
the pair production at the ILC.
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I. INTRODUCTION

In July 2012, the CMS/ATLAS Collaborations at
CERN’s Large Hadron Collider (LHC) reported that they
had discovered a boson, which is consistent with the Higgs
boson in the standard model (SM) [1,2], and further in
2013, they confirmed the evidence that it is most likely the
long sought Higgs boson of the SM [3–6]. The Higgs boson
is the last piece of the SM, and its discovery at the LHC
would complete the particle content of the theory. All the
interactions of the Higgs boson have to be investigated to
see whether the Higgs boson has the properties expected
from the SM. While the gauge interactions among the
particles have been confirmed successfully, the other
interactions in which the Higgs boson participates have
not been fully explored experimentally. This situation will
change dramatically as the LHC Run II starts and even
more so with the ILC experiment.
The Yukawa interactions and the Higgs self-interaction

are responsible for describing the generation of fermion
masses and for inducing the electroweak symmetry break-
ing (EWSB), respectively. The experimental data of the
single Higgs production and its decay to fermions and
vector bosons at the LHC are largely consistent with the
SM prediction. The other Higgs interactions have to be
probed experimentally to reveal how the EWSB occurs and
whether the fermions acquire their masses as described by
the SM.
The Higgs self-coupling is one of the key parameters for

investigating how the EWSB occurs [7]. In the SM, only
the quartic Higgs coupling is allowed by the electroweak
gauge symmetry within the renormalizable Lagrangian.
The origin of the interaction has been the subject of great
debate in last few decades and an inspiration to many

theories. For most of these theories, it is expected that the

quartic coupling is described by a fundamental physics
which precedes the SM at a higher energy scale. For
instance, in models with supersymmetry (SUSY), the
Higgs quartic coupling is induced by the D-term potential.
Therefore, the quartic coupling originates from the electro-
weak gauge interaction, and it is a function of the gauge
couplings, which nicely accommodates the range of the
(SM-like) light Higgs mass [8–10]. In addition to this
questions regarding the origin of the self-coupling, in the
SM, it is not clear whether the negative sign of the Higgs
squared mass parameter, which triggers the EWSB, has a
dynamical reason and why its size remains separated from
the Planck scale.
Indeed, these questions have led to the expectations and

thereby many attempts to describe the EWSB as the result
of radiatively or dynamically induced mechanisms. For
instance, in the SUSYextension of the SM, it is well known
that the symmetry breaking can be induced radiatively due
to the large top quark Yukawa coupling even when the high
scale initial value for the Higgs mass parameter is positive.
On the other hand, in a model with dynamically induced
symmetry breaking, the Higgs self-interaction can be quite
different from the SM. In other possibilities, a new physics
related to the EWSB appears at TeV scale where the Higgs
self-interaction is modified from its SM value. In such a
sense, it is important to probe the Higgs self-interaction,
which governs the essence of how the Higgs boson acquires
a vacuum expectation value (VEV).
After expanding the Higgs potential around the Higgs

VEV, the physical Higgs particle acquires a cubic self-
coupling. It is expected that the cubic coupling constant,
while challenging, can be measured by Higgs pair
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production at the LHC and ILC [11–16]. The measurement
of the cubic Higgs coupling provides important hints for the
Higgs self-interaction which stabilizes the Higgs potential
[17–22]. The deviation of the Higgs cubic coupling from
the SM can be parametrized in a model-independent way
by considering a general potential as in Refs. [23–25]. Such
a general potential may be either generated by a loop level
or can be constructed from a nonperturbative model. At the
LHC, if there is a negative contribution to the Higgs cubic
coupling from these considerations, the Higgs pair pro-
duction rate always tends to be enlarged. In that case the
deviations are easier to be detected. Therefore, it is
interesting to investigate a model which can induce a
negative contribution to the cubic coupling.
It is expected thatmore precisemeasurements of the cubic

coupling can be done from the processes of Higgs pair
production at the ILC, compared to the LHC [16]. The
process in which the cubic coupling is probed receives
contributions not only from the diagrams with the cubic
couplingbut also fromdiagramswith thegaugecouplings. In
order to measure the cubic coupling, one has to therefore
know the dependency of the total amplitudes on the
individual couplings. Indeed, inmodels where the couplings
differ from the SM, one has to guarantee that the hVV
coupling (V stands for a massive gauge boson) remains the
same as the one in the SM.Although the experimental data of
the singleHiggs production support that thehVV coupling is
consistent with the SM, hhVV coupling has no such
constraint at the moment and can deviate from its SM value.
This happenswhenever the kinetic termof theHiggsboson is
givenbyhigher dimensional effective operators. If thehhVV
coupling deviates from the SM, so does the pair Higgs
production cross section even if the cubic coupling remains
the same. This shows that it is important to investigate how
the cross section depends onboth thehhVV coupling and the
cubic Higgs coupling.
In this paper, we start from a general Higgs potential and

investigate how the cubic Higgs coupling can be modified
in general. We show that the negative contribution from the
SM to the cubic coupling enhances the cross section of the
pair Higgs production via gluon fusion at the LHC. From
the analysis of the general Higgs potential, we find a type of
potential that can induce a sizable negative contribution to
the cubic coupling, if the potential contains a piece of
repulsive effect from the origin of Higgs configuration.
Such a type of potential (a so-called runaway-type poten-
tial) can be constructed in nonperturbative models. We also
investigate the correction from the general kinetic term of
the Higgs boson. We learn how the deviation from the SM
couplings are parametrized, and we investigate the para-
metric dependency of the cross sections of the pair Higgs
productions at the ILC and LHC. We also construct a
nonperturbative model with SUSY to induce the negative
contribution to the cubic Higgs coupling and enhance
the pair Higgs production cross section at the ILC. The

modification of the hhVV coupling in the model is also

investigated.
This paper is organized as follows: In Sec. II, we

formulate the cubic Higgs coupling from general Higgs
potential. In Sec. III, we show the calculation of the cross
section of the Higgs pair production at the LHC; and the
negative contribution to the cubic Higgs coupling can
enlarge the cross section. In Sec. IV, we study the
modification of the hhVV coupling from the noncanonical
kinetic term of the Higgs boson and how it affects the pair
production of the Higgs bosons at the LHC and ILC. In
Sec. V, we construct a nonperturbative model by SUSY
QCD, in which a negative contribution is induced in the
cubic coupling of the physical Higgs field. Section VI is
devoted to the summary and conclusions of this paper.

II. THE CUBIC HIGGS COUPLING FROM
THE GENERAL POTENTIAL

It is important to investigate the interaction of Higgs to
the other particles and to know what dynamics makes the
Higgs boson have a VEV. In the SM, the tree-level Higgs
potential is given as

V ¼ m2
HjHj2 þ λjHj4: (2.1)

It is necessary that the squared mass m2
H is negative, and in

combination with the quartic self-interaction it forces the
Higgs field to acquire the VEV. The Yukawa couplings to
fermions (especially to top quarks) and the gauge couplings
are also important for the loop corrections of the Higgs
potential.
Let us describe the Higgs potential in terms of a general

function:

V ¼ VðjHj2Þ: (2.2)

The function VðxÞ can contain any effects from loop
corrections, or any nonperturbative effects. Surely, due
to the gauge invariance, it has to be a function of jHj2
(if there is only one Higgs doublet). In unitary gauge, jHj2
is expressed as

jHj2 ¼ v2

2
þ vhþ h2

2
; (2.3)

where h is a physical Higgs mode and v denotes the Higgs
VEV [H0 ¼ ðvþ hÞ= ffiffiffi

2
p

]. Expanding the function VðxÞ
around the VEV, we obtain

V¼V

�
v2

2

�
þV 0

�
v2

2
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2

�
þ1

2
V 00
�
v2

2

��
vhþh2

2

�
2
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V 000
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v2

2

��
vhþh2

2

�
3

þ���: (2.4)
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The stationary condition (vanishing the linear term of h) is
V 0ðv2=2Þ ¼ 0. The mass of the physical Higgs is obtained as

m2
h ¼ v2V 00

�
v2

2

�
: (2.5)

In order to obtain the 126 GeV Higgs mass, one requires
V 00ðv2=2Þ ¼ m2

h=v
2 ¼ 0.26. In the standard model, for in-

stance, the function VðxÞ is VðxÞ ¼ m2xþ λx2 and one
obtains m2

h ¼ 2λv2. In this expression of the Higgs mass, it
is not necessary to solve the stationary conditionV 0 ¼ 0 since
we use v ¼ 246 GeV as an input.
The cubic interaction of the physical Higgs can be also

obtained as

−Lhhh ¼
1

2

�
V 00 þ 1

3
v2V 000

�
vh3 ¼ m2

h

2v

�
1þ 1

3
v2

V 000

V 00

�
h3:

(2.6)

The tree-level Higgs potential in the SM gives V 000 ¼ 0, and
therefore, the modification from the tree-level SM Higgs
potential can be parametrized by

Ch ¼
1

3
v2

V 000

V 00 ; (2.7)

and the ratio of the cubic coupling is expressed as

λhhh
λSMhhh

¼ 1þ Ch: (2.8)

Precisely speaking, in this formulation, Ch parametrizes
the deviation from the tree-level cubic Higgs coupling in
the SM: λSMhhh ¼ 3m2

h=v. As mentioned before, the general
function VðxÞ can contain loop effects. One can easily
evaluate the contribution from the top quark 1-loop
effective potential:

VðxÞ ¼ m2xþ λx2 − 3

16π2
y4t x2

�
ln

�
y2t x
Q2

�
− 3

2

�
; (2.9)

where yt is the top quark Yukawa coupling (mt ¼ ytv=
ffiffiffi
2

p
)

and Q is the renormalization scale. Because V000ðv2=2Þ ¼
−3y4t =ð4π2v2Þ, we obtain

Ch ¼ − m4
t

π2v2m2
h

≃−0.1; (2.10)

for the loop correction in the SM.1

Let us consider the following Higgs potential as a toy
example:

V ¼ m2
HjHj2 þ Λ4−2aðjHj2Þa; (2.11)

where Λ is a dimensional parameter. The minimization
condition is

m2
H þ aΛ4−2axa−1 ¼ 0; (2.12)

where x ¼ v2=2. Therefore, if a < 0 (namely, the potential
for mH → 0 has a runaway kind of behavior), m2

H is
positive. The Higgs mass is obtained as

m2
h ¼ 2aða − 1ÞΛ4−2axa−1 ¼ 2ð1 − aÞm2

H: (2.13)

One can calculate

Ch ¼
2

3

xV 000

V 00 ¼ 2

3
ða − 2Þ; (2.14)

and the correction from the standard model is specified
only by the exponent a. We note that the correction Ch is
negative for the runaway-type Higgs potential (a < 0).
As one can find from the above expression, the pair

Higgs production from the general scalar potential can be
parametrized by a single parameter Ch. The expansion of
the scalar potential is described in unitary gauge. Here, we
comment on the case of the ’t Hooft-Feynman gauge:

H ¼
�

χþ
vþhþiχffiffi

2
p

�
: (2.15)

In this case, jHj2 ¼ v2=2þ vhþ h2=2þ χ2=2þ χþχ−.
Expanding the potential VðjHj2Þ, we obtain that the
Nambu-Goldstone (NG) bosons χ and χ� are massless
under the stationary condition V 0ðv2=2Þ ¼ 0, and they will
be eaten by the gauge bosons. The interactions between the
physical Higgs h and the NG bosons are

−L ¼ m2
h

v
h

�
χ2

2
þ χþχ−

�

þ m2
h

2v2
ð1þ 3ChÞh2

�
χ2

2
þ χþχ−

�
: (2.16)

Therefore, the single Higgs production is same as the one in
the SM, but for the pair Higgs production via longitudinal
vector boson fusion, the scattering amplitude is modified
by the Ch parameter from the SM. The scattering amplitude
of χþχ− → hh is obtained as

Mðχþχ− → hhÞ ¼ m2
h

v2

�
1þ 3Ch þ

3ð1þ ChÞm2
h

s −m2
h

þ m2
h

t −M2
W
þ m2

h

u −M2
W

�
: (2.17)

1W, Z and Higgs contributions are subdominant compared
to the top quark contribution. Since they have the opposite signs
to the top-loop one, they contribute destructively. The correc-
tion to the cubic coupling including W=Z=H-loop contribu-
tions is estimated as Ch ¼ ð9m4

h þ 8ð−4m4
t þ 2M4

W þM4
ZÞÞ=ð32π2v2m2

hÞ ∼ −0.08.
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The equivalence theorem [26] tells us that this scattering
amplitude is same as the longitudinal WW scattering
amplitude up to the OðM2

W=sÞ correction (namely, neglect-
ing gauge coupling in M2

W ¼ g2v2=4). One can easily
verify this equivalence by calculating the amplitude in
the unitary gauge. However, since the 126 GeVHiggs is not
very heavy compared to the gauge boson masses, we
should calculate in the unitary gauge without neglecting
the gauge couplings for the numerical evaluation of the
cross sections.2

The general scalar potential can be also specified to the
two-Higgs doublet model (2HDM). The scalar potential in
terms of H1 and H2 (whose hypercharges are −1=2 and
þ1=2, respectively) is a function of jH1j2, jH2j2 and
H1 ·H2ð≡ϵabHa

1H
b
2Þ. The cubic Higgs coupling can be

written, in general, similarly to the one-Higgs case. We
exhibit the relevant expressions in Appendix B.

III. HIGGS PAIR PRODUCTION VIA GLUON
FUSION AT THE LHC

The Higgs cubic coupling can be probed by pair
production of the Higgs boson. At the LHC, the dominant
contribution of the pair Higgs production is the gluon
fusion process. There are two diagrams for the pair Higgs
production via the gluon fusion: (i) gg → h → hh,
(ii) gg → hh via a box diagram. The gg → h and
gg → hh couplings are generated by triangle and quad-
rangle top quark loop diagrams, respectively. The effective
coupling (neglecting the top quark momentum) can be
obtained by [27]

Leff ¼
αs
12π

ðlogHÞGa
μνGaμν

¼ αs
12π

�
h
v
− h2

2v2
þ � � �

�
Ga

μνGaμν: (3.1)

Because of the opposite signs of the effective couplings
(in addition to a kinematical reason), the cross section of
the pair Higgs production at the LHC is very small at the
order ofOð10−3Þ compared to the single Higgs production.
Inversely speaking, this fact makes the process sensitive to
any additional contributions and a good probe of new
physics beyond SM.
The cross section of pp → hh can be obtained by

σðpp → hhÞ ¼
Z

1

4m2
h=s

dτ
dLgg

dτ
σ̂ðgg → hh; ŝ ¼ τsÞ; (3.2)

and the parton-level amplitude of gg → hh (using the
effective coupling) is

Mðgg → hhÞ ¼ αs
3πv2

�
−1þ 3m2

hð1þ ChÞ
ŝ −m2

h

�
: (3.3)

The amplitude vanishes at ŝ ¼ ð4þ 3ChÞm2
h. From the

kinematics, we integrate the parton cross section from ŝ ¼
4m2

h to s. One can find that the cross section of pp → hh is
enhanced for Ch < 0 as a result. Although positive Ch can
also provide a large cross section, a significant enhance-
ment requires Ch ≳ 4. Therefore, in the negative Ch case
the cross section can be enhanced relatively easily com-
pared to the positive case, and thus, the former is more
feasible to be realized in a model.3 Models which give a
negative Ch contribution are interesting since its implica-
tion at the LHC and ILC becomes potentially more
pronounced for the Higgs pair productions and, therefore,
can be scrutinized in these experiments. We note that the
runaway-type potential provides an example of Ch < 0, as
mentioned before.
In Fig. 1, we show the ratio of cross sections between the

Ch-dependent gg → hh cross section and the SM one. The
left and right figures represent 8 TeVand 14 TeV collisions
at the LHC, respectively. The cross sections at 8 TeV and
14 TeV at the next-to-leading order calculation are 5–11 fb
and 25–45 fb, respectively [11,12].4 The numerical num-
bers in the plots are given at the leading order calculation. It
is expected that the factor in the next-to-leading order/
leading order calculation is canceled in the Ch dependence,
and thus, we show the ratio of the cross sections. We utilized
FormCalc/LoopTools[28] to evaluate the cross sections
employing MRST2006nnlo [29] and CTEQ6.1 [30]
Parton Distribution Function (PDF) sets. The renormaliza-
tion and factorization scales are set to be equally μF, and we
take μF ¼ Mhh whereMhh is the invariant mass of the Higgs
pair. As a characteristic feature of the amplitude (3.3), one
can find that negative Ch enhances the production cross
section compared to positive Ch in the figure.5 Note that
Ch ∼ 1.5 gives the minimum value for the cross section.
We comment on the Higgsstrahlung process qq̄ → V� →

Vhh and WW fusion process. At the LHC, these processes
are subdominant and the cross sections are an order of
magnitude smaller than the gluon fusion process in the SM,
where both processes give the cross section σðpp →
hhjjÞ ¼ 1.6 fb at 14 TeV LHC. However, if the Higgs
cubic coupling is modified, these processes should be
affected. Figure 2 shows the ratios of cross sections denoted
by R, where R ¼ σðpp → hhjjÞ=σðpp → hhjjÞSM for the

2Note that the scattering amplitudes of tt̄ðbb̄Þ → hh are also
affected by Ch, and if we specify a type of Yukawa interactions in
2HDM, the amplitudes depend on tan β as well.

3If we only observe the gg → hh process, the cross sections for
Ch ∼ 4 and Ch ∼ −1 are degenerate. However, the degeneracy
can be distinguished if we can observe pp → hhjj at the LHC, or
pair production at ILC.

4The next-to-next-to-leading order calculation is given in
Ref. [31].

5The discovery potential for pair Higgs production at the LHC
is studied in Ref. [11]. Promising channels at a large luminosity
phase of the LHC are hh → bb̄W−Wþ, bb̄γγ and bb̄τþτ−.
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pp → hhjj process denoted by a dashed (blue) line. In the
figure, we can see that Ch ≠ 0 can enhance the cross
section. On the other hand, when we take R ¼ σðpp →
gg → hhÞ=σðpp → hhjjÞ for various Ch, which is denoted
by a solid (red) line in the figure, one can find that the
Higgsstrahlung and vector boson fusion processes are
subdominant compared to the gluon fusion process even
if Ch ≠ 0.

IV. CONTRIBUTION FROM THE
NONCANONICAL KINETIC TERM

OF THE HIGGS BOSON

At the ILC, the Higgsstrahlung process eþe− → Z� →
Zhh and the WW fusion process eþe− → WW�νν̄ → hhνν̄
are expected to be important in probing the cubic coupling.
In particular, the Higgs cubic coupling can be measured
using the WW fusion process [7,16].

These processes receive the contributions not just from
the cubic coupling but also from the hVV and hhVV
couplings due to the gauge interactions. Therefore, for
more general consideration, we study cases wherein either
or all of these couplings are modified from their SM values.
If the results for these processes at the ILC differ from the
SM expectations, it is important to understand which one of
these modifications is responsible, since those modified
Higgs-gauge boson couplings obscure the measurement of
the cubic coupling.
The modification to the Higgs-gauge interactions due

to the following noncanonical kinetic term has been
considered6 in Ref. [24]:

Lkin ¼ F

�
2jHj2
v2

�
DμH†DμH; (4.2)

whereDμ is the covariant derivative for the Higgs field. For
the convenience of the kinetic normalization, the functionF
is defined as Fð1Þ ¼ 1 [otherwise, the kinetic normalized
field is

ffiffiffiffiffiffiffiffiffiffi
Fð1Þp

H]. Expanding the general kinetic function
GðxÞ≡ xFðxÞ, we obtain the W=Z boson masses and
coupling to the physical Higgs as

�
M2

WW
þ
μ W−μ þM2

Z

2
ZμZμ

��
1þG0ð1Þ 2h

v
þ ðG0ð1Þ

þ2G00ð1ÞÞ h
2

v2

�
: (4.3)
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FIG. 1 (color online). The ratio of cross sections σðChÞ=σSM for gg → hh at LHC, where the left and the right figures showffiffiffi
s

p ¼ 8 TeV and
ffiffiffi
s

p ¼ 14 TeV collisions, respectively. MRST2006nnlo and CTEQ6.1 PDF sets are used to calculate the cross section,
which is represented by the solid (red) and the dotted (blue) lines, respectively.

4 2 0 2 4
0

5

10

15

20

Ch

R

R pp hhjj pp hhjj SM

R pp gg hh pp hhjj

LHC s 14 TeV

FIG. 2 (color online). The ratios of cross sections R in which
R ¼ σðpp → hhjjÞ=σðpp → hhjjÞSM and R ¼ σðpp → gg →
hhÞ=σðpp → hhjjÞ are shown by dashed (blue) and solid
(red) lines, respectively. The cross section of pp → hhjj in
the SM is given by σðpp → hhjjÞSM ¼ 1.6 fb at 14 TeV LHC.

6In general, there can be a different type of operator,

ðHDμH†ÞðH†DμHÞ; (4.1)

which causes the different Higgs couplings to W and Z bosons.
However, it also modifies the ρ parameter. Here we do not
consider such an operator for simplicity. General dimension-six
operators are enumerated in Ref. [32].

HIGGS PAIR PRODUCTION AT THE LHC AND ILC FROM … PHYSICAL REVIEW D 89, 015018 (2014)

015018-5



In SM, FðxÞ ¼ 1, and obviously, G0 ¼ 1 and G00 ¼ 0. We
denote these shifts for the couplings hVV and hhVV from
the SM by the parameters C1 and C2, respectively:

1þ C1 ¼ G0ð1Þ; 1þ C2 ¼ G0ð1Þ þ 2G00ð1Þ: (4.4)

Both hVV and hhVV couplings are important for the
Higgsstrahlung and vector boson fusion processes. As for
the hVV coupling, it is expected to be measured accurately
by means of the parameters relating to the single Higgs
production and its decay [33] before the pair Higgs
production can be observed. In addition to this chrono-
logical reason, the hVV coupling is restricted by oblique
corrections for the precise electroweak measurements [25],
while the hhVV coupling is not. We, therefore, fix the hVV
coupling in our analysis to its SM value C1 ¼ 0. We
comment that even if the single Higgs production is fully
consistent with the SM prediction, it is possible that
G0ð1Þ ¼ 1þ C1 ¼ −1. In that case, however, one can
redefine h → −h, and the cubic h coupling changes its
signature, which affects the Higgs pair production.
We note that perturbative partial-wave unitarity of

WW → hh scattering [26] is violated unless ð1þ C1Þ2 ¼
1þ C2 is satisfied. Since we choose C1 ¼ 0, the perturba-
tive unitarity is violated for C2. In fact, the model is
described as an effective theory, and we expect that new
particles appear at around the TeV scale.
The corrections C1 and C2 can be generated by the

noncanonical kinetic term in Eq. (4.2), as given in Eq. (4.4)
As a simple perturbative toy example one can consider

FðxÞ ¼ 1þ a ln x; (4.5)

where the coefficient a contains the appropriate loop factor
in the model. In this case one obtains C1 ¼ a and C2 ¼ 3a.
On the other hand, the noncanonical kinetic function FðxÞ
may have a powerlike behavior if it is generated by a strong
dynamics. We will give later an explicit model. Let us
consider the following power function:

FðxÞ ¼ xn: (4.6)

In this case, one can obtain C1 ¼ n and C2 ¼ nð2nþ 3Þ. If
n ¼ −2, we have 1þ C1 ¼ −1. It is obvious that the
single Higgs production is consistent with the SM if
1þ C1 ¼ −1. It can be understood by the (unphysical)
redefinition h → −h. However, upon this change, the cubic
h coupling flips its sign and C2 ¼ 2, and therefore, the
cross section of pair Higgs production is modified. This toy
example can be obtained if the Kähler potential of the
Higgs fields is given as

K ¼ ðH†
1H1Þ3 þ ðH†

2H2Þ3 (4.7)

in a SUSY model.

A. LHC

As mentioned before, the pair Higgs production via
vector boson fusions and Higgsstrahlung are subdominant
compared to the gluon fusion process at the LHC. This
situation may change if the hhVV couplings are modified
(C2 ≠ 0), so that these subdominant processes are
enhanced. The vector boson fusion processes can be
calculated by the so-called effective vector boson approxi-
mation [34], which can be obtained by using the amplitude
of the longitudinal vector boson scattering to pair Higgs
bosons, as we mentioned in the previous section. While the
approximation is illustrative and easier to derive than the
exact treatment, it is not particularly good due to the fact
that the self-coupling of the 126 GeV Higgs boson is not so
strong and gauge couplings cannot be neglected. Therefore,
we use MadGraph 5 [35,36] for our numerical calculation
which is essentially equivalent to the exact treatment. The
disagreements we have obtained agrees well with the
comparative study reported in Ref. [23].
We have scanned the cross section for the process

pp → hhjj by the parameters Ch and C2. The results
are shown in Fig. 3. As we see deviations from the SM can
be quite large. In the case for the canonical kinetic term,
i.e., C2 ¼ 0, the enhancements are appreciable only at very
large deviations at Ch ¼ −3 or 4. On the other hand, the
rate is more sensitive to the changes in C2 as relatively
smaller values for the parameter C2 lead to much more
enhanced deviations compared to Ch.
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FIG. 3 (color online). The Higgs pair production pp → hhjj
enhancements are shown as a contour plot in the Ch-C2 plane for
the 14 TeV run at the LHC. The enhancement factors are shown
as numerical labels. The dashed line shows when the process
becomes equal to the leading Higgs pair production via the gluon
fusion.
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Here we briefly note on the process qq̄ → hh which is
induced at loop level. As for the SM, the rate is subleading
compared to the leading gluon fusion process due to the
fact that it is induced by weak interactions. We expect this
to remain the same even when the vertices hWW and
hhWW are modified. In the SM the unitarity for the process
WW → hh is granted by the cancellation among the
s-channel diagrams where hWW and hhWW are related.
This is lost in the presence of nonzero C2 indicating that a
new physics is nearby in the TeV range as we have
mentioned. Therefore, one should treat this as an effective
operator of the form jHj2q̄∂q which has a corresponding
counter term. At large values of C2 the effect may become
important. In this work we do not attempt a thorough
analysis for this operator and ignore its effect.
The enhancements in the Higgs pair production at the

LHC due to the changes in C2 and Ch couplings may be
as large as a factor of 50 and it is very challenging to
detect them as they are still more than the order of
magnitude below the single Higgs production. Therefore
these deviations still require very high luminosity.

B. ILC

There are two processes for the pair Higgs production
at the ILC, eþe− → Z� → Zhh (double Higgsstrahlung)
and eþe− → hhνν̄ (WW fusion process) [7]. For the
126 GeV SM Higgs boson, the cross section of the double
Higgsstrahlung is dominant for the pair Higgs production
below

ffiffiffi
s

p ≃ 1 TeV [σðeþe− → ZhhÞ ¼ 0.15 fb at
ffiffiffi
s

p ¼
500 GeV]. The cross section of double Higgsstrahlung is
maximized at around

ffiffiffi
s

p ¼ 600 GeV, and it dumps for
larger

ffiffiffi
s

p
. The WW fusion process, on the other hand,

grows with larger
ffiffiffi
s

p
, and its cross section is comparable to

the Higgsstrahlung at around
ffiffiffi
s

p ¼ 1.2 TeV. The primary
goal at the ILC is to refine the details of the Higgs
interactions and it is expected that the Higgs cubic
coupling, while challenging, can be measured. In addition
to the diagram whose contribution to the amplitude is
proportional to the cubic coupling (eþe− → Zh → Zhh),
there are diagrams which interfere with it. Therefore, the
accuracy of the measurements of the cubic coupling using
the two processes does not directly depend on the cross
sections. In fact, the measurement of the cubic Higgs
coupling is obscured by the C2 contribution. Therefore, it is
important to investigate the C2 and Ch contribution to the
pair Higgs production at the ILC.
Similar to the LHC case, the cross section of eþe− →

hhνν̄ via the WW fusion process is calculated by using
MadGraph 5 as a function of C2 and Ch. In Fig. 4, the
results are shown for

ffiffiffi
s

p ¼ 500 GeV (right) and 1 TeV
(left) at the ILC compared to the SM expectation. In the first
case, the enhancement is of the order of 1, or higher is
possible in large values of C2 and Ch with both having the
same signs. On the other hand, for the latter case, the effect
of C2 can be dramatic with an enhancement at the level of
∼50 starting from C2 ≃−2 even at Ch ≃ 0.
In Fig. 5, the rates of the Higgsstrahlung process is

plotted relative to the SM result. The effect is milder
compared to the WW fusion for both center of mass
energies. This does not mean that it is more important to
consider the former since their simultaneous measurements
complement each other in entangling the interference
which obscures the Higgs self-coupling determination.
The merit of the ILC compared to the LHC is that

the center of mass energy of eþe− is fixed. The energy
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FIG. 4 (color online). The contour plots of the ratio of the cross section, σðCh; C2Þ=σðCh ¼ C2 ¼ 0Þ of eþe− → hhνν̄. Left
(
ffiffiffi
s

p ¼ 500 GeV), and right (
ffiffiffi
s

p ¼ 1 TeV).
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distribution of the final states can be used as a clear
signal to probe the model parameters. In fact, in addition
to the cross section, the shape of the energy distribution
of the Z boson is sensitive to the parameters Ch and C2.
The explicit form of the differential cross section of the
double Higgsstrahlung is given in Ref. [7]. In Fig. 6, we
show the energy distribution of the Z boson in the
eþe− → Zhh process for

ffiffiffi
s

p ¼ 500 GeV and 1 TeV. The
scaled energy of the Z boson xZ is defined as
xZ ≡ 2EZ=

ffiffiffi
s

p
. As seen from the figure, the nonzero

C2 not only enhance the total cross section, but also
change the shape of the energy distribution. We expect
that C2 and Ch can be measured at the ILC if there are
non-SM effects in them.
At the ILC, unlike at the LHC, the environment is much

cleaner, which makes even mild enhancements detectable
for the Higgs pair productions relatively easy. Therefore

both processes are essential for determining what kind of
deviations from the SM are present.

V. A MODEL BUILDING

In the previous sections, we have considered the
deviation from the SM and have parametrized them as A
general extension. Therefore, it can be applied to any
models (perturbative, effective theories, or nonperturbative
models). As described, the pair Higgs production can be
described by three parameters Ch, C1, and C2 (if there is
only one Higgs doublet):

−L⊃ m2
h

2v
ð1þ ChÞh3 þ

�
M2

WW
þW− þM2

Z

2
ZZ
�

×
�
ð1þ C1Þ

2h
v

þ ð1þ C2Þ
h2

v2

�
: (5.1)
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FIG. 5 (color online). The countour plots of the ratio of the cross section, σðCh; C2Þ=σðCh ¼ C2 ¼ 0Þ of eþe− → Zhh.
Left (

ffiffiffi
s

p ¼ 500 GeV), and right (
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p ¼ 1 TeV).
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FIG. 6 (color online). The differential cross section (in fb) of eþe− → Zhh. Left (
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At the tree level in the SM, we have Ch ¼ C1 ¼ C2 ¼ 0
which are modified by loop corrections. If there are new
particles, the quantities can become nonzero in effective
theories by integrating the heavy fields.
As we have explained in Sec. III, the pair Higgs

production at the LHC is enhanced if Ch < 0. Therefore,
it is interesting to build a model in which the cubic Higgs
coupling has negative contribution compared with the
SM. Such a situation can be realized if the potential is
runaway-type nonperturbative behavior. Indeed, the
instanton effects can induce the runaway potential in
SUSY SUðNÞ QCD with the Nf flavor model for
N > Nf [37]. In the model, thus, the symmetry breaking
occurs due to the nonperturbative effects of SUSY gauge
theories [38].
The symmetry of the SUSYQCD isSUðNÞ × SUðNfÞL×

SUðNfÞR × Uð1ÞB with chiral fields representations:

Q∶ ðN;Nf; 1Þ; Q̄∶ðN̄; 1;NfÞ: (5.2)

The nonperturbative superpotential is generated by
instanton effects [37]:

Wnp ¼
Λ
3þ 2Nf

N−Nf

0

ðdet Q̄QÞ 1
N−Nf

; (5.3)

where Λ0 is a nonperturbative scale. We consider a case
where Nf ¼ 2. Suppose that SUðNfÞL is the weak gauge
symmetry, and the Uð1Þ subgroup of SUðNfÞR × Uð1ÞB is
the hypercharge symmetry. [Then N has to be an even
number to eliminate SUð2ÞL anomaly.]
The composite field Q̄Q, which is a moduli field of the

SUSY QCD, can be identified as a Higgs bidoublet.

Λ̄Ha
1 ¼ Q̄1Qa; Λ̄Ha

2 ¼ Q̄2Qa; (5.4)

where Λ̄ is a composite scale. Since det Q̄Q ¼ Λ̄2H1 ·H2,
the nonperturbative superpotential can be written as [39,40]

Wnp ¼
Λ3þ2α

ðH1 ·H2Þκ
; (5.5)

where κ ¼ 1=ðN − 2Þ, and Λ3þ2κ ¼ Λ3þ2κ
0 ðΛ0=Λ̄Þ2κ.

The Kähler potential in terms of the Higgs fields is
obtained from the canonical form

L ¼
Z

d4θðQ†eVQþ Q̄e−VQ̄†Þ; (5.6)

by integrating out the heavy gauge multiplet V (eVQQ† ¼
Q̄†Q̄e−V), or using D-flat condition Da ¼ Q†TaQ −
Q̄TaQ̄† ¼ 0 [using QQ† ¼ Q̄†Q̄ (for Nf < Nc), we obtain
ðQ†QÞ2 ¼ Q†Q̄†Q̄Q ¼ H†H] [37]:

K ¼ 2Λ̄tr
ffiffiffiffiffiffiffiffiffiffi
H†H

p
; (5.7)

where H is a 2 × 2 matrix (Ha
i ), which contains two

SUð2ÞL doublets. Rewriting the Kähler potential in terms
of H1 and H2, we obtain7

K ¼ 2Λ̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H†

1H1 þH†
2H2 þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðH1 ·H2Þ†ðH1 ·H2Þ

qr
:

(5.10)

The Kähler metric from the Kähler potential is given in
Appendix A.
Using the nonperturbative potential and the Kähler

potential, the scalar potential can be calculated as

Vnp¼ 2κ2
Λ6þ4κ

Λ̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jH1j2þjH2j2þ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jH1 ·H2j2

pq
ðjH1 ·H2j2Þκþ1

2

: (5.11)

This potential is given in the case where the nonperturbative
potential is exact (in the SUSY limit) and the classical
Kähler potential is assumed. Just for an interest, assuming
that Vnp is the only piece of the runaway potential, we can
obtain the correction of Ch for the cubic Higgs coupling:

Ch ¼ − 5

3
− 4

3
κ: (5.12)

Because the SUSY breaking will disturb the scalar poten-
tial, we do not insist that this potential gives the numerical
quantities of Ch for the cubic Higgs coupling. However, we
expect that the instanton effects induce the runaway
behavior to the potential, and it adds a negative contribution
to the cubic Higgs coupling.
The kinetic term from the Kähler potential can be

calculated as

Lkin ¼
K
2
∂μH�∂μH

þ 2

K
ððH∂μH�ÞðH�∂μHÞ − ðH · ∂μHÞðH� · ∂μH�ÞÞ;

(5.13)

7Formally, H ¼ Ha
i , and H†H is a positive definite Hermite

2 × 2 matrix. The trace of a square root Hermite matrix A is

Tr
ffiffiffiffi
A

p
¼
X
i

ffiffiffiffi
ai

p
; (5.8)

where ai are eigenvalues of A. The eigenvalues of A†A for 2 × 2
matrix A is

TrA†A�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðTrA†AÞ2 − 4ðdetA†AÞ

p
2

¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

TrA†Aþ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detA†A

pp
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TrA†A − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detA†A

pp
2

�2

:

(5.9)
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where the contractions of H are given as

∂H�∂H ¼ ∂H�a
i ∂Ha

i ; H · ∂H ¼ ϵijϵabHa
i ∂Hb

j :

(5.14)

Denoting hH0
1i ¼ v̄1 and hH0

2i ¼ v̄2 (v̄1 and v̄2 are real and
positive), we obtain

hKi
2

¼ v̄1 þ v̄2: (5.15)

The kinetic term of the neutral components is obtained as

Lneutral
kin ¼ 2ðv̄1∂μH0�

1 ∂μH0
1 þ v̄2∂μH0�

2 ∂μH0
2Þ: (5.16)

The kinetic normalized fields (h and H) are defined as

ffiffiffiffiffiffiffi
2v̄1

p
ReH0

1 ¼ v1 þ
1ffiffiffi
2

p ð−h sin αþH cos αÞ; (5.17)

ffiffiffiffiffiffiffi
2v̄2

p
ReH0

2 ¼ v2 þ
1ffiffiffi
2

p ðh cos αþH sin αÞ: (5.18)

From these definitions, we obtain

v̄31 ¼
v21
2
; v̄32 ¼

v22
2
: (5.19)

The gauge boson mass term is obtained by replacing the
derivative to covariant derivative in Eq. (5.13). We note that
the last term in Eq. (5.13) does not contribute to the gauge
boson mass due to H · ∂H ¼ H1 · ∂H2 −H2 · ∂H1 ¼∂ðH1 ·H2Þ. In order to extract the interaction between
the physical Higgs h and gauge bosons, we pick up the real
part of H0 which generates the gauge boson masses:

LV ¼ g2

2
Wþ

μ W−μ K
2
ððH0

1Þ2 þ ðH0
2Þ2Þ (5.20)

þ g2 þ g02

4
ZμZμ

�
K
2
ððH0

1Þ2 þ ðH0
2Þ2Þ

þ 2

K
ððH0

1Þ2 − ðH0
2Þ2Þ2

�
: (5.21)

If hH1i ≠ hH2i, the ρ parameter ρ ¼ M2
W=ðM2

Zcos
2θWÞ

shifts from 1. Beware of the fact that VEVs of the kinetic
normalized fields satisfy M2

Z ¼ g2þg02
2

ðv21 þ v22Þ. The
Z boson mass terms and the interaction to h terms can
be obtained as

LZ ¼
g2þg02

2
ððH0

1Þ3þðH0
2Þ3ÞZμZμ

¼M2
Z

2
ZμZμ

�
1þ3

h
v
sinðβ−αÞþ3

h2

v2
þ�� �

�
; (5.22)

where tan β ¼ v2=v1
8. It is interesting to compare this result

with the two-Higgs doublet model:

LZ ¼ g2 þ g02

2
ððH0

1Þ2 þ ðH0
2Þ2ÞZμZμ

¼ M2
Z

2
ZμZμ

�
1þ 2

h
v
sinðβ − αÞ þ h2

v2

�
: (5.23)

For the hhZZ coupling, thus, we obtain CZ
2 ¼ 2. For the h

and W boson interaction terms, the expression is compli-
cated to show for general tan β, and thus we show the case
tan β ¼ 1 in which the ρ parameter is 1:

LW ¼ M2
W

2
Wþ

μ W−μ
�
1þ 3

h
v
sin

�
π

4
− α

�

þ ð2 − sin 2αÞ h
2

v2
þ � � �

�
: (5.24)

If we choose C1 ¼ 0 (to make the single Higgs production
remain unchanged), we obtain CW

2 ¼ 8=9.

VI. SUMMARY AND CONCLUSIONS

The discovery of the Higgs boson opens the new era
of the particle physics. The experimental data support
the prediction of the single Higgs production rate and
decays to gauge bosons by the SM. The gluon fusion
process is the dominant mechanism for the Higgs
production at the LHC, while the vector boson fusion
process is subdominant and starts to be observed in the
latest analysis from both experiments. So, the gauge and
Yukawa interactions for the single Higgs modes seem to
be consistent with the SM. The decays to fermions
(b and τ), while they have large errors, are consistent
with the SM predictions. It is expected that the cou-
plings for the single Higgs production can be measured
more accurately for the LHC run after 2015. In addition
to the single Higgs production, it is important to observe
the pair Higgs production in order to reveal how the
electroweak symmetry occurs by the Brout-Englert-
Higgs mechanism.
The cross section of the Higgs pair production via

gluon fusion in the SM is about 25–45 fb at the LHC.
With such a low rate, it may be observed only after the
measurement of couplings for single Higgs production,
decays to gauge bosons and fermions become more
accurate. If the pair Higgs production rate is enlarged
compared to the SM, the process can be observed
earlier. Thus, it is interesting to investigate the models,
in which the pair production rate is enlarged. Indeed, the
production rate is enlarged if there is a negative

8Contrary to the case of the minimal supersymmetric standard
model, tan β ¼ 1 is allowed since the potential stabilization does
not originate from the D-term potential.
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contribution to the cubic Higgs coupling compared to
the SM. More precise measurements of various cou-
plings are expected at the ILC including the cubic
coupling. If any deviation is observed, it is important
to know what can disturb the measurement of the cubic
Higgs coupling. In the case of only one Higgs doublet
and the ρ parameter is fixed to be 1, all the deviations in
the Higgs pair production from the SM are described by
three parameters. One of the parameters is the cubic
Higgs coupling, and other two are the hVV and hhVV
couplings. Even if the single Higgs production data
turns out to be fully consistent with the SM prediction
and therefore, the hVV coupling is fixed to comply with
this fact, there is still enough room to modify the pair
Higgs production rate substantially. The hhVV coupling
can be modified if the kinetic term is extended, and it
can be related to the anomalous dimension of the Higgs
field. Therefore, the importance is the character of the
Higgs boson. For example, if the Higgs boson is a
composite field, the hhVV coupling is easily modified
from the SM (but hVV can be also modified naively).
We have investigated the dependency of the Higgs pair
productions on the two parameters which describe
deviations of the cubic Higgs coupling and hhVV
coupling from the SM values. These parameters are
chosen in the case where the hVV coupling is the same
as the SM, keeping in mind that it will have been
measured more accurately when the pair production
starts to be observed. It is important to observe various
processes (gluon fusion, vector boson fusion, and
double Higgsstrahlung) at the LHC and ILC, in order
to determine the three couplings. In this paper we have
exhibited the parametric dependency of those processes
on the three couplings.
The pair Higgs production rate at the LHC is enlarged if

there is a negative contribution for the deviation from the
SM in the cubic Higgs coupling. The negative contribution
is naturally generated if the Higgs potential is the quadratic
mass term plus a runaway potential, namely, a repulsive
effect from the origin of the Higgs configuration. It is
known that such behavior can be generated by instanton
effects. Therefore, in such a system, the symmetry breaking
happens by the nonperturbative effects in gauge theories.
We construct a model in which the runaway piece exists in
the Higgs potential, and thus the pair Higgs production rate
is enlarged. We have also included the case where the
kinetic term of the Higgs field is modified from the SM. In
this case we have shown that the pair Higgs production can
be enlarged at the LHC and ILC compared to the SM. This
is especially important for ILC since a factor of few
enhancements would be clearly measurable. Such modifi-
cations can be tested at the LHC and ILC by observing
the various pair Higgs production processes and if
observed may lead us to discover a mechanism behind
the electroweak symmetry breaking.
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APPENDIX A: DERIVATION OF THE
KÄHLER METRIC

In this appendix, we show the calculation of the scalar
potential and kinetic term from the Kähler potential

K ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Z þ 2

ffiffiffiffiffiffiffiffiffiffi
DD�pq

; (A1)

where

Z ¼
X4
i¼1

jaij2; D ¼ a1a4 − a2a3: (A2)

We will identify the Kähler coordinates as

�
a1 a3
a2 a4

�
¼
�
H0

1 Hþ
2

H−
1 H0

2

�
: (A3)

We obtain the Kähler metric as9

Kij� ¼
1

2K
ðK2Þij� − 1

4K3
ðK2ÞiðK2Þj� ; (A4)

where

ðK2Þi ¼ 4

�
Zi þDi

ffiffiffiffiffiffi
D�

D

r �
;

ðK2Þij� ¼ 4

�
δij� þ

DiD�
j�

2
ffiffiffiffiffiffiffiffiffiffi
DD�p

�
: (A5)

As a formula, for a matrix,

Mij ¼ Iij þ XiX̄j − YiȲj; (A6)

9As a common notation to describe the Kähler geometry, we
denote Ki ¼ ∂K=∂ai, for example.
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where I is an identity matrix, we obtain

detM ¼ 1þ XiX̄i − YiȲi − ðXiX̄iÞðYiȲiÞ
þ ðXiȲiÞðX̄iYiÞ; (A7)

X̄iM−1
ij Xj ¼

1

detM
ðXiX̄i − ðXiX̄iÞðYiȲiÞ

þ ðXiȲiÞðX̄iYiÞÞ: (A8)

Choosing

Xi ¼
Diffiffiffiffiffiffiffi
2D

p ; Yi ¼
ffiffiffi
2

p

K

�
Zi þDi

D�

D

�
; (A9)

we obtain

XiX̄i ¼
Z

2
ffiffiffiffiffiffiffiffiffiffi
DD�p ; YiȲi ¼ 1; XiȲi ¼

K

4
ffiffiffiffiffiffi
D�p :

(A10)

Because YiȲi ¼ 1, the formula obeys

X̄iM−1
ij Xj ¼ 1. (A11)

Applying the formula to the Kähler metric10, we obtain

DiKij�D�
j� ¼ K

ffiffiffiffiffiffiffiffiffiffi
DD�p

: (A12)

When the superpotential is a function of D,

W ¼ fðDÞ; (A13)

we obtain the scalar potential as

V ¼ WiKij�W�
j� ¼ K

ffiffiffiffiffiffiffiffiffiffi
DD�p

f0ðDÞf0ðD�Þ: (A14)

The kinetic term can be obtained using the following
formula:

ðdetMÞĀiM−1
ij Aj ¼ ðĀAÞ þ ðĀAÞðX̄XÞ − ðĀXÞðX̄AÞ

− ðĀAÞðȲYÞ þ ðĀYÞðȲAÞ
−ðĀAÞðX̄XÞðȲYÞ þ ðĀAÞðX̄YÞðȲXÞ
þðĀXÞðX̄AÞðȲYÞ − ðĀXÞðX̄YÞðȲAÞ
þ ðĀYÞðX̄XÞðȲAÞ − ðĀYÞðX̄AÞðȲXÞ;

(A15)

where ðĀAÞ ¼ ĀiAi, for example.

APPENDIX B: GENERAL POTENTIAL FOR
TWO-HIGGS DOUBLETS

In this section, we describe the Higgs self-coupling from
the general scalar potential in 2HDM. The general scalar
potential is a function11 of jH1j2, jH2j2 and H1 ·H2.
In order to make the following calculation simple, it is

convenient to define linear combinations of the Higgs
doublet:

Φ1 ¼ H1 cos β þ Ĥ2 sin β;

Φ2 ¼ −H1 sin β þ Ĥ2 cos β; (B2)

where Ĥ ¼ iσ2H�, so that the VEV of Φ0
2 is zero by

definition. We define

x ¼ jΦ1j2; y ¼ jΦ2j2;
z ¼ Φ̂2 · Φ1; z̄ ¼ Φ̂1 · Φ2; (B3)

and the general potential is a function Vðx; y; z; z̄Þ. The
stationary conditions are Vx ¼ Vz ¼ Vz̄ ¼ 0, where Vx
denotes a partial derivative by x for example. We denote

Φ1 ¼
� vþϕ1þiχffiffi

2
p

χ−

�
; Φ2 ¼

� ϕ2þiAffiffi
2

p

H−

�
: (B4)

The would-be-NG bosons are χ and χ−, and ϕ1, ϕ2, A and
H− are physical Higgs fields. The ϕ1 and ϕ2 fields are
mixed in this basis. Expanding the potential around the
VEV, hxi ¼ v2=2, we obtain the mass term of the neutral
Higgs bosons:

1

2
ðϕ1 ϕ2 Þ

 
v2Vxx

v2
2
ðVxzþVxz̄Þ

v2
2
ðVxzþVxz̄Þ Vyþ 1

4
v2ðVzzþVz̄ z̄þ 2Vzz̄Þ

!

×

�
ϕ1

ϕ2

�
: (B5)

The mixing angle of H0
1 and H0

2 is defined as α, and thus,

�
H

h

�
¼
�

cos α sin α

− sin α cos α

�� ffiffiffi
2

p ðH0
1 − v1Þffiffiffi

2
p ðH0

2 − v2Þ

�

¼
�
cosðβ − αÞ − sinðβ − αÞ
sinðβ − αÞ cosðβ − αÞ

��
ϕ1

ϕ2

�
: (B6)

If Vy is large, β − α mixing is closed to π=2, and ϕ1 is
roughly the lightest Higgs boson h, and m2

h ≃ v2Vxx.

10Kij�Kjk� ¼ δk
�
i .

11The other SUð2Þ invariants are a function of jH1j2, jH2j2 and
H1 ·H2. For example,

Ha
1H

b
2ðH�

1ÞbðH�
2Þa ¼ jH1j2 þ jH2j2 − jH1 ·H2j2: (B1)
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The mass of CP odd Higgs boson A and the charged
Higgs mass m2

Hþ can be also obtained:

m2
A ¼ Vy þ

1

4
v2ð−Vzz − Vz̄ z̄ þ 2Vzz̄Þ; (B7)

m2
Hþ ¼ Vy: (B8)

The following expressions are useful to calculate the
mass spectrum from the general potential:

jH1j2 ¼ xcos2β þ ysin2β − 1

2
ðzþ z̄Þ sin 2β; (B9)

jH2j2 ¼ xsin2β þ ycos2β þ 1

2
ðzþ z̄Þ sin 2β; (B10)

H1 ·H2 ¼
1

2
ðx − yÞ sin 2β þ zcos2β − z̄sin2β: (B11)

In the two-Higgs doublet model, the cubic coupling can
be modified from m2

h=v
2 if cosðβ − αÞ ≠ 0 even in the

renormalizable model. Surely, the lightest Higgs and vector
bosons hVV coupling is proportional to sinðβ − αÞ and a
sizable value of cosðβ − αÞ ≠ 0 can modify h → WW and
h → ZZ decays. If we neglect the cosðβ − αÞ contribution,
the modification from the cubic coupling and hhVV
coupling is given by Vxxx.
The physical mass parameters are related to the second

derivatives of V as follows:

v2Vxx ¼ s2m2
h þ c2m2

H; (B12)

v2ðVxz þ Vxz̄Þ ¼ 2scðm2
h −m2

HÞ; (B13)

v2

4
ðVzz þ Vz̄ z̄ þ 2Vzz̄Þ ¼ c2m2

h þ s2m2
H −m2

Hþ ; (B14)

where s ¼ sinðβ − αÞ, and c ¼ cosðβ − αÞ.
The cubic hhh coupling is written as

λhhh ¼
sð1þ c2Þ

2v
m2

h − c2s
v

m2
Hþ þ v

4
c3ðVyz þ Vyz̄Þ

þ v
2
c2sVxy þ

v3

6
s3Vxxx þ

v3

4
cs2ðVxxz þ Vxxz̄Þ

þ v3

8
c2sðVxzz þ Vxz̄ z̄ þ 2Vxzz̄Þ

þ v3

48
c3ðVzzz þ 3Vzzz̄ þ 3Vzz̄ z̄ þ Vz̄ z̄ z̄Þ: (B15)

The hhH coupling also affects the pair Higgs production if
cosðβ − αÞ is not small and H is not very heavy. The hhH
coupling is

λhhH ¼ c3

v
m2

h − cs2

2v
m2

H − cðc2 − 2s2Þ
v

m2
Hþ

− 3v
4
c2sðVyz þ Vyz̄Þ þ

v
2
cðc2 − 2s2ÞVxy

þ v3

2
cs2Vxxx þ

v3

4
sð2c2 − s2ÞðVxxz þ Vxxz̄Þ

þ v3

8
cðc2 − 2s2ÞðVxzz þ Vxz̄ z̄ þ 2Vxzz̄Þ

−
v3

16
c2sðVzzz þ 3Vzzz̄ þ 3Vzz̄ z̄ þ Vz̄ z̄ z̄Þ: (B16)
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